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FIG. � 1. � (a) � Post-generation � scattering: � The � entangled � photon � pairs � enter � a � random �

medium � after � being � generated � via � spontaneous � down-conversion � (SPDC) � from � a �

typical � plane-wave � pump � �eld. � (b) � Pre-generation � scattering: � The � entangled � pairs �
are � generated � from � a � scattered � pump � �eld. � (c) � Pre- and � post-generation � scatter-
ing: � Both � the � pump � �eld � and � the � generated � entangled � pairs � are � scattered. � NLC, �

nonlinear � crystal; � RM, � random � medium.

the � entangled � pairs � undergo � scattering � [Fig. � 1(c)], � even � though � such �

conditions � naturally � arise � when � pairs � are � generated � inside � a � nonlin-
ear � disordered � medium. � In  � contrast, � the � reversed � classical � process, �

second � harmonic � generation � in  � random � media, � has � been � extensively �
studied � both � experimentally � and � theoretically. �

24–37 � Understanding �

the � joint  � scattering � of � the � pump � and � entangled � pairs � is, � therefore, �

essential � for  � uncovering � the � principles � that � enable � coherent � pair �

generation � in  � complex � environments.
In  � this � work, � we � experimentally � study � the � properties � of � entan-

gled � pairs � when � both � the � pump � and � the � entangled � pairs � are � scattered �
by � a � thin  � dynamic � random � medium, � in  � the � con�guration � where �

the � pair-generation � region � and � the � random � medium � are � in  � con-
jugate � planes. � We � discover � that � despite � the � pump � being � scattered �
and � scrambled, � the � down-converted � photons, � which � also � propagate

through � the � same � medium, � retain � enhanced � correlations � after � dis-
order � averaging � when � probing � the � coincidence � counts. � This � effect �
bears � a � strong � resemblance � to � the � recently � discovered � 2p-CBS, �

despite � the � photons � being � generated � within  � the � scattering � process. �

To � explore � the � physical � origin � of � this � effect � and � its � robustness � beyond �

this � proof-of-principle � geometry, � we � conduct � analytical � model-
ing � and � numerical � simulations, � systematically � varying � the � distance �

between � the � diffuser � and � the � nonlinear � crystal. � Our � results � reveal �

that � while � the � enhancement � persists � for  � both � generation–scattering �

orderings, � its � evolution � with  � distance � depends � on � the � ordering: � when �

the � pairs � are � generated � after � the � pump � is � scattered, � the � correlation �

width � increases, � while � the � strength � remains � approximately � con-
stant, � whereas � when � the � pairs � are � generated � �rst  � and � then � scattered, �

the � width � initially  � increases � and � then � decreases, � accompanied � by � a �

modi�cation  � in  � correlation � strength.

II. � EXPERIMENT

Figure � 2 � depicts � the � experimental � setup. � A  � continuous-wave
pump � beam � of � waist � W �0 �

≈ � 500 � μm � and � wavelength � λ � = � 405 � nm � is �

imaged � onto � a � rotating � thin  � diffuser � using � lenses � L �1 �
and � L �2 �

of � focal �
length � 150 � mm, � and � is � subsequently � imaged � onto � a � nonlinear � crystal �
using � lenses � L �3 �

and � L �4 �
of � focal � length � 100 � mm. � The � diffuser � chosen �

here � is � forwardly � scattering � and � characterized � by � a � scattering � angle � of
θ �0 �
≈ � 4.4 � mrad, � as � de�ned � by � the 1 �

e angular � half-width � of � the � far-�eld
intensity � distribution � under � plane-wave � illumination. � This � choice � of �

an � anisotropic � scattering � medium � allows � for  � an � ef�cient  � collection � of �

photons � using � off-the-shelf � low � numerical � aperture � lenses, � without �

compromising � the � underlying � physics. � Spatially � entangled � photon �

pairs � of � wavelength � λ � = � 810 � nm � are � then � generated � by � spontaneous �

parametric � down-conversion � (SPDC), � after � which � the � pump � beam �

is � �ltered  � out. � The � down-converted � pairs � propagate � toward � a � mir-
ror  � placed � at � a � distance � L � from � the � crystal � and � are � re�ected � back �

toward � the � diffuser. � Notice � that � this � con�guration � (diffuser–mirror) �

mimics � a � volumetric � scatterer � composed � of � two � diffusers � at � a � dis-
tance2L. �

38–40 With  � the � inclusion � of � the � nonlinear � crystal � inside � this
�ctitious  � volumetric � diffuser, � it  � mimics � a � simpli�ed  � nonlinear � dis-
ordered � medium. � The � pairs � then � traverse � lenses � L �4 �

, � L �3 �
, � L �2 �

, � L �5 �
(focal

FIG. � 2. � Experimental � setup. � A � pump � beam � passes � through � a � rotating � diffuser � (RD), �

after � which � a � nonlinear � PPKTP � crystal � (NLC) � generates � entangled � photon � pairs �
via � SPDC. � The � pairs � propagate � a � distance � L � toward � a � mirror � (M), � re�ect � back, � and �

scatter � again � from � the � rotating � diffuser. � Coincidence � events � are � collected � using �

two � single-photon � detectors: � a � static � detector � D �a �
and � a � scanning � detector � D �b �

, � both �

positioned � in � the � far-�eld � of � the � diffuser. � BS, � beam � splitter; � θ �0 �
, � scattering � angle; �

CC, � coincidence � circuit; � L, � lens.
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FIG. � 3. � (a) � Measured � two-dimensional � coincidence � map � at � the � far-�eld � of � the � random � medium. � The � coincidence � distribution � exhibits � a � clear � peak � at � θ � = � 0. � The � transverse
momenta � are � expressed � in � terms � of � angular � positions � such � that � θ �x,y �

denotes � the � transverse � angular � separation � between � the � scanning � (D �b) � and � static � (D �a) � detectors. � Here,
L � = � 3.5 � cm. � (b) � The � single � counts � registered � by � the � scanning � detector � D �b �

exhibit � a � homogeneous � angular � distribution � over � the � scanned � region. � Both � the � coincidence � and �

single � counts � were � acquired � simultaneously � using � 100 � μm � core � �ber-coupled � detectors. � (c) � A � one-dimensional � scan � of � the � peak � for � the � same � spacing � L. � Connected � blue �

squares � are � the � coincidence � counts, � with � the � connected � orange � squares � being � the � single � counts. � To � better � resolve � the � peak, � we � used � 50 � μm � core � �bers. � Here, � the � data � were �

averaged � over � two � independent � scans � around � the � peak. � (d) � An � additional � scan � for � a � spacing � of � L � = � 6 � cm. � Once � again, � an � enhanced � cone � is � observed. � The � dotted � lines � in �

panels � (c) � and � (d) � indicate � the � �t  � according � to � the � theory � (see � Sec. � III � A � and � Appendix � A � for � more � details � on � the � �tting � procedure).

length � 150 � mm), � and � L �6 �
(focal � length � 150 � mm), � placed � in  � a � 10-f � con-

�guration  � to � image � the � far-�eld  � plane � of � the � rotating � diffuser. � The �

far-�eld  � photon � pair � correlations � are � then � measured � at � the � back � focal
plane � of � L �6 �

using � two � single-photon � detectors, � one � static � (D �a) � and
the � other � scanned � in  � the � transverse � dimension � (D �b �

). � A  � coincidence �
circuit � (CC, � Swabian � Time � Tagger � 20) � records � the � number � of � events �
in  � which � two � photons � simultaneously � arrive � at � the � two � detectors. �

Figure � 3(a) � shows � the � two-dimensional � coincidence � map � as � a �

function � of � the � transverse � angular � position � of � the � scanning � detec-
tor  � D �b �

(θ �b) � relative � to � the � static � detector � D �a �
(θ �a �
), � measured � at � the

far-�eld  � of � the � diffuser. � Here � and � throughout � this � paper, � the � rela-
tive � transverse � angular � separation � is � denoted � by � θ � = � θ �b �

