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through the samemedium, retain enhancecdcorrelationsafter dis-
order averagingwhen probing the coincidencecounts. This effect
bearsa strong resemblanceo the recently discovered2p-CBS,
despitethe photonsbeinggeneratedwithin the scatteringprocess.
To explorethe physicabrigin of this effectandits robustneseyond
this proof-of-principle geometry, we conduct analytical modet
ing and numericalsimulations,systematicallwarying the distance
betweenthe diffuser and the nonlinear crystal.Our resultsreveal
that while the enhancemenpersistgor both generation—scattering
orderingsjts evolutionwith distancedepend®n theordering:when
the pairs are generatedafter the pump is scatteredthe correlation
width increaseswhile the strength remains approximatelycon
stant,whereawhenthe pairsaregeneratedrst andthenscattered,

RM the width initially increasesind then decreasesccompaniedy a
(b) ﬁ modi cation in correlationstrength.
1 NLC Il. EXPERIMENT

pump

;,

i

Figure 2 depictsthe experimentalsetup.A continuous-wave
pump beamof waistWg » 500 ym and wavelengthl = 405nm is
imagedonto arotating thin diffuserusinglensed.; and L of focal
length150mm, andis subsequentlymagedonto anonlinearcrystal
usinglensed.z and L4 of focallength100mm. The diffuserchosen
hereisforwardlyscatteringandcharacterizethy ascatteringangleof
0o ~ 4.4mrad,asde ned bythe% angularhalf-width of thefar- eld
intensitydistribution underplane-wavéllumination. This choiceof
ananisotropicscatteringnediumallowsfor anef cient collectionof
photonsusing off-the-shelflow numericalaperturelenseswithout
compromisingthe underlying physics.Spatiallyentangledphoton
pairsof wavelengtht = 810nm arethen generatedy spontaneous
parametricdown-conversionSPDC),after which the pump beam
is Itered out. The down-convertedpairs propagateoward a mir-
ror placedat a distancelL from the crystaland arere ected back
towardthediffuser.Noticethat this con guration (diffuser—mirror)
mimics a volumetric scatterercomposedof two diffusersat a dis-
tance2L.**“° With theinclusionof the nonlinearcrystalinsidethis
ctitious volumetric diffuser,it mimics a simpli ed nonlineardis-
orderedmedium.The pairsthentraversdensed 4, L3, Lo, Ls (focal

FIG 1.(a)Post-generatisnattering:heentangleghotomairsenterarandom
mediunafterbeinggeneratediaspontaneowtown-conversi¢@PDCjroma

typicaplane-waveumpeld. (b) Pre-generati@eatteringtheentanglegairs
aregeneratettoma scatterepumpeld. (c) Pre andpost-generatisoatter
ing:Boththepumpeld andthegeneratedntanglegairsarescattered\LC,
nonlineagrystalRM randonmedium.

the entangledpairsundergoscatterind Fig. 1(c)], eventhoughsuch
conditionsnaturallyarisewhenpairsaregeneratednsideanonlin-
eardisorderedmedium. In contrast,the reversedtlassicaprocess,
seconcharmonicgeneratiorin randommedia,hasbeenextensively
studiedboth experimentallyand theoretically.**’ Understanding
the joint scatteringof the pump and entangledpairsis, therefore,
essentiafor uncoveringthe principles that enablecoherentpair
generatiorin complexenvironments.

; ; : FIG 2.ExperimentsétupA pumpbeanpasseshrouglarotatingliffuse(RD),
led In _thlsr\:vorlg, V\;]e ﬁxperlmentgllr)],studythelprop_ertlesof entand afterwhicha nonlineaPPKTRerysta{NLC)generatesntangleghotorpairs
gledpairswhenboth thepump andthe entanglecpairsarescattere viaSPDCThepairgpropagatadistancé towardmirro{M) re ectbackand

by a thin dynamic random medium, in the con guration where scatteragainfromthe rotatingliffuserCoincidenceventsare collectedising
the pair-generationregion and the random medium are in con- twosingle-photatetectors statiddetectob, anda scanningetectob,, both

jugateplanes.We discoverthat despitethe pump being scattered  positioneth thefar- eldof thediffuserBS,beamsplitterf, scatteringngle;
andscrambledthe down-convertecphotons,which alsopropagate ~ CCcoincidencarcuitL, lens.
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FIG 3. (a)Measuretvo-dimensioraincidenceapat thefar- eldof therandonmediumThecoincidencaistributioaxhibits cleapeakat 6 = 0. Thetransverse
momentareexpresseihtermfangulapositionsuchthatfy,, denoteshetransversangulaseparatiobetweethescanningD,) andstatiqD,) detectorddere,
L = 3.5cm.(b) Thesinglecountsegisteretly thescanningletectod, exhibiee homogeneownguladistributionverthescannedegionBoththecoincidencand
singlecountsvereacquiredgimultaneoushsingl 00um core ber-coupledetectorgc) A one-dimensiorsanof the peakforthesamespacing.. Connectetllue
squaresrethecoincidenceuntswiththeconnectedrangesquareseinghesinglecountsTobetteresolvehepeakweused0umcore bers.Herethedatawere
averagedvertwoindependestansaroundhepeak(d)Anadditionadcanfora spacing@fL = 6 cm.Onceagainanenhancedoneis observedrhedottedinesin
panelgc)and(d)indicat¢he t accordingpthetheoryseeSec. !l AandAppendiA formoredetailonthe ttingprocedure).

