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Abstract
Classical particles in random potentials typically experience a percolation phase transition, being
trapped in clusters of mean size χ that diverges algebraically at a percolation threshold. In con-
trast, quantum transport in random potentials is controlled by the Anderson localization length,
which shows no distinct feature at this classical critical point. Here, we present a comprehensive
theoretical analysis of the semi-classical crossover between these two regimes by studying particle
propagation in a one-dimensional, red speckle potential, which hosts a percolation transition at
its upper bound. As the system deviates from the classical limit, we find that the algebraic diver-
gence of χ continuously connects to a smooth yet non-analytic increase of the localization length.
We characterize this behavior both numerically and theoretically using a semi-classical approach.
In this crossover regime