− � θ �a. � A  � clear �
enhanced � area � of � the � coincidences, � around � the � origin, � is � observed, �

while � the � single � counts � distribution, � shown � in  � Fig. � 3(b), � reveals � no �

discernible � structure � and � appears � nearly � homogeneous. � The � absence �
of � any � feature � in  � the � single � counts, � when � compared � to � the � coin-
cidence � map, � is � a � consequence � of � entanglement � that � is � distributed
across � multiple � spatial � modes. �

2,41 To � better � resolve � the � peak, � we
performed � one-dimensional � scans � of � the � peak � with  � a � �ner  � resolu-
tion  � [Fig. � 3(c)]. � To � con�rm  � our � observations, � the � experiment � was �

repeated � at � a � different � spacing, � L � = � 6 � cm � [Fig. � 3(d)]. � Despite � the �

change � in  � spacing, � a � narrow � enhanced � cone � is � still � observed, � slightly �

narrower � than � in  � Fig. � 3(c). � Achieving � a � suf�cient � signal-to-noise �
ratio � in  � the � coincidence � map � required � addressing � two � main � noise

sources: � the � speckle � noise � due � to � scattering � and � the � Poisson � noise �

due � to � the � low � �ux  � of � photon � pairs � reaching � the � detectors. � To � surpass �
the � latter, � we � integrated � each � pixel � in  � the � coincidence � map � for  � tens � of �

minutes � to � accumulate � thousands � of � coincidence � events � per � pixel. � To �

surpass � the � speckle � noise, � the � diffuser � was � rotated � during � the �

acquisition � time, � achieving � a � disorder � averaged � distribution.

III.  � THEORY

The � above � observation � raises � two � questions: � (1) � Since � the � effect �
is � characterized � by � a � wide � background � with  � a � narrow � peak � on � top � of �

it,  � as � well � as � an � almost � 2-to-1 � enhanced � peak � relative � to � the � back-
ground, � how � is � it  � related � to � CBS � or � its � quantum � counterpart, � the �

2p-CBS? � (2) � Is � the � observed � effect � unique � to � the � case � where � the �

diffuser � is � imaged � onto � the � crystal? � In  � what � follows, � we � turn  � to � a �

theoretical � analysis � of � both � questions � by � studying � the � above � effect � as �

well � as � more � general � con�gurations. � In  � particular, � we � consider � sce-
narios � in  � which � the � thin  � diffuser � and � thin  � crystal � are � not � placed � in  �

conjugate � planes. � These � general � con�gurations � go � beyond � the � con-
�guration  � realized � in  � the � present � experiment � (see � Appendix � A  � for  �

a � discussion � of � the � experimental � limitations � that � prevent � their � con-
clusive � experimental � test). � To � this � end, � we � developed � a � model � and �

performed � numerical � simulations � to � analyze � the � resulting � spatial �
correlations. � Notably, � the � diffuser–mirror � con�guration � enables � us

APL � Photon. � 11, � 066124 � (2026); � doi: � 10.1063/5.0312389 � 11, � 066124-3
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to � construct � a � comprehensive � theoretical � framework � that � captures �
the � key � processes � governing � the � scattering � of � entangled � photon � pairs �

and � the � emergence � of � the � enhanced � correlation � region.
The � general � two-photon � state � generated � by � SPDC � can � be

described � as � ∣ψ⟩ �∝ ∑ �s,i  �

Ψ �q �s �

,q �i  �

ĉ �

†
qs �

ĉ �

†
qi  �

∣0⟩, � where � ĉ �

†
qi  �

is � the � creation � oper-
ator � of � an � incident � mode � with  � transverse � momentum � q �i , � and �

Ψ �q �s �

,q �i  �

, � the � two-photon � amplitude, � is � determined � by � the � pump � beam �

and � crystal � parameters, � and � de�nes � the � input � state. �

42 � In  � the � special �

case � of � a � thin  � crystal � and � a � plane-wave � pump � with  � zero � transverse �
momentum, � the � two-photon � amplitude � reduces � to � a � delta � function, �

Ψ �q �s �

,q �i  �

∝ � δ �q �s �

,−q �i  �

, � yielding � the � well-known � Einstein–Podolsky–Rosen �

(EPR) � state. �42,43 � More � generally, � however, � it  � is � determined � by � its �

angular � spectrum, �

42,44 � which � is � the � Fourier � transform � of � the � trans-
verse � pump � �eld  � ψ �p, � impinging � on � the � thin  � crystal � and � evaluated � at �

the � sum � coordinate, � Ψ �q �s �

,q �i  �

= � F �[ψ �p �
](q �s �

+ q �i  �

). � The � transverse � spatial �
properties � of � entangled � photon � pairs � are � determined � by � the � coinci-
dence � counts, � which � are, � in  � turn, � proportional � to � the � two-photon
correlation � function Γ �ba �

= � ⟨ψ∣ � : � ˆ  �nq �a �

ˆ  �nqb �

: � ∣ψ⟩, � where � ˆ  �nq �
= � d̂ �

†
q d̂ �q �

is � the �

photon � number � operator � of � a � mode � with  � transverse � momentum �

q, � : � (. � . .): � stands � for  � normal � ordering, � and � . � . � . � represents � ensemble �
averaging � over � different � realizations � of � disorder.

For � the � subsequent � analysis, � it  � is � useful � to � interpret � the � corre-
lation � function Γ �ba as � the � intensity � of � a � two-photon � wave � function, �

Γ �ba �

= � ∣Ψout
q �b �

,q �a �

∣ �2, � whereΨ �

out �

q �b �

,qa �

= � ⟨0∣ � ˆ  �d �qa �

d̂ �q �b �

∣ψ⟩. � The � operators � for  � the �

outgoing � and � incoming � modes, � d̂ �q �
and � ĉ �q �

, � are � related � through � classi-
cal � input–output � relations, � ˆ  �d �qa

= �∑ �a �

′ � Gq �a �

,q �a′ �
ĉq �a′ �

, �

45 � where � the � Green's �
matrix � G � describes � linear � propagation � between � the � crystal � and � the �

detectors. � We � thus � obtain � the � useful � form Ψ �

out �

q �b �

,qa �

= � [GΨG �

T �] �q �b �

,q �a
. � In  �

the � following, � we � consider � two � scenarios � where � the � crystal � is � placed �

either � after � or � before � the � scattering � layer � and � express � in  � both � cases �
the � matrices �Ψ � and � G � in  � terms � of � transmission � matrices � representing �
free-space � propagation � over � a � distance � s � (modeled � by � a � Fresnel � ker-
nel) � and � scattering � by � the � thin  � diffuser, � denoted � H  �

s �(ω) � and � V(ω), �

respectively. � We � explicitly � write � the � dependence � on � the � optical � fre-
quency � ω � to � distinguish � between � the � scattering � and � propagation � of �

the � photon � pairs � and � those � of � the � pump � beam.
In  � the � con�guration � considered � in  � the � experiment � [Fig. � 4(a)], �

the � Green's � matrix � takes � the � form � G �

+ � = � V(ω)H  �

d−z �(ω), � and � the � two-
photon � amplitude � is � given � by � Ψ+q,q′ � = � [H  �

z �(2ω)V(2ω)] �q+q �

′ �,0, � where �

d � = � 2L � and � z � is � the � axial � position � of � the � crystal � relative � to � the � diffuser. �
Here, � the � crystal � is � positioned � after � the � diffuser � (z � > � 0), � thereafter �
denoted � as � the � positive � z � case. � Substitution � into  � the � two-photon �

correlation � function � yields

Γ+ba∝ ∣{[V(ω)Hd−z(ω)]Ψ+[V(ω)Hd−z(ω)]
T
}

qb,qa

∣
2

. (1)

By � contrast, � when � the � order � of � the � crystal � and � the � diffuser � is � reversed
(z � < � 0), � a � 2p-CBS � con�guration � is � obtained, � with  � a � propagation � dis-
tance � ∣z∣ � between � the � crystal � and � the � scattering � layer � [Fig. � 5(a)]. �

This � case, � hereafter, � is � denoted � as � the � negative � z � case. � The � Green's �
matrix � is � then � given � by � G �

− � = � V(ω)H  �

d �(ω)V(ω)H  �

∣z∣ �(ω), � while � for  �

a � plane-wave � pump, � the � two-photon � amplitude � is � Ψ �

−
q,q′ � ∝ � δ �q+q �

′ �,0 �

.
Substitution � into  � the � two-photon � correlation � function � yields

Γ−ba∝ ∣{[V(ω)Hd(ω)V(ω)H ∣z∣(ω)]Ψ−[V(ω)Hd(ω)V(ω)H ∣z∣(ω)]T}
qb ,qa

∣
2

.