length150mm), andLs (focallength150mm), placedn a10-fcon
guration to imagethe far- eld planeof the rotating diffuser. The
far- eld photonpair correlationsarethenmeasuredtthebackfocal
planeof Lg usingtwo single-photondetectorspne static (Da) and
the other scannedn the transverselimension(Dy,). A coincidence
circuit (CC, SwabianTime Tagger20) recordsthe numberof events
in whichtwo photonssimultaneouslyarrive at the two detectors.
Figure 3(a) showsthe two-dimensionalcoincidencemap asa
function of the transverseangularposition of the scanningdetee
tor Dy, (6y) relativeto the staticdetectorDa (6a), measuredat the
far- eld of the diffuser.Here and throughout this paper,the rela
tive transverseangularseparatioris denotedby 6 = 6, — 6a. A clear
enhancedareaof the coincidencesaroundthe origin, is observed,
while the singlecountsdistribution, shownin Fig. 3(b), revealso
discerniblestructureandappearsiearlyhomogeneouslheabsence
of any featurein the single counts,when comparedto the coin-
cidencemap, is a consequencef entanglementhat is distributed
acrossmultiple spatialmodes>** To better resolvethe peak, we
performedone-dimensionakcansof the peakwith a ner resolu
tion [Fig. 3(c)]. To con rm our observationsthe experimentwas
repeatedat a different spacing,L = 6 cm [Fig. 3(d)]. Despitethe
changen spacinganarrowenhancedoneis still observedslightly
narrower than in Fig. 3(c). Achieving a suf cient signal-to-noise
ratio in the coincidencemap required addressingwo main noise
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sourcesthe specklenoisedue to scatteringand the Poissonnoise
duetothelow ux of photonpairsreachinghedetectorsTo surpass
thelatter,weintegratedeachpixelin the coincidencamapfor tensof

minutesto accumulateéhousandof coincidenceventgperpixel. To

surpassthe specklenoise, the diffuser was rotated during the

acquisitiontime, achievinga disorderaveragediistribution.

lll. THEORY

Theaboveobservatioraisegwo questions(1) Sincethe effect
is characterizedy awide backgroundwith anarrow peakon top of
it, aswell asan almost2-to-1 enhancedpeakrelativeto the back
ground, how is it relatedto CBSor its quantum counterpart,the
2p-CBS?A2) Is the observedeffectunique to the casewherethe
diffuseris imagedonto the crystal?In what follows, we turn to a
theoreticalanalysi®f both questiondy studyingthe aboveeffectas
well asmore generalkcon gurations. In particular,we considersce
nariosin which the thin diffuserandthin crystalarenot placedin
conjugateplanes.Thesegeneralcon gurations go beyondthe con
guration realizedin the presentexperiment(see/Appendix A for
adiscussiorof the experimentalimitations that preventtheir con+
clusiveexperimentatest). To this end, we developeca modeland
performed numerical simulationsto analyzethe resulting spatial
correlations.Notably, the diffuser—mirror con guration enablesis
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to constructa comprehensiveheoreticalframeworkthat captures
thekeyprocessegoverningthe scatteringof entanglegphotonpairs
andthe emergencef theenhancedorrelationregion.

The generaltwo-photon state generatedby SPDC can be
describedas|y) o< g W, q,8 & [0), whereg], is the creationoper-
ator of an incident mode with transversemomentum q;, and
W¥gq.q - the two-photonamplitude, is determinedby the pump beam
and crystalparametersand de nesthe input state™ In the special
caseof athin crystaland a plane-wavegpump with zerotransverse
momentum,the two-photonamplitudereducego a deltafunction,
Wq.q o 0q g Yielding the well-known Einstein—Podolsky—Rosen
(EPR) state.“"” More generally,however,it is determinedby its
angularspectrum,~" which is the Fourier transform of the trans
versepump eld Vs impinging on the thin crystaland evaluatedat

the sumcoordinate ¥q_q = -7 [yp](qs+ q; ). Thetransversepatial
propertiesof entangledphoton pairsare determinedby the coinck
dencecounts,which are,in turn, proportional to the tvyo:photon
correlationfunction I, = (y] : g Ng, : |v), Wherefq = d]dq is the
photon number operator of a mode with transversemomentum
q.: (...): standsfor normal ordering,and — representensemble
averagingverdifferentrealizationof disorder.

For the subsequenanalysisit is usefulto interpret the corre-
lation function I'p, asthe intensity of a two-photon wavefunction,

Tha = WO, |2, where W3, = (0/dy,dq,|y). The operatorsfor the

outgoingandincomingmodesd, anddy, arerelatedthroughclassi

calinput—output relations,aqa Yo Gaq,q, G, Wherethe Green's
matrix G describedinear propagationbetweerthe crystaland the

detectorsWe thus obtain the usefulform ¥gg = [G¥G']__.In
b'Yla

the following, we considertwo scenariosvherethe crystalis placed
either after or beforethe scatteringlayerand expressn both cases
thematrices¥ andGin termsof transmissiomrmatricesrepresenting
free-spac@ropagationoveradistances (modeledby a Fresneker-
nel) and scatteringby the thin diffuser,denotedH(w) and V (w),
respectivelyWe explicitly write the dependencen the opticalfre-
guencyw to distinguishbetweerthe scatteringand propagationof
the photon pairsandthoseof the pump beam.

In the con guration consideredn the experiment] 1,
the Green'smatrix takestheform G* = V (w)H%"?(w), andthetwo-
photon amplitudeis givenby \If;'q, = [H*(20)V (20)],,q o, Where
d = 2L andzistheaxialpositionof thecrystalrelativeto thediffuser.
Here, the crystalis positionedafter the diffuser (z > 0), thereafter
denotedas the positive z case.Substitutioninto the two-photon
correlationfunction yields

oo {[Vr @] vers@]'} [ @

Db 9a

Bycontrastwhentheorderof thecrystalandthediffuserisreversed
(z< 0),a2p-CBScon guration is obtained with apropagationdis-
tance|z| betweenthe crystal and the scatteringlayer [ 1.
This case hereafterjs denotedasthe negatlvez caseThe Green's
matrix is then givenby G~ = V (0)H%(w)V (0)H (w), while for
a plane-wavepump, the two-photon amplitude is \P S Ogq’0-
Substitutioninto the two-photoncorrelationfunction ylelds
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Iy, o |{[V(w)H"(w)V(w)H‘Z‘(w)]\y‘[V(w)Hd(w)V(w)H‘Z‘(w)]T}

99
@)

To make further progress,we model the thin diffuser as a
random complex screenwith Gaussianstatistics.In particular,
we assumethat the matrix V(w) is diagonalin real spaceand
that the eld—eld correlation function in real spaceis given by
Voo (0)V, () = e lp=PF1% \wheret, setshe spatialcorrelation
width of the eld—eld correlator,namely the transverseoherence
length.This correspondso anisotropicscatteringwithin anangular
rangefo = 1/ké,, wherek = w/c.In , wediscussnalter
nativemodelof thediffuser,in whichit istreatedasarandomphase
screerwith GaussiamphasestatisticsBothmodelsyield qualitatively
consistenpredictionsfor the two-photoncorrelationfunctions.

If we neglect material dispersion and amplitude uctua-
tions, we have V,,(2w) ~ V,,,,,(w)z, since the phaseimprinted
by the screenis twice as large when the frequency dou-
bles. As a result, the diffuser's behavior at frequency 2w fol-
lows directly from its propertiesat o via Gaussiancontraction.
In particular, V,,(20)V, (20)* = 2V,,(0)V, y(@)*% In the
transverse-momenturbasisthe correlationsof the matrix elements
become

quq,;(w)vff,,q&(w) = F‘U(qa - Qﬁ)‘;q;rqqufqu

3)
Vg, qﬁ(z‘u)vq a,(20) = FZw(‘la - ‘lﬁ)‘sqﬁ—qs,qu—qu

with F,(q) o< & 7% andFa,(q) o 25, Fu(q-q,)Fa(q,)-

Within this Gaussiamodel,both I}, andT', containproducts
of four matricesV (w) and four conjugatesV/ (w)*, whoseensem
ble averagereduces by the complex Gaussianmoment theorem,
to a sum over 4! = 24 pairwise contractions.In what follows, we
focuson theregimewhere afterpropagatingadistanced, thetrans
versespreadof the beamdiffracted by the diffuser, d6y, exceeds
the transversecoherenceength &,. Equivalently,for a given 6o,
the propagationdistanced must exceedhe longitudinal coherence
depthzy = & /6o = 1/k05. In thislimit, scatteringcontributionsforc-
ing light to revisitthe samecoherencereaof the diffuserbecome
negligible leavingonly four dominant pairwisecontractionsin I'y,
andT',, respectivelyasdiscussedh detailbelow.

A. Randomized pump—T*

We rst consider the positivez con guration shown in
. In this case,four dominant contractionscontribute to
Eq.(1). Sinceeachcontractionis doublydegenerateheycanberep-
resentedy the two diagramsshownin . In thesediagrams,
solid and dashedines, respectivelydenotethe complexamplitude
of the propagating eld and its conjugate.Open circles(squares)
represenscatteringeventsfor elds atfrequencyw (2w), andcorre
latedpairsareconnectedy redlines.Theweightof eachdiagramis
obtainedby assigningransversenomentato the propagationlines,
in accordancevith the momentumconservationmposedby Eq.
(scatteringeventpreservehe momentumdifferencebetweera eld
and its conjugate) Eachpropagationline carriesa weightHZ(q),
correspondingto free-spacepropagationover a distancez with
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FIG 4. (a)Simpli edscchematioftheexperimentaétupdepictedh Fig.2, withanadditiongdlump-propagatidistance betweetthediffuseandthenonlineacrystal.
(b) Diagrammatiepresentatiaf thefourleadingermscontributintp I';, . Solid(dashedlinesrepreserthe eld (conjugateeld). Opercirclegsquaresjepresent
scatteringventdorthe eldsatfrequency (2w), whilecorrelatedairsaredenotedbya redlineconnectinthemEachpropagatingld line oritsconjugatearries
weightf? (q) duetopropagatingdistance atfrequency, whileeachscatteringertexcontribute&, (Aq) foramomenturnansfeAq. Theweighbfeachdiagram
is obtainedby assigningransversenomentéo the propagatiolimes,in accordanceiththe momenturconservatiomposedby the correlatoréd summatiois then
performedverallfreetransversmomental heinsetdepictshefactthatthecorrelatoat 2w is a convolutioof twocorrelatorat w. (c) Solidinesplotof Eq.(5) the
theoreticairedictioforthetwo-photocorrelatiofunctiomn thez > 0 case pearthepeak SquareshenumericallybtainedaluedorTy, fortheparametenssedin
thetheoryThetransversangulaseparatiois de nedasé = 6, — 6,. Boththetheoreticaxpressioandthenumericalatawere rst normalizeth unitareaandthen
bythepeakvalueinthetheoreticalurve Moreovetheyareshowrfor6, = 0. Thenumericsererealizedh thelimitwhereheangulaspreadxceedshetransverse
coherenctengthi.e.,wherkdeg > 1.Seethetextformoredetails.