(2) �

To � make � further � progress, � we � model � the � thin  � diffuser � as � a �

random � complex � screen � with  � Gaussian � statistics. � In  � particular, �
we � assume � that � the � matrix � V(ω) � is � diagonal � in  � real � space � and �

that � the � �eld–�eld  � correlation � function � in  � real � space � is � given � by
V �ρ,ρ �
(ω)V �ρ �

′ �,ρ′ �(ω) �

∗ � = � e �

−∣ρ−ρ �

′ ∣ �2 �/4ξ2 �

0 � , � where � ξ �0 �

sets � the � spatial � correlation
width � of � the � �eld–�eld  � correlator, � namely, � the � transverse � coherence �
length. � This � corresponds � to � anisotropic � scattering � within  � an � angular
range � θ �0 �

= � 1/kξ �0, � where � k � = � ω/c. � In  � Appendix � B, � we � discuss � an � alter-
native � model � of � the � diffuser, � in  � which � it  � is � treated � as � a � random � phase �

screen � with  � Gaussian � phase � statistics. � Both � models � yield � qualitatively �

consistent � predictions � for  � the � two-photon � correlation � functions.
If  � we � neglect � material � dispersion � and � amplitude � �uctua-

tions, � we � have � V �ρ,ρ �
(2ω) � ≃ � V �ρ,ρ �

(ω) �

2 �, � since � the � phase � imprinted �

by � the � screen � is � twice � as � large � when � the � frequency � dou-
bles. � As � a � result, � the � diffuser's � behavior � at � frequency � 2ω � fol-
lows � directly � from � its � properties � at � ω � via � Gaussian � contraction.
In  � particular, � V �ρ,ρ �

(2ω)V �ρ �

′ �,ρ′ �(2ω) �

∗ � = � 2 � V �ρ,ρ �
(ω)V �ρ �

′ �,ρ′ �(ω) �

∗2 �. � In  � the
transverse-momentum � basis, � the � correlations � of � the � matrix � elements �
become

Vqα,qβ(ω)V∗qγ,qδ(ω) = Fω(qα − qβ)δqβ−qδ ,qα−qγ ,

Vqα,qβ(2ω)V∗qγ,qδ(2ω) = F2ω(qα − qβ)δqβ−qδ ,qα−qγ ,
(3)

with  � F �ω �
(q) �∝ e �

−q �

2 �ξ2
0 � and � F �2ω �

(q) �∝ � 2∑ �q �α �

F �ω �
(q − q �α �

)F �ω �
(q �α �

).
Within  � this � Gaussian � model, � both � Γ+ba and � Γ �

−
ba �

contain � products �

of � four � matrices � V(ω) � and � four � conjugates � V(ω) �

∗ �, � whose � ensem-
ble � average � reduces, � by � the � complex � Gaussian � moment � theorem, �
to � a � sum � over � 4! � = � 24 � pairwise � contractions. � In  � what � follows, � we �

focus � on � the � regime � where, � after � propagating � a � distance � d, � the � trans-
verse � spread � of � the � beam � diffracted � by � the � diffuser, � dθ �0, � exceeds �

the � transverse � coherence � length � ξ �0. � Equivalently, � for  � a � given � θ �0, �

the � propagation � distance � d � must � exceed � the � longitudinal � coherence �
depth � z �0 �

= � ξ �0 �
/θ �0 �
= � 1/kθ �

2
0. � In  � this � limit,  � scattering � contributions � forc-

ing � light � to � revisit � the � same � coherence � area � of � the � diffuser � become �

negligible, � leaving � only � four � dominant � pairwise � contractions � in  � Γ �

+
ba

and � Γ �

−
ba, � respectively, � as � discussed � in  � detail � below.

A.  � Randomized  � pump— Γ �

+

We � �rst  � consider � the � positive-z � con�guration � shown � in
Fig. � 4(a). � In  � this � case, � four � dominant � contractions � contribute � to �

Eq. � (1). � Since � each � contraction � is � doubly � degenerate, � they � can � be � rep-
resented � by � the � two � diagrams � shown � in  � Fig. � 4(b). � In  � these � diagrams, �

solid � and � dashed � lines, � respectively, � denote � the � complex � amplitude �

of � the � propagating � �eld  � and � its � conjugate. � Open � circles � (squares) �

represent � scattering � events � for  � �elds  � at � frequency �ω � (2ω), � and � corre-
lated � pairs � are � connected � by � red � lines. � The � weight � of � each � diagram � is �

obtained � by � assigning � transverse � momenta � to � the � propagation � lines, �
in  � accordance � with  � the � momentum � conservation � imposed � by � Eq. � (3) �

(scattering � events � preserve � the � momentum � difference � between � a � �eld
and � its � conjugate). � Each � propagation � line � carries � a � weight � H  �

z �

ω(q), �

corresponding � to � free-space � propagation � over � a � distance � z � with
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FIG. � 4. � (a) � Simpli�ed � schematic � of � the � experimental � setup � depicted � in � Fig. � 2, � with � an � additional � pump-propagation � distance � z � between � the � diffuser � and � the � nonlinear � crystal.
(b) � Diagrammatic � representation � of � the � four � leading � terms � contributing � to � Γ+ba. � Solid � (dashed) � lines � represent � the � �eld � (conjugate � �eld). � Open � circles � (squares) � represent
scattering � events � for � the � �elds � at � frequency � ω � (2ω), � while � correlated � pairs � are � denoted � by � a � red � line � connecting � them. � Each � propagating � �eld � line, � or � its � conjugate, � carries � a �

weight � H �

z
ω(q) � due � to � propagating � a � distance � z � at � frequency � ω, � while � each � scattering � vertex � contributes � F �ω �

(Δq) � for � a � momentum � transfer � Δq. � The � weight � of � each � diagram �

is � obtained � by � assigning � transverse � momenta � to � the � propagation � lines, � in � accordance � with � the � momentum � conservation � imposed � by � the � correlators. � A � summation � is � then �

performed � over � all � free � transverse � momenta. � The � inset � depicts � the � fact � that � the � correlator � at � 2ω � is � a � convolution � of � two � correlators � at � ω. � (c) � Solid � lines: � plot � of � Eq. � (5), � the
theoretical � prediction � for � the � two-photon � correlation � function � in � the � z � > � 0 � case, � near � the � peak. � Squares: � the � numerically � obtained � values � for � Γ+ba for � the � parameters � used � in
the � theory. � The � transverse � angular � separation � is � de�ned � as � θ � = � θ �b �

− � θ �a. � Both � the � theoretical � expression � and � the � numerical � data � were � �rst � normalized � to � unit � area � and � then �

by � the � peak � value � in � the � theoretical � curve. � Moreover, � they � are � shown � for � θ �a �
= � 0. � The � numerics � were � realized � in � the � limit � where � the � angular � spread � exceeds � the � transverse �

coherence � length, � i.e., � when � kdθ �

2
0≫ � 1. � See � the � text � for � more � details.

transverse � momentum � q � and � frequency �ω, � while � each � scattering � ver-
tex � contributes � a � factor � F �ω �

(Δq) � for  � a � momentum � transfer � Δq. � A  �

summation � is � then � performed � over � all � free � transverse � momenta. � For �

instance, � the � total � contribution � of � the � two � diagrams � in  � Fig. � 4(b) � reads