transversenomentumgq andfrequencyw, while eachscatteringver- Explicit calculationyields
tex contributesa factor F,(Aq) for a momentum transferAq. A ) )
summationis then performedoverall freetransversenomenta.For ) expl:—i(ea + 0,) ]{1 + exp[fi(ea — ) ]} (5)
instancethetotal contribution of thetwo diagramsn Fig.4(b)reads ch 2A9+(Z)2
wherethe detectomositionsarespeci edby their transversangular

Tpao< Y. Fau(qy+q1)Fu(qp — 92)Fu(q, — qy) positions fa = q,/kandéy = q,/k, andtheangulamwidth of thepeak

.9, is givenby

d— d— % yd— d— *
x [ 1+ HE (@G (91 + 46a) "HE (0 HE (02~ 00) ", r (D) - — L ©
4) kdo(1 - z/d)’

L with z < d/2. Theenvelopen Eq.(5) iscenterecat 6, + 6y, = 0,since
where H (q) = €7%* is the Fresnelkernel associatedwith the the photon pairs are createdin oppositedirectionswith respectto
matrix elementsH; /() = Hi(q) 8qq, and gy, =g, — g, The  the scatteredoump photons,and its width 65 re ects the angular
degeneracyf eachdiagramis implicitly containedin the factor  rangeoverwhichboththe pump andthe photonpairsarescattered.
F20(q, + q,), graphicallyrepresentedn the insetof Fig. 4(b). We At the sametime, a doubling of the coincidencecount occursfor

alsonote that the scatteringof the pump photonsdoesnot intro- 0. — 6, = 0, showingthat photonstendto emergdrom the medium
duceanydephasingluring propagatiorbetweerthe diffuserandthe in the samedirection, eventhough they wereemittedin opposite
crystal sincemomentumconservatiorenforceghe complexampli- directions.

tudeofthe eld andits conjugateo propagaten the samedirection. This bunching effectis maintainedwithin an angularrange

Consequentlythe dependencef I}, on z arisessolelyfrom the  Af*(z), inversely proportional to the transversespatial extent
dephasingf the photon pair asit propagatesverthedistanced — z (d - z) 6o probedby the scatteredbhotons.The scalingof this angu
beforebeingscatteredy the diffuserinto the directionsq, andqy,. lar rangeis analogoudo that found for the coherentbackscattering
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(CBS) effect,where the angularwidth is also determinedby the
inverseof the spatialregionexploredby the outgoingphotons.More
preciselyand surprisingly,the resultin Eg. (5) is identicalto the
correlationfunction obtainedfor thetwo-photoncoherenbackscat
tering (2p-CBS)con guration studiedin Ref.18, wherethecrystalis
placedmmediatelybeforethe scatteringmedium,providedthatthe
distancal isreplacedy d - z. This showsthat positioningthe crys
tal inside the disorderedmedium effectivelyreduceghe transverse
region probedby the photon pairs, therebyincreasingthe angular
rangeoverwhichtheyemergen the samedirection.

For the experimentalesultspresentedn Sec., the theoret
ical expressiorappliesfor z = 0 and for either choiceof L. When
tting the experimentaldata[dashedlinesin Figs.3(c) and 3(d)],
we observea narrow enhancedegion superimposedn a broader
background.However,the measuredwidth and enhancementio
not exactlymatch the theoreticalpredictions.Our model assumes
ideal angularresolution,i.e., point-like detectionin the far- eld,
whereaghe experimentaketuphas nite angularresolution,which
effectivelyconvolveshe predictedline shapewith the instrument
responsdunction. This convolutionbroadenghe peakandreduces
the observedenhancementrelative to the theoretical values.A
detaileddescriptionof the measuremenprocess,tting procedure,
andlimiting factorsis providedin AppendixA.

To testthe validity of Eq. (5), we ran numerical simulations
for the two-photoncorrelationfunction, asmodeledby Eq.(1). We
numericallypropagateactphotonofthepairthroughasequencef
diffusersandfree-spaceegmentd-ree-spacpropagatiorisrealized
by the standardFresnelpropagator.The diffusersareimplemented
by a complextransmissionmatrix, V (w), generatedn the Fourier
domain by multiplying complexGaussiarrandom numbersby a
Gaussiarwhosewidth correspondgo the scatteringangleof the
diffuser. The pump is modeledas a wide Gaussianbeam,cover
ing thousandwf coherencareasof the diffuser,which propagates
through the samediffuser at doublethe frequency with scattering
amplitudeV,,(2w) = V,,,,,(w)z, andthenthroughfreespaceovera
distancez. Thesimulationparametersverechoserto ensurghatthe
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angularspreadper photon exceedshe transverseoherencéength

&o. To this end, we selectedkd ~ 5697and 6p ~ 0.56rad suchthat

d/zo > 1.Finally,to minimize the effectof specklenoise theresults
were averagedver 10° random realizationsof the diffuser. The

resultspresentedherecorrespondo 2D simulations(onetransverse
and one axial dimension);howeverwe haveveri ed that identical

behavioris obtainedin 3D.

Figure4(c)showsthe simulatedwo-photoncorrelationI;, for
various distancesz betweenthe crystaland the diffuser, together
with the correspondingtheoretical prediction, obtained by the
explicit calculationin Eq. (5) for 62 = 0. For eachdistance,the
numericalandtheoreticalcurveswere rst normalizedto unit area
and then rescaledby a common factor suchthat the peakof the
theoretical curve equalsone. This two-step normalization elimi-
natesarbitrary scalingand reducesnoise sensitivity,isolating the
line shapediscrepanciedAs our theory predicts,weindeedobserve
adoublingin the coincidencesboutthe origin with awidth thatis
monotonicallyincreasingasz/d grows.The background however,
experienceso signi cant effect,further validatingEq. (5) (amuch
widerangularrangeis shownlaterin Fig.7).

B. Plane-wave pump—TI~

Next,westudythe negativez con guration, wherethe crystalis
positionedbeforethediffuser[Fig.5(a). In contrasto thepositivez
case the four dominant contributionsto I, in Eq. (1) are non-
degenerateTheyarerepresentedby the four diagramsn Fig.5(b),
labeledaccordingto the sametransversenomentumconservation
rulesusedin Fig.4(b). This labelingrevealghat the two diagrams

in the left column (denotedl‘;él)) behavedifferently from those
in the right column (denotedl“géz)). In particular, for q,, = 0, the

photon pairs contributing to l“t",;l) do not experienceany dephas
ing betweerthe crystalandthe diffuser,separatedyy a distancelz|,

whereasuchdephasingpccursin both contributionsof F;a(z). This
indicatesthat F;éfz) shouldvanishonce|z| exceedshe correlation
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depthz, of the diffuser.Converselywhenz = 0, thetwo diagramsn
eachrow becoméndistinguishabléandthusdegenerate)eadingto
therecoveryof the 2p-CBSesultreportedin Ref.18,

The expressiorof F;a(l) in terms of the correlationfunctions
F. and propagationkernelsH? can be obtainedby applying the
samediagrammaticrules asfor I';,. Here, we simply presentthe
nal result after explicitly evaluatingthe summationover all free
transversenomenta,

~(1) (6a + 6p)? (62— 6y)?

r exp|-——52 {1l+exp|l-————5 | s 7

b p[ | BTV |
whereweintroducedthe angularwidth

1
kdfoy/1+ 2/2|/d + 2([2l/d)?

A6 (2) = ®)

Similarly to Tj,, r;a(l) exhibits an envelopeof width 8y and pho-
ton bunching at 6, = 6, which is preservedwithin an angular
rangeAd; (z). Althoughin the negativez con guration, the photon
pair scatterstwice from the diffuser, in the positivez con gura-
tion, it scatteronly once(seethe correspondingliagrams) A6; (z)
and A8*(z) exhibit the samelinear dependencéor |z|/d « 1. The
differencethusappear®nly athigherordersin this parameter.

Theevaluationof thetwo diagramsrepresentingrgéz) yields

_ (8a+8,)%+2%(362+302—20,.6,)
4(1+2%)63

V1+72

_ 2
fo )

exp[

-(2)
rba i

wherez = z/zy denotesthe position of the crystalin units of the
correlationdepthof the diffuser,andthe angularwidth is

V1+372
kdfo/1 + 2z|/d’

As anticipated,rgéz) carriesa global weight o 1/v/1 + %2,
which vanishedfor z > zy. In addition, unlike Af7 (z), the width
A65 (z) dependsnot only on z/d but alsoon z/z. In particular,
for |z] S z0 « d, Af; (z) increaseswith |z|. This re ects the fact
that, in the bottom-right diagramof Fig. 5(b), the entangledpho-
tons generatedby the crystalare initially constrainedto traverse
the samecoherencereaof size&, within the diffuser.As a result,
the effectivetransverseregion probed by the outgoing photonsis
reduced,which broadensthe angularrange of photon bunching.
SinceAd; (z) remainsnearlyconstantfor |z| < zo, wethusexpecthe
overallwidth of 'y, to increasen this regimedueto the growth of
A6, (z). Converselyfor |z| > zo, the contribution of Fgéz) becomes
negligibleand the width of I', decreasefllowing the behaviorof
A6y (2).

Figure5(c) showsthe resultsof numericalsimulationsfor the
two-photoncorrelationl', [Eq. (2)], exhibitingthe non-monotonic
behaviordiscussedboveApart from thereversabf scatteringorder
andpropagatiorpathsthenormalizationprocedureandparameters

A (2) = (10)
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are identical to those used for Ty,. Solid curvesare the explicit
calculationof Ty, = r;;l) + 1";;2) [sum of Egs.(7) and (9)]. As
expecteda sharpdoubly enhancedbeakis observedThe peakfor

z = 0 (blue)isidenticalto the peakof I'y, in Fig.4(c) (blue).Beyond
z = 0,howeverthewidth of I';, broadensvhenZ ~ 1 dueto thecon-
tribution of A6, (z) mentionedaboveandtightensagainfor 7| > 1
dueto A6 (z) andthefactthattherelativeweightof F;éz) decreases
with |Z].

C. Comparison

To comparely, andl,,, weconsidettwo gures of merit. First,
Fig. 6(a) showsthe full-width-at-half-maximum (FWHM) of the
peakin the two-photoncorrelationfunction, A9, normalizedby the
FWHM valueat z = 0. The peakpro le wasobtainedby subtract
ing the correspondingheoreticalbackgroundfrom the simulation
data(bluecrosses)For referenceywealsoplot the theoreticalwidth,
derivedin the samemanner(orangesolidline). As discusse@bove,
while for Z > 0, the width increasesnonotonicallyacrosghe entire
range for Z < 0, it exhibitsa non-monotonicbehavior,with a peak
at|z| ~ 2.1.