Γ �

+ �

ba∝ � ∑ �

q �1 �

,q2 �

F �2ω(q �2 �

+ q �1 �

)F �ω �
(q �b �

− q �2 �

)F �ω �
(q �a �

− q �1 �

)

× [1 �+H  �

d−z �

ω (q �1 �

)Hd−z
ω (q �1 �

+ q �ba)
∗ �H  �

d−z �

ω (q �2 �

)Hd−z
ω (q �2 �

− q �ba) �

∗ �], �

(4)

where � H  �

z
ω(q) � = � e �

iq �

2 �z/2k is � the � Fresnel � kernel � associated � with  � the
matrix � elements � H  �

z
q,q′(ω) � = � H  �

z
ω(q) �δ �q,q �

′ �, and q �ba �

= � q �b �

− q �a �

. The
degeneracy � of � each � diagram � is � implicitly  � contained � in  � the � factor
F �2ω(q �2 �

+ q �1 �

), � graphically � represented � in  � the � inset � of � Fig. � 4(b). � We �

also � note � that � the � scattering � of � the � pump � photons � does � not � intro-
duce � any � dephasing � during � propagation � between � the � diffuser � and � the �

crystal, � since � momentum � conservation � enforces � the � complex � ampli-
tude � of � the � �eld  � and � its � conjugate � to � propagate � in  � the � same � direction.
Consequently, � the � dependence � of � Γ+ba on � z � arises � solely � from � the
dephasing � of � the � photon � pair � as � it  � propagates � over � the � distance � d �− � z �

before � being � scattered � by � the � diffuser � into  � the � directions � q �a �

and � q �b �

.

Explicit � calculation � yields

Γ+ba∝ 2 exp[−(θa + θb)2

4θ2
0
]{1+ exp[−(θa − θb)2

2Δθ+(z)2
]}, (5)

where � the � detector � positions � are � speci�ed � by � their � transverse � angular �
positions, �θ �a �

= � q �a �

/k � and �θ �b �

= � q �b �

/k, � and � the � angular � width � of � the � peak �

is � given � by

Δθ+(z) = 1
kdθ0(1− z/d) , (6)

with  � z � ≤ � d/2. � The � envelope � in  � Eq. � (5) � is � centered � at � θ �a �
+ �θ �b �

= � 0, � since �

the � photon � pairs � are � created � in  � opposite � directions � with  � respect � to �

the � scattered � pump � photons, � and � its � width � θ �0 �
re�ects � the � angular �

range � over � which � both � the � pump � and � the � photon � pairs � are � scattered. �

At  � the � same � time, � a � doubling � of � the � coincidence � count � occurs � for  �

θ �a �
− �θ �b �

= � 0, � showing � that � photons � tend � to � emerge � from � the � medium �

in  � the � same � direction, � even � though � they � were � emitted � in  � opposite �

directions.
This � bunching � effect � is � maintained � within  � an � angular � range �

Δθ �

+ �(z), � inversely � proportional � to � the � transverse � spatial � extent �
(d �− � z)θ �0 �

probed � by � the � scattered � photons. � The � scaling � of � this � angu-
lar � range � is � analogous � to � that � found � for  � the � coherent � backscattering
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FIG. � 5. � (a) � Simpli�ed � schematic � of � the �

2p-CBS � setup � with � an � additional � ∣z∣ � prop-
agation � toward � the � medium. � (b) � Diagram-
matic � representation � of � the � four � leading
terms � contributing � to � Γ �

−
ba. � The � diagram-

matic � rules � mentioned � in � the � caption � of �

Fig. � 4 � can � be � implemented � here � as � well
to � arrive � at � a � closed � form � for � Γ �

−
ba. � (c)

Solid � lines: � plot � of � Γ �

−
ba, � which � is � a � sum-

mation � of � Eqs. � (7) � and � (9). � Squares: � the �

numerically � obtained � values � for � Γ �

−
ba �

for �

the � parameters � used � in � the � theory. � The �

normalization � procedure � and � numerical �

parameters � used � here � are � identical � to �

those � mentioned � in � the � caption � of � Fig. � 4.

(CBS) � effect, � where � the � angular � width � is � also � determined � by � the �

inverse � of � the � spatial � region � explored � by � the � outgoing � photons. � More �

precisely � and � surprisingly, � the � result � in  � Eq. � (5) � is � identical � to � the �

correlation � function � obtained � for  � the � two-photon � coherent � backscat-
tering � (2p-CBS) � con�guration � studied � in  � Ref. � 18, � where � the � crystal � is �

placed � immediately � before � the � scattering � medium, � provided � that � the �

distance � d � is � replaced � by � d �− � z. � This � shows � that � positioning � the � crys-
tal � inside � the � disordered � medium � effectively � reduces � the � transverse �
region � probed � by � the � photon � pairs, � thereby � increasing � the � angular �
range � over � which � they � emerge � in  � the � same � direction.

For � the � experimental � results � presented � in  � Sec. � II , � the � theoret-
ical � expression � applies � for  � z � = � 0 � and � for  � either � choice � of � L. � When �

�tting  � the � experimental � data � [dashed � lines � in  � Figs. � 3(c) � and � 3(d)], �

we � observe � a � narrow � enhanced � region � superimposed � on � a � broader �
background. � However, � the � measured � width � and � enhancement � do �

not � exactly � match � the � theoretical � predictions. � Our � model � assumes �

ideal � angular � resolution, � i.e., � point-like � detection � in  � the � far-�eld,  �

whereas � the � experimental � setup � has � �nite  � angular � resolution, � which �

effectively � convolves � the � predicted � line � shape � with  � the � instrument �
response � function. � This � convolution � broadens � the � peak � and � reduces �
the � observed � enhancement � relative � to � the � theoretical � values. � A  �

detailed � description � of � the � measurement � process, � �tting  � procedure, �

and � limiting  � factors � is � provided � in  � Appendix � A.
To � test � the � validity � of � Eq. � (5), � we � ran � numerical � simulations �

for  � the � two-photon � correlation � function, � as � modeled � by � Eq. � (1). � We �

numerically � propagate � each � photon � of � the � pair � through � a � sequence � of �

diffusers � and � free-space � segments. � Free-space � propagation � is � realized �

by � the � standard � Fresnel � propagator. � The � diffusers � are � implemented �

by � a � complex � transmission � matrix, � V(ω), � generated � in  � the � Fourier �

domain � by � multiplying � complex � Gaussian � random � numbers � by � a �

Gaussian � whose � width � corresponds � to � the � scattering � angle � of � the �

diffuser. � The � pump � is � modeled � as � a � wide � Gaussian � beam, � cover-
ing � thousands � of � coherence � areas � of � the � diffuser, � which � propagates �

through � the � same � diffuser � at � double � the � frequency, � with  � scattering �

amplitude � V �ρ,ρ �
(2ω) � = � V �ρ,ρ �

(ω) �

2 �, � and � then � through � free � space � over � a �

distance � z. � The � simulation � parameters � were � chosen � to � ensure � that � the

angular � spread � per � photon � exceeds � the � transverse � coherence � length �

ξ �0. � To � this � end, � we � selected � kd � ≈ � 5697 � and � θ �0 �
≈ � 0.56 � rad � such � that �

d/z �0 �
≫ � 1. � Finally, � to � minimize � the � effect � of � speckle � noise, � the � results �

were � averaged � over � 10 �

5 � random � realizations � of � the � diffuser. � The �

results � presented � here � correspond � to � 2D � simulations � (one � transverse �
and � one � axial � dimension); � however, � we � have � veri�ed  � that � identical �
behavior � is � obtained � in  � 3D.

Figure � 4(c) � shows � the � simulated � two-photon � correlation � Γ+ba for  �

various � distances � z � between � the � crystal � and � the � diffuser, � together �
with  � the � corresponding � theoretical � prediction, � obtained � by � the �

explicit � calculation � in  � Eq. � (5) � for  � θ �a �
= � 0. � For � each � distance, � the �

numerical � and � theoretical � curves � were � �rst  � normalized � to � unit  � area �

and � then � rescaled � by � a � common � factor � such � that � the � peak � of � the �

theoretical � curve � equals � one. � This � two-step � normalization � elimi-
nates � arbitrary � scaling � and � reduces � noise � sensitivity, � isolating � the �

line � shape � discrepancies. � As � our � theory � predicts, � we � indeed � observe �
a � doubling � in  � the � coincidences � about � the � origin � with  � a � width � that � is �

monotonically � increasing � as � z/d � grows. � The � background, � however, �

experiences � no � signi�cant � effect, � further � validating � Eq. � (5) � (a � much �

wider � angular � range � is � shown � later � in  � Fig. � 7).

B. � Plane-wave  � pump— Γ �

−

Next, � we � study � the � negative-z � con�guration, � where � the � crystal � is �

positioned � before � the � diffuser � [Fig. � 5(a)]. � In  � contrast � to � the � positive-z
case, � the � four � dominant � contributions � to � Γ �

−
ba in  � Eq. � (1) � are � non-

degenerate. � They � are � represented � by � the � four � diagrams � in  � Fig. � 5(b), �

labeled � according � to � the � same � transverse � momentum � conservation �
rules � used � in  � Fig. � 4(b). � This � labeling � reveals � that � the � two � diagrams
in  � the � left � column � (denoted � Γ−(1)ba )  � behave � differently � from � those

in  � the � right � column � (denoted � Γ �

−(2)
ba ). � In  � particular, � for q �ba = � 0, � the

photon � pairs � contributing � to � Γ−(1)ba do � not � experience � any � dephas-
ing � between � the � crystal � and � the � diffuser, � separated � by � a � distance � ∣z∣,
whereas � such � dephasing � occurs � in  � both � contributions � of � Γ−(2)ba . � This

indicates � that � Γ−(2)ba should � vanish � once � ∣z∣ � exceeds � the � correlation
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depth � z �0 �
of � the � diffuser. � Conversely, � when � z � = � 0, � the � two � diagrams � in  �

each � row � become � indistinguishable � (and � thus � degenerate), � leading � to �

the � recovery � of � the � 2p-CBS � result � reported � in  � Ref. � 18.
The � expression � of � Γ−(1)ba in  � terms � of � the � correlation � functions

F �ω �
and � propagation � kernels � H  �

z
ω can be obtainedby applying the

samediagrammaticrules as for  � Γ+ba. Here, we simply presentthe
�nal  � result � after � explicitly � evaluating � the � summation � over � all � free �

transverse � momenta,

Γ−(1)ba ∝ exp[−(θa + θb)2

4θ2
0
]{1+ exp[−(θa − θb)2

2Δθ−1 (z)2
]}, (7)

where � we � introduced � the � angular � width

Δθ−1 (z) =
1

kdθ0

√
1+ 2∣z∣/d+ 2(∣z∣/d)2

. (8)

Similarly � to � Γ+ba, � Γ−(1)ba exhibits � an � envelope � of � width � θ �0 �
and � pho-

ton � bunching � at � θ �a �
= � θ �b, � which � is � preserved � within  � an � angular �

range � Δθ �

−
1 �

(z). � Although � in  � the � negative-z � con�guration, � the � photon �

pair � scatters � twice � from � the � diffuser, � in  � the � positive-z � con�gura-
tion, � it  � scatters � only � once � (see � the � corresponding � diagrams), � Δθ �

−
1 �

(z)
and � Δθ �

+ �(z) � exhibit � the � same � linear � dependence � for  � ∣z∣/d �≪ � 1. � The �

difference � thus � appears � only � at � higher � orders � in  � this � parameter.
The � evaluation � of � the � two � diagrams � representing � Γ−(2)ba yields

Γ−(2)ba ∝
exp[− (θa+θb)2+z̃2(3θ2

a+3θ2
b−2θa.θb)

4(1+z̃2)θ2
0

]
√

1+ z̃2

× �{1 �+ � exp �[−(θ �a �
− �θ �b) �

2

2Δθ �

− �

2 �

(z) �

2 ]}, � (9)

where � ˜  �z = � z/z �0 �
denotes � the � position � of � the � crystal � in  � units � of � the �

correlation � depth � of � the � diffuser, � and � the � angular � width � is

Δθ−2 (z) =
√

1+ z̃2

kdθ0
√

1+ 2∣z∣/d
. (10)

As � anticipated, � Γ−(2)ba carries � a � global � weight � ∝ � 1/ �

√ �

1 �+ � ˜  �z2 �, �

which � vanishes � for  � z �≫ � z �0 �
. � In  � addition, � unlike � Δθ �

−
1 �

(z), � the � width �

Δθ �

−
2 �

(z) � depends � not � only � on � z/d � but � also � on � z/z �0 �
. � In  � particular, �

for  � ∣z∣ � ≲ � z �0 �
≪ � d, � Δθ �

−
2 �

(z) � increases � with  � ∣z∣. � This � re�ects � the � fact �

that, � in  � the � bottom-right � diagram � of � Fig. � 5(b), � the � entangled � pho-
tons � generated � by � the � crystal � are � initially  � constrained � to � traverse �

the � same � coherence � area � of � size � ξ �0 �

within  � the � diffuser. � As � a � result, �
the � effective � transverse � region � probed � by � the � outgoing � photons � is �

reduced, � which � broadens � the � angular � range � of � photon � bunching. �
Since �Δθ �

−
1 �

(z) � remains � nearly � constant � for  � ∣z∣ � ≲ � z �0 �
, � we � thus � expect � the

overall � width � of � Γ �

−
ba to � increase � in  � this � regime � due � to � the � growth � of

Δθ �

−
2 �

(z). � Conversely, � for  � ∣z∣ �≫ � z �0 �
, � the � contribution � of � Γ−(2)ba becomes

negligible, � and � the � width � of � Γ �

−
ba �

decreases � following � the � behavior � of �

Δθ �

−
1 �

(z).
Figure � 5(c) � shows � the � results � of � numerical � simulations � for  � the �

two-photon � correlation � Γ �

−
ba �

[Eq. � (2)], � exhibiting � the � non-monotonic �

behavior � discussed � above. � Apart � from � the � reversal � of � scattering � order �

and � propagation � paths, � the � normalization � procedure � and � parameters

are � identical � to � those � used � for  � Γ+ba. � Solid � curves � are � the � explicit �

calculation of � Γ �

−
ba = � Γ−(1)ba + �Γ−(2)ba [sum � of � Eqs. � (7) � and � (9)]. � As �

expected, � a � sharp � doubly � enhanced � peak � is � observed. � The � peak � for
z � = � 0 � (blue) � is � identical � to � the � peak � of � Γ+ba in  � Fig. � 4(c) � (blue). � Beyond
z � = � 0, � however, � the � width � of �Γ �

−
ba �

broadens � when � ˜  �z ∼ � 1 � due � to � the � con-
tribution  � of �Δθ �

−
2 �

(z) � mentioned � above, � and � tightens � again � for  � ∣z̃∣ �≫ � 1
due � to �Δθ �

−
1 �

(z) � and � the � fact � that � the � relative � weight � of �Γ−(2)ba decreases �

with  � ∣z̃∣.

C. � Comparison  �

To � compare �Γ+ba and �Γ �

−
ba, � we � consider � two � �gures � of � merit. � First, �

Fig. � 6(a) � shows � the � full-width-at-half-maximum � (FWHM)  � of � the �

peak � in  � the � two-photon � correlation � function, � Δθ, � normalized � by � the �

FWHM  � value � at � z � = � 0. � The � peak � pro�le  � was � obtained � by � subtract-
ing � the � corresponding � theoretical � background � from � the � simulation �

data � (blue � crosses). � For � reference, � we � also � plot � the � theoretical � width, �

derived � in  � the � same � manner � (orange � solid � line). � As � discussed � above, �

while � for  � ˜  �z > � 0, � the � width � increases � monotonically � across � the � entire �

range, � for  � ˜  �z < � 0, � it  � exhibits � a � non-monotonic � behavior, � with  � a � peak �

at � ∣z̃∣ � ≈ � 2.1.