(@ 13

(b)

2/ 2

FIG6.(a)ThewidthAd, de nedasthefull-width-at-half-maxirtfeMdHM)fthe
enhancemetdrmsnry , isextracteffomnumericalimulation®luecrosses)
andcomparetbthetheoretic@redictioforangéine)forT;, , thetheorysgiven
byEq.(5) andforT,,, thetheorysgiverbythesumofEqgs.(7)and(9) Toisolate
theenhancemepeakwe subtractetfomthe obtainedwo-photooorrelation
I'%,, thebackgroun@rmsntheaforementioneduations (b)AmplitudefT,
at6 = 0. In bothpanelsthetheoryandnumericaimulatiomaluesarenormal
izedbytheircorrespondinglueatz = 0: theFWHMnN panela)andthepeak
amplituda pane(b).
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Secondjn Fig. 6(b), we showthe peakcoincidencesiormal
ized by the peakvalueof Tz, at z = 0 (blue crosses)Once again,
the theoreticalamplitudeis shownfor referencgorangecurve).As
anticipatedthe enhancementf I'y, is completelyindependenbf z,
while it experiencea sharpdrop for increasingvaluesof |Z| for T,
after which it plateausat about0.5. This can be easilyunderstood

from both contributionsto I',, asthe amplitude of 1";;2) vanishes

for |Z| > 1,whilethatof Fgél) is constantcontributing halfthetotal
amplitude.

Within the Gaussiarphasemodel consideredn Appendix B,
the behaviorof A8 shownin Fig. 6(a) is preserved(seeFig. 8
of Appendix B). The peak coincidence however,showsa slight
enhancementfor Z < 0, while maintainingarobust2-to-1ratio with
respecto the backgroundsee~ig. 9 of AppendixB).

Up to this point, we haveprimarily focusedon the behaviorof
the peakof I';,. For a completecharacterizatiorof the two-photon
correlationfunctions, it is alsoimportant to assesghe impact on
the broadbackgroundFigure7 showsa muchwider angularrange
than presentecdhus far, exhibiting the wide backgroundof Iy, and
I, Theinsetsdisplayazoomed-inportion of abackgroundsection
(yellow shadedarea),far from the peak.While the backgroundof
I+, remainsentirely unalteredfor z # 0, in agreementith Eq. (5),
I',, undergoesisigni cant transition. In particular,the background
tightensin the|z| $ zo regime[blue to orangedatain Fig.7(b)], and
as|Z| increasedurther (orangeto greendata),it relaxesackto the

a 1 .
@ e e
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[ S " 2/d=23x10""
=064 2/d=3.8x 107" ]
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= e, 0/6,
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= 0.4
I
o
0.2 i
0 . .
0 2 3
0/6,
b 1 .
(b) I o o |
0 8“ ‘ s |2/d =13 %107
 gep o l21/d = 2.5 x 10 1
~ 1 w |2]/d = 1.0 x 1072
g 06 02 |2|/d = 1.2 x 107" |
N Bogag, ! 15 = Theory
= B 0/60
g 0.4 = )
= =
o o
0.2 .
0 . T essssmssncsal
0 2 3
6/6o

form observedat z = 0 (blue data),wherethe backgroundwidth is
setby 0o. Thesdeaturesareconsistentvith the rst termsof Eqs.(7)

and (9), which predict that the envelopeof F;él) hasa constant
width 8y independenbf z, whereasheenvelopef r;;z) hasawidth

~/(1+2?)/(1+32%)60 and a weight~1//1 + 2% Qualitatively,
similarfeaturesareobtainedin the Gaussiaphasenodel(see~ig.9
of AppendixB).

IV. CONCLUSIONS AND OUTLOOK

In conclusionweexperimentallyandtheoreticallystudiedpair
generationwithin a dynamicallyvarying volumetric scattererWe
observedthat, in this scenario the pairs exhibit an enhancement
of their two-photon correlations.We then generalizedour nd -
ingsto con gurations wherethe diffuserand nonlinear crystalare
placedat arbitrary positionsrelativeto eachother, coveringcases
suchas pump scatteringfollowed by pair generationand scatter
ing, or unalteredpair generatiorfollowedby doublescatteringf the
pairs.Thisgeneralizatiomevealgherich underlyingphysicf these
processesssupportedby our numericalsimulations.Evenin this
simpli ed engineerednodel of the medium, the observedccorrela
tions aresensitiveo the sequencef scatteringand pair generation,
highlighting the complexity of their interplay inside a thick non-
linear scatteringmedium. We anticipatethat this rst steptoward
modeling photon-pair generationin the presencef multiple scat
tering, usinga diagrammatiapproachwill proveusefulto uncover
newphenomenandenableef cient pair generatiorwithin complex
media.
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APPENDIX A: FITTING AND EXPERIMENTAL
LIMITATIONS

Figures3(c)and 3(d) displaythe experimentabatafor L = 3.5
cm and L = 6 cm, respectivelyalongwith their ts to Eq.(5), in
the model consideredthere. Each t included tting parameters
accountingfor the widths of eachGaussiar(backgroundand CBS)
andthe positionsof the staticand scanningdetectorgwhich could
introduce a relative skew betweenthe backgroundand the CBS
peak).Although we observethat the enhancementvidth obtained
for the larger spacingis, indeed,smallerthan that of the shorter
spacingtheexperimentatlataturn outto bewiderthanthetheoret
ical prediction,for both diffuser—mirror spacingd.. ForL = 3.5cm,
we predictan angularwidth of ~0.42mrad, whilethe t indicatesa
width of ~0.59mrad. For L = 6 cm, our predictionstatesawidth of
0.24mrad, while the t gives0.46mrad. We believethat thesedif-
ferencesredueto the nite angularresolutionof our experimental
setup.To accounffor that,weconvolveEq.(5) with themodepro le
of the detectionapparatustakento be Gaussiansf angularwidth
a/f, whereo is the radiusof eachcollection ber and f is the focal
lengthof thefar- eld lens.Performingthe convolutionyieldsapeak

of width A6"(z=0) =/ (kdo) ™ + 85, Where Sapn = v/20/

~ 0.24mrad. While theseadjustedpeakwidths improve the agree
ment with our predictionsrelativeto the experimentallyneasured
widths,theyarestill smallerby morethan 20%.We attribute this to
anangularresolutionthatisinferior to thetheoreticaprediction.To
con rm this, wereverseengineeredts valueusingthe aboveequa
tion and the experimentalwidths extracted Doing so,we nd that
&2p,exp # 0.4mrad for both measurementsThis is likely dueto the
factthatthe photonpairsareclippedbytheapertureof thenonlinear
crystalduring the secondpassthrough the crystal,therebylimiting
their angularbandwidth.

APPENDIX B: GAUSSIAN PHASE MODEL

In the main text, we modeledthe matrix elementsof the
diffuser's transmissionmatrix V as complex Gaussianrandom
variables.This assumptionallows higher-order moments of the
scattered eld to be reducedto pairwise contractions through
the Gaussiamrmoment theoremand makesthe disorderaveraging
analyticallytractable.

In this appendix,we considera phase-onlydiffuser. In par
ticular, the real-spacdransmissionmatrix elementsare written as
V,,(w) =d®Ps . whereD(p) denotesthe diffuser thickness
at transversecoordinatep, and k = w/c. Hence,in the position
spacerepresentatiorat the diffuser plane,V,, ,, are not Gaussian
randomvariablessincetheiramplitudesareunity. Ratherthe Gaus
sianapproximationbecomegusti ed only aftersuf cient free-space
propagation through the mixing of transversenomentumcompo
nentsinduced by the H® propagators Consequentlyspecialcare
mustbetakenwhenconsideringoropagatiordistanceshatareshort
relativeto the diffuser'slongitudinal coherencelepth,zy, wherethe
Gaussiaimomenttheoremdoesnot apply.

APLPhotonl1, 0661242026)¢0i:10.1063/5.0312389
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Instead of assuming Gaussianstatistics for V (Gaussian
eld mode), we assumethat the phase uctuations induced
by thicknessvariations of the medium are Gaussian(Gaussian
phasemode).”® In particular, at position p and frequency w,
the uctuating phase¢(p) = kD(p) is taken to be a zero- mean
real Gaussianrandom variable with correlator (¢(p)¢(p ))
ab exp[-Ap®/(2¢%)], where Ap=p-p', oo characterizesthe
amplitude of the thickness uctuations, and /¢ is the correlation
length of the diffuser. Under this assumptionthe eld—eld cor-

relation function M(Ap) = V,,(w) Vp*,p,(w) is given by M(Ap)

:exp{—k2 [1 exp( Y] )]} In general,this spatial depen
denceis not GaussmnHowever,in the limit of strongphaseuc -
tuations, kep > 1, the correlator is non-negligibleonly for small
Ap. Expandingthe inner exponentialto leadingorder then gives

M(Ap) = exp( [agf )W|th £ = £/(~/2ko), which coincideswith

the Gau35|ar$pat|al eld correlationfunction usedin the main text.
The correspondingmomentum-spaceeld— eld correlationfunc-
tion is thus givenby Vq_q,(0)Vg 4, (@) = Fu(4, - 45)84,-g,a,-4,
whereF, (q) o exp(~P&3).

Importantly, althoughthe correlator M (Ap) becomesGaus
sianin this limit, this doesnot imply that the matrix elements

of V are themselvesGaussianrandom variables.Consequently,
unlike in the Gaussian eld model analyzedin the main text,

(a) 1m -
-z /d =10
-=-2/d=1.0x10"?
b z/d=12x10"
~ 0.8k —--z/d=23x107" |
E : m-z/d=3.8x10"!
BS|
E
= 0.6f
Z.
e
0.4 }
(b) lIpsg
: (12| = 2.26)
LTE |21/d = 2.5 x 107% (|2| = 4.51)
— 08¢ - |z|/d =1.0x 1072 (\g\ =18.1) 1
o —m|z]/d = 1.2 x 107 (|z| = 226)
5
Z 0.6+
= S35
0.4 : :
0 1 2 3 4

0/6, %103

FIG 8. Two-photarorrelatiofunctions theGaussiaphasenodetonsidered
herefordifferendlistances. (a)T}, showghesamemonotonimcreasén the
peakwidthasintheGaussiareld model(b)T,, showsa similanon-monotonic
behavioastheGaussiareld modelwiththelargestliscrepancieppearinm
theregiorjz|  10.
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the momentum—spaceorrelationsof V (2w) cannotbe obtained
using the Gaussianmoment theorem and must insteadbe com-
puteddirectly. For adispersionlesdiffuser,doublingthe frequency
doublesthe phaseimprinted by the screenso that the phasestan
dard deviation increasesby a factor of 2. Consequently £o(2w)
= &(w)/2, andtherefore 2, (q) o< exp[-q?&5(w)/4]. Writing this
in terms of angular variables = q/k and 6o = 1/k& = /20p/X,
we obtain F,(6) o< F2,(8) o< exp(-6°/63). Thus,in the Gaussian
phasemodelwith strongphase uctuations, the scatteringangleis
wavelengtlindependent.