FIG. � 6. � (a) � The � width, �Δθ, � de�ned � as � the � full-width-at-half-maximum � (FWHM) � of � the
enhancement � terms � in � Γ±ba, � is � extracted � from � numerical � simulations � (blue � crosses)
and � compared � to � the � theoretical � prediction � (orange � line): � for �Γ+ba, � the � theory � is � given
by � Eq. � (5), � and � for �Γ �

−
ba, � the � theory � is � given � by � the � sum � of � Eqs. � (7) � and � (9). � To � isolate

the � enhancement � peak, � we � subtracted � from � the � obtained � two-photon � correlation
Γ±ba, � the � background � terms � in � the � aforementioned � equations.. (b) � Amplitude � of � Γ±ba
at � θ � = � 0. � In � both � panels, � the � theory � and � numerical � simulation � values � are � normal-
ized � by � their � corresponding � value � at � z � = � 0: � the � FWHM � in � panel � (a) � and � the � peak �
amplitude � in � panel � (b).
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Second, � in  � Fig. � 6(b), � we � show � the � peak � coincidences � normal-
ized by the peakvalueof � Γ±ba at z � = � 0 (blue crosses).Onceagain,
the � theoretical � amplitude � is � shown � for  � reference � (orange � curve). � As
anticipated, � the � enhancement � of � Γ+ba is � completely � independent � of � z̃,
while � it  � experiences � a � sharp � drop � for  � increasing � values � of � ∣z̃∣ � for  � Γ �

−
ba �

,
after � which � it  � plateaus � at � about � 0.5. � This � can � be � easily � understood
from � both � contributions � to � Γ �

−
ba �

, asthe amplitudeof � Γ−(2)ba vanishes

for  � ∣z̃∣ �≫ � 1, � while � that � of � Γ−(1)ba is � constant, � contributing � half � the � total
amplitude.

Within  � the � Gaussian � phase � model � considered � in  � Appendix � B, �

the � behavior � of � Δθ � shown � in  � Fig. � 6(a) � is � preserved � (see � Fig. � 8 �

of � Appendix � B). � The � peak � coincidence, � however, � shows � a � slight �

enhancement � for  � ˜  �z < � 0, � while � maintaining � a � robust � 2-to-1 � ratio � with  �

respect � to � the � background � (see � Fig. � 9 � of � Appendix � B).
Up � to � this � point, � we � have � primarily � focused � on � the � behavior � of

the � peak � of � Γ±ba. � For � a � complete � characterization � of � the � two-photon
correlation � functions, � it  � is � also � important � to � assess � the � impact � on �

the � broad � background. � Figure � 7 � shows � a � much � wider � angular � range
than � presented � thus � far, � exhibiting � the � wide � background � of � Γ+ba and
Γ �

− �

ba. � The � insets � display � a � zoomed-in � portion � of � a � background � section �

(yellow � shaded � area), � far � from � the � peak. � While � the � background � of
Γ+ba remains � entirely � unaltered � for  � z � ≠ � 0, � in  � agreement � with  � Eq. � (5),
Γ �

−
ba �

undergoes � a � signi�cant � transition. � In  � particular, � the � background �

tightens � in  � the � ∣z∣ � ≲ � z �0 �
regime � [blue � to � orange � data � in  � Fig. � 7(b)], � and �

as � ∣z̃∣ � increases � further � (orange � to � green � data), � it  � relaxes � back � to � the

FIG. � 7. � Two-photon � correlation � Γ+ba (a) � and � Γ �

−
ba �

(b), � presented � over � a � wider � range �
than � in � Figs. � 4 � and � 5. � The � insets � show � a � magni�ed � view � of � the � shaded � yellow �

region. � For � clarity, � the � marker � density � of � the � background � was � diluted � to � probe � the �

behavior � more � clearly.

form � observed � at � z � = � 0 � (blue � data), � where � the � background � width � is �

set � by �θ �0. � These � features � are � consistent � with  � the � �rst  � terms � of � Eqs. � (7)
and � (9), � which � predict � that � the � envelope � of � Γ−(1)ba has � a � constant

width �θ �0 �
independent � of � z, � whereas � the � envelope � of �Γ−(2)ba has � a � width

∼ �

√ �

(1 �+ � ˜  �z2 �)/(1 �+ � 3˜  �z2 �)θ �0 �
and � a � weight � ∼1/ �

√ �

1 �+ � ˜  �z2 �. � Qualitatively, �
similar � features � are � obtained � in  � the � Gaussian � phase � model � (see � Fig. � 9 �

of � Appendix � B).

IV. � CONCLUSIONS  � AND  � OUTLOOK

In  � conclusion, � we � experimentally � and � theoretically � studied � pair �

generation � within  � a � dynamically � varying � volumetric � scatterer. � We �

observed � that, � in  � this � scenario, � the � pairs � exhibit � an � enhancement �

of � their � two-photon � correlations. � We � then � generalized � our � �nd -
ings � to � con�gurations � where � the � diffuser � and � nonlinear � crystal � are �

placed � at � arbitrary � positions � relative � to � each � other, � covering � cases �
such � as � pump � scattering � followed � by � pair � generation � and � scatter-
ing, � or � unaltered � pair � generation � followed � by � double � scattering � of � the �

pairs. � This � generalization � reveals � the � rich � underlying � physics � of � these �

processes, � as � supported � by � our � numerical � simulations. � Even � in  � this �

simpli�ed  � engineered � model � of � the � medium, � the � observed � correla-
tions � are � sensitive � to � the � sequence � of � scattering � and � pair � generation, �

highlighting � the � complexity � of � their � interplay � inside � a � thick � non-
linear � scattering � medium. � We � anticipate � that � this � �rst  � step � toward �

modeling � photon-pair � generation � in  � the � presence � of � multiple � scat-
tering, � using � a � diagrammatic � approach, � will  � prove � useful � to � uncover �
new � phenomena � and � enable � ef�cient  � pair � generation � within  � complex �

media.

ACKNOWLEDGMENTS

We � acknowledge � the � insightful � discussions � with  � the � late � Chia �

Wei � (Wade) � Hsu. � This � research � was � supported � by � the � Zuck-
erman � STEM � Leadership � Program, � the � Israel � Science � Founda-
tion  � (Grant � No. � 2497/21), � and � by � the � program � “Investissements �

d'Avenir” � launched � by � the � French � Government. � M.S. � acknowledges �

the � support � of � the � Israeli � Council � for  � Higher � Education � (VATAT).

AUTHOR  � DECLARATIONS

Con�ict  � of  � Interest

The � authors � have � no � con�icts  � to � disclose.

Author  � Contributions

Mamoon � Safadi � and � Nir  � Kuchuk � contributed � equally � to � this �

work.

Mamoon � Safadi: � Formal � analysis � (equal); � Investigation � (equal); �
Methodology � (equal); � Software � (equal); � Writing  � – � original � draft �

(equal). � Nir � Kuchuk: � Investigation � (equal); � Methodology � (equal); �
Writing  � – � review � &  � editing � (equal). � Ohad � Lib: � Methodology �

(supporting); � Writing  � – � review � &  � editing � (supporting). � Yaron �

Bromberg: � Conceptualization � (equal); � Supervision � (equal); � Writ -
ing � – � original � draft � (equal). � Arthur � Goetschy: � Conceptualization �
(equal); � Supervision � (equal); � Writing  � – � original � draft � (equal).