For the positivez con guration, Iy, involvesproductsof two
V (w) matricesandoneV (2w) matrix, alongwith their threeconju-
gatecounterparts Strictly speakingthe Gaussiam€momenttheorem
cannotbe appliedto evaluatethe resultingsix- eld correlatorvia
pairwise contractions.Neverthelesssince the scatteringmatrices
V areevaluatedht planesseparatedy a distanced — z > zp, their
matrix elementsare well approximatedby Gaussiarrandom vari-
ables.Under this approximation, pairwise contractionsyield the
sameequationasEgq. (4), with the only modi cation that F,(6)
o< exp(—6°/63), insteadof Fz,(0) o exp(-6°/263) asin the main
text. Consequentlyweobtain

T, o eXp[fLe1 " 0)° ]{l + eXp[*La = eb)z]},

602 206" (2)
(a)
—az/d=0
_ —wz2fd=10x%x10"?
304 2fd=12x10"]
—a—2/d =23 x 107!

o z/d=38x10""

4
.
15 —az/d=0
wz/d=1.0x10"*
zjd=12x 10"
—a—z/d =23 %107
— 108 oz/d=38x107"]
r
= 5
0 . :
0 1 2 3 4

0/6y

wherethe peakwidth isidenticalto that of the Gaussianeld model
[Eq. (6)], namelyA6* (z) = [kdbo(1 - z/d)]~*. In otherwords,both
the Gaussiarphasemodel and the Gaussianeld modelyield the
sameenhancedpeakin terms of amplitude, position, and width.
The only differenceis that the backgroundis broadenedrom 26,
to \/690.

To validatethis approximation,we ran numericalsimulations
usingthe sameparameterssin the main text, but with the Gaussian
phasemodel considerecdhere.In order to obtain the samescatter
ing angleasin the Gaussianeld modelfrom the main text, we use
kop ~ 4.3and k¢ ~ 10.8.Theresultscorrespondo 2D simulations,
asin the main text. Figure 8(a) showsthe simulatedtwo-photon
correlationfunction I}, for variousdistances betweerthe crystal
andthe diffuser,with eachcurvenormalizedto its peakvalue.The
observednonotonicincreaseof the peakwidth of Iy, isin excellent
agreementvith our predictionandthe resultsof the Gaussianeld
modelshownin Fig.4(c).

Next, we study the negativez con guration within the Gaus
sianphasemodel.In contrastto the positivez casehoweveragen
eralanalyticakexpressioffor I',, isnot readilyobtainableThereason
is that Eq. (2) involvesfour matricesV (w) and four conjugates
V(w)*, leadingto an eight- eld correlatorthat cannot,in general,
beevaluatedisingthe Gaussiatmomenttheorem.Neverthelesd;,
canbeanalyzedn two limiting regimes.

(b)
—a—|z|/d =0
. oz fd=13x 10"
30% l:" —25x10°% ]
—-— =1.0x1072
; o |z|/d =12 %107
= 20 -
— ....__-‘-- "-__.“‘-
10 m""‘::'.::-__ ..‘-"'N_.
oL

=25x10%

=1.0x107*

0/6,

FIG.9. Unnormalizedo-photocorrelatiofunctionsvera widerangularangecomparinthe Gaussiareld modelisedin themaintext(toprow)withtheGaussian
phasemodektonsideretere(bottomow).Panelga) and(c) showthatalthouglhe backgroundidthof T} differsbetweerthetwomodelsit remaingssentially

by

independemt z in both.In contrastpanelgb) and(d) showthatthe broadbackgroundf T, evolvesrvithfz| /d, in a model-dependemay,whilethetwomodels
asymptoticalbyerlagiorlargevalueofz. Inbothmodelsn allfourpanelshowevethepeak-to-backgrouatioremaing-to-1.
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First, for z,d > zp, the separationbetweenthe four planesat
which the scatteringmatricesV (w) are evaluateds much larger
than the diffuser'slongitudinal coherencalepth, z. In this regime,
thematrix elementofV (w) canbeapproximatedascomplexGaus
sian random variables,and the derivation of Eq. (7), therefore,
remainsvalid alsofor the Gaussiamphasenodel.

The secondregimecorrespondgo z = 0~ with d > zg, where

the propagationfactor H i (w) reducedo the identity, and the two
successivphasdactorsassociatewith thediffusercombinelocally,
with V“,,P(w)2 =V,,(2w). Thus,the scatteringobjectin the z= 0"
con guration isidenticalto thatin thez = 0" con guration, yielding
Tpa(2=0) =T5(z=0).

We alsoperform numericalsimulationsto investigatehe evo
lution of the two-photon correlationfunction I~ within the Gaus
sianphasemodelfor severatrystal—diffusedistancez. Theresults
areshownin Fig.8(b). Notably theenhancemenandits keyfeatures
highlightedin the main textandin Fig.5(c) for the Gaussianeld
model are alsoobservedn the Gaussiarphasemodel. The largest
discrepanciesappearin the region |z| < 10 [compare Figs. 5(c)
and8(b]].

Finally, we discussthe broad backgroundand its characteris
tics.Figure9 showsheunnormalizedr'y, andI',, overamuchwider
angularrange for both the Gaussianeld modelconsideredn the
maintext(top row) andthe Gaussiaphasemodelintroducedin this
appendix(bottom row). As expectedthe backgroundf Iz, remains
entirelyunalteredin both models[panels(a) and(c)], in agreement
with our prediction. In contrast,the evolution of I, with |z| dif-
fersbetweerthe two casegpanels(b) and(d)]. Within the Gaussian

eld model,the total coincidencerate decreaseby a factor of 2 at
large|z|, while the peak-to-backgroundatio remains xed at2-to-1.
Forthe Gaussiamphasemodel,howeverthetotal coincidenceaateis
independenbf |z|. Instead the fraction of coincidencest the peak,
relativeto thetotal, decreasewsith |z|. At the sametime, astheback
ground broadensthe peak-to-backgroundatio remainsrobustly
equalto 2-to-1,alsoin the Gaussiarphasemodel.
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