APL � Photon. � 11, � 066124 � (2026); � doi: � 10.1063/5.0312389 � 11, � 066124-8

© � Author(s) � 2026

 
2
1
 
J
u
l
y
 
2
0
2
6
 
0
8
:
5
5
:
5
8

https://pubs.aip.org/aip/app


APL  � Photonics ARTICLE pubs.aip.org/aip/app

DATA  � AVAILABILITY

The � data � that � support � the � �ndings  � of � this � study � are � available �
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APPENDIX  � A:  � FITTING  � AND  � EXPERIMENTAL  �

LIMITATIONS

Figures � 3(c) � and � 3(d) � display � the � experimental � data � for  � L � = � 3.5 �

cm � and � L � = � 6 � cm, � respectively, � along � with  � their � �ts  � to � Eq. � (5), � in  �

the � model � considered � there. � Each � �t  � included � �tting  � parameters �
accounting � for  � the � widths � of � each � Gaussian � (background � and � CBS) �
and � the � positions � of � the � static � and � scanning � detectors � (which � could �

introduce � a � relative � skew � between � the � background � and � the � CBS �

peak). � Although � we � observe � that � the � enhancement � width � obtained �

for  � the � larger � spacing � is, � indeed, � smaller � than � that � of � the � shorter �
spacing, � the � experimental � data � turn  � out � to � be � wider � than � the � theoret-
ical � prediction, � for  � both � diffuser–mirror � spacings � L. � For � L � = � 3.5 � cm, �

we � predict � an � angular � width � of � ∼0.42 � mrad, � while � the � �t  � indicates � a �

width � of � ∼0.59 � mrad. � For � L � = � 6 � cm, � our � prediction � states � a � width � of �

0.24 � mrad, � while � the � �t  � gives � 0.46 � mrad. � We � believe � that � these � dif-
ferences � are � due � to � the � �nite  � angular � resolution � of � our � experimental �

setup. � To � account � for  � that, � we � convolve � Eq. � (5) � with  � the � mode � pro�le  �

of � the � detection � apparatus, � taken � to � be � Gaussians � of � angular � width �

σ/ �f , � where � σ � is � the � radius � of � each � collection � �ber  � and � f � is � the � focal �
length � of � the � far-�eld  � lens. � Performing � the � convolution � yields � a � peak

of � width � Δθ �

+ �(z � = � 0) � = �

√ �

(kdθ �0) �

−2 � + � δ2
2p,th, � where δ �2p,th �

= �

√ �

2σ/ � f �

≈ � 0.24 � mrad. � While � these � adjusted � peak � widths � improve � the � agree-
ment � with  � our � predictions � relative � to � the � experimentally � measured �
widths, � they � are � still � smaller � by � more � than � 20%. � We � attribute � this � to �

an � angular � resolution � that � is � inferior � to � the � theoretical � prediction. � To �

con�rm  � this, � we � reverse � engineered � its � value � using � the � above � equa-
tion  � and � the � experimental � widths � extracted. � Doing � so, � we � �nd  � that �

δ �2p, � exp �
≈ � 0.4 � mrad � for  � both � measurements. � This � is � likely � due � to � the �

fact � that � the � photon � pairs � are � clipped � by � the � aperture � of � the � nonlinear �

crystal � during � the � second � pass � through � the � crystal, � thereby � limiting  �

their � angular � bandwidth.

APPENDIX  � B: � GAUSSIAN  � PHASE  � MODEL

In  � the � main � text, � we � modeled � the � matrix � elements � of � the �

diffuser's � transmission � matrix � V � as � complex � Gaussian � random �

variables. � This � assumption � allows � higher-order � moments � of � the �

scattered � �eld  � to � be � reduced � to � pairwise � contractions � through �

the � Gaussian � moment � theorem � and � makes � the � disorder � averaging �
analytically � tractable.

In  � this � appendix, � we � consider � a � phase-only � diffuser. � In  � par-
ticular, � the � real-space � transmission � matrix � elements � are � written � as
V �ρ,ρ �

′ �(ω) � = e �

ikD(ρ)δ �ρ,ρ �

′ �, where D(ρ) denotesthe diffuser thickness
at � transverse � coordinate � ρ, � and � k � = � ω/c. � Hence, � in  � the � position-
space � representation � at � the � diffuser � plane,V �ρ,ρ �

′ � are � not � Gaussian
random � variables, � since � their � amplitudes � are � unity. � Rather, � the � Gaus-
sian � approximation � becomes � justi�ed  � only � after � suf�cient � free-space �

propagation, � through � the � mixing � of � transverse � momentum � compo-
nents � induced � by � the � H  �

s � propagators. � Consequently, � special � care �

must � be � taken � when � considering � propagation � distances � that � are � short �

relative � to � the � diffuser's � longitudinal � coherence � depth, � z �0 �
, � where � the �

Gaussian � moment � theorem � does � not � apply.

Instead � of � assuming � Gaussian � statistics � for  � V � (Gaussian �
�eld  � model), � we � assume � that � the � phase � �uctuations � induced �

by � thickness � variations � of � the � medium � are � Gaussian � (Gaussian �
phase � model). �

46 � In  � particular, � at � position � ρ � and � frequency � ω, �

the � �uctuating  � phase � ϕ(ρ) � = � kD(ρ) � is � taken � to � be � a � zero-mean �
real � Gaussian � random � variable � with  � correlator � ⟨ϕ(ρ)ϕ(ρ �

′ �)⟩ � = � k �

2 �

σ �

2
D exp �[−Δρ �

2 �/(2ℓ �

2 �)], � where � Δρ � = � ρ �− �ρ �

′, � σD characterizesthe
amplitude � of � the � thickness � �uctuations, � and � ℓ � is � the � correlation �

length � of � the � diffuser. � Under � this � assumption, � the � �eld–�eld  � cor-
relation � function � M(Δρ) � ≡ � V �ρ,ρ �

(ω) � V �

∗
ρ �

′ �,ρ �

′ �
(ω) � is � given � by � M(Δρ)

= � exp �{−k �

2 �σ �

2
D[1 �− � exp �(− ∣Δρ∣ �

2

2ℓ2 )]}. � In  � general, � this � spatial � depen-
dence � is � not � Gaussian. � However, � in  � the � limit  � of � strong � phase � �uc -
tuations, � kσ �D �

≫ � 1, � the � correlator � is � non-negligible � only � for  � small �
Δρ. � Expanding � the � inner � exponential � to � leading � order � then � gives �

M(Δρ) � ≈ � exp �(− ∣Δρ∣ �
2

4ξ2
0 �

) � with  � ξ �0 �
= � ℓ/( �

√ �

2kσ �D �
), � which � coincides � with

the � Gaussian � spatial � �eld  � correlation � function � used � in  � the � main � text. �

The � corresponding � momentum–space � �eld–�eld  � correlation � func-
tion  � is � thus � given � by � V �q �α �

,q �β �

(ω)V∗qγ �

,q �δ �

(ω) � = � F �ω �
(q �α �

− q �β �

)δ �q �β �

−q �δ �

,q �α �

−q �γ �

,

where � F �ω �
(q) �∝ � exp �(−q �

2 �ξ �

2
0).

Importantly, � although � the � correlator � M(Δρ) � becomes � Gaus-
sian � in  � this � limit,  � this � does � not � imply � that � the � matrix � elements �
of � V � are � themselves � Gaussian � random � variables. � Consequently, �

unlike � in  � the � Gaussian � �eld  � model � analyzed � in  � the � main � text,

FIG. � 8. � Two-photon � correlation � functions � in � the � Gaussian � phase � model � considered
here � for � different � distances � z. � (a) � Γ+ba shows � the � same � monotonic � increase � in � the
peak � width � as � in � the � Gaussian � �eld � model. � (b) � Γ �

−
ba �

shows � a � similar � non-monotonic �

behavior � as � the � Gaussian � �eld � model, � with � the � largest � discrepancies � appearing � in �

the � region � ∣z̃∣ � ≲ � 10.
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the � momentum–space � correlations � of � V(2ω) � cannot � be � obtained �

using � the � Gaussian � moment � theorem � and � must � instead � be � com-
puted � directly. � For � a � dispersionless � diffuser, � doubling � the � frequency �
doubles � the � phase � imprinted � by � the � screen � so � that � the � phase � stan-
dard � deviation � increases � by � a � factor � of � 2. � Consequently, � ξ �0 �

(2ω) �

= � ξ �0 �
(ω)/2, � and � therefore, � F �2ω �

(q) �∝ � exp �[−q �

2 �ξ �

2
0(ω)/4]. � Writing  � this

in  � terms � of � angular � variables � θ � = � q/k � and � θ �0 �
= � 1/kξ �0 �

= �

√ �

2σ �D �
/ℓ, �

we � obtain � F �ω �
(θ) �∝ � F �2ω �

(θ) �∝ � exp �(−θ �

2 �/θ �

2
0). � Thus, � in  � the � Gaussian

phase � model � with  � strong � phase � �uctuations, � the � scattering � angle � is �

wavelength � independent.
For � the � positive-z � con�guration, � Γ+ba involves � products � of � two

V(ω) � matrices � and � one � V(2ω) � matrix, � along � with  � their � three � conju-
gate � counterparts. � Strictly � speaking, � the � Gaussian � moment � theorem
cannot � be � applied � to � evaluate � the � resulting � six-�eld  � correlator � via �

pairwise � contractions. � Nevertheless, � since � the � scattering � matrices �

V � are � evaluated � at � planes � separated � by � a � distance � d �− � z �≫ � z �0 �
, � their �

matrix � elements � are � well � approximated � by � Gaussian � random � vari-
ables. � Under � this � approximation, � pairwise � contractions � yield � the �

same � equation � as � Eq. � (4), � with  � the � only � modi�cation  � that � F �2ω �
(θ)

∝ � exp �(−θ �

2 �/θ �

2
0), � instead � of � F �2ω �

(θ) �∝ � exp �(−θ �

2 �/2θ �

2
0) � as � in  � the � main �

text. � Consequently, � we � obtain

Γ+ba∝ exp[−(θa + θb)2

6θ2
0
]{1+ exp[−(θa − θb)2

2Δθ+(z)2
]},

where � the � peak � width � is � identical � to � that � of � the � Gaussian � �eld  � model �
[Eq. � (6)], � namely � Δθ �

+ �(z) � = � [kdθ �0 �
(1 �− � z/d)] �

−1 �. � In  � other � words, � both �

the � Gaussian � phase � model � and � the � Gaussian � �eld  � model � yield � the �

same � enhanced � peak � in  � terms � of � amplitude, � position, � and � width. �

The � only � difference � is � that � the � background � is � broadened � from � 2θ �0

to �

√ �

6θ �0.
To � validate � this � approximation, � we � ran � numerical � simulations �

using � the � same � parameters � as � in  � the � main � text, � but � with  � the � Gaussian �
phase � model � considered � here. � In  � order � to � obtain � the � same � scatter-
ing � angle � as � in  � the � Gaussian � �eld  � model � from � the � main � text, � we � use �

kσ �D �
≈ � 4.3 � and � kℓ � ≈ � 10.8. � The � results � correspond � to � 2D � simulations, �

as � in  � the � main � text. � Figure � 8(a) � shows � the � simulated � two-photon
correlation � function � Γ+ba for  � various � distances � z � between � the � crystal
and � the � diffuser, � with  � each � curve � normalized � to � its � peak � value. � The
observed � monotonic � increase � of � the � peak � width � of � Γ+ba is � in  � excellent
agreement � with  � our � prediction � and � the � results � of � the � Gaussian � �eld  �

model � shown � in  � Fig. � 4(c).
Next, � we � study � the � negative-z � con�guration � within  � the � Gaus-

sian � phase � model. � In  � contrast � to � the � positive-z � case, � however, � a � gen-
eral � analytical � expression � for  �Γ �

−
ba is � not � readily � obtainable. � The � reason

is � that � Eq. � (2) � involves � four � matrices � V(ω) � and � four � conjugates �
V(ω) �

∗ �, � leading � to � an � eight-�eld  � correlator � that � cannot, � in  � general, �

be � evaluated � using � the � Gaussian � moment � theorem. � Nevertheless, � Γ �

−
ba �

can � be � analyzed � in  � two � limiting  � regimes.

FIG. � 9. � Unnormalized � two-photon � correlation � functions � over � a � wider � angular � range, � comparing � the � Gaussian � �eld � model � used � in � the � main � text � (top � row) � with � the � Gaussian
phase � model � considered � here � (bottom � row). � Panels � (a) � and � (c) � show � that � although � the � background � width � of � Γ+ba differs � between � the � two � models, � it � remains � essentially
independent � of � z � in � both. � In � contrast, � panels � (b) � and � (d) � show � that � the � broad � background � of � Γ �

−
ba evolves � with � ∣z∣/d, � in � a � model-dependent � way, � while � the � two � models

asymptotically � overlap � for � large � values � of � z̃. � In � both � models � in � all � four � panels, � however, � the � peak-to-background � ratio � remains � 2-to-1.

APL � Photon. � 11, � 066124 � (2026); � doi: � 10.1063/5.0312389 � 11, � 066124-10
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First, � for  � z, � d �≫ � z �0 �
, � the � separation � between � the � four � planes � at �

which � the � scattering � matrices � V(ω) � are � evaluated � is � much � larger �
than � the � diffuser's � longitudinal � coherence � depth, � z �0 �

. � In  � this � regime, �
the � matrix � elements � of � V(ω) � can � be � approximated � as � complex � Gaus-
sian � random � variables, � and � the � derivation � of � Eq. � (7), � therefore, �

remains � valid � also � for  � the � Gaussian � phase � model.
The � second � regime � corresponds � to � z � = � 0 �

− � with  � d �≫ � z �0 �
, � where �

the � propagation � factor � H  �

∣z∣ �(ω) � reduces � to � the � identity, � and � the � two �

successive � phase � factors � associated � with  � the � diffuser � combine � locally, �
with  � V �ρ,ρ �

(ω) �

2 � = � V �ρ,ρ �
(2ω). � Thus, � the � scattering � object � in  � the � z � = � 0 �

−

con�guration � is � identical � to � that � in  � the � z � = � 0 �

+ � con�guration, � yielding
Γ �

−
ba �

(z � = � 0) � = � Γ+ba(z � = � 0).
We � also � perform � numerical � simulations � to � investigate � the � evo-

lution  � of � the � two-photon � correlation � function � Γ �

− � within  � the � Gaus-
sian � phase � model � for  � several � crystal–diffuser � distances � z. � The � results �

are � shown � in  � Fig. � 8(b). � Notably, � the � enhancement � and � its � key � features �
highlighted � in  � the � main � text � and � in  � Fig. � 5(c) � for  � the � Gaussian � �eld  �

model � are � also � observed � in  � the � Gaussian � phase � model. � The � largest �
discrepancies � appear � in  � the � region � ∣z̃∣ � ≲ � 10 � [compare � Figs. � 5(c) �

and � 8(b)].
Finally, � we � discuss � the � broad � background � and � its � characteris-

tics. � Figure � 9 � shows � the � unnormalized �Γ+ba and �Γ �

−
ba �

over � a � much � wider
angular � range, � for  � both � the � Gaussian � �eld  � model � considered � in  � the �

main � text � (top � row) � and � the � Gaussian � phase � model � introduced � in  � this
appendix � (bottom � row). � As � expected, � the � background � of �Γ+ba remains
entirely � unaltered � in  � both � models � [panels � (a) � and � (c)], � in  � agreement �

with  � our � prediction. � In  � contrast, � the � evolution � of � Γ �

−
ba �

with  � ∣z∣ � dif-
fers � between � the � two � cases � [panels � (b) � and � (d)].  � Within  � the � Gaussian �
�eld  � model, � the � total � coincidence � rate � decreases � by � a � factor � of � 2 � at �

large � ∣z∣, � while � the � peak-to-background � ratio � remains � �xed  � at � 2-to-1. �
For � the � Gaussian � phase � model, � however, � the � total � coincidence � rate � is �

independent � of � ∣z∣. � Instead, � the � fraction � of � coincidences � at � the � peak, �
relative � to � the � total, � decreases � with  � ∣z∣. � At  � the � same � time, � as � the � back-
ground � broadens, � the � peak-to-background � ratio � remains � robustly �

equal � to � 2-to-1, � also � in  � the � Gaussian � phase � model.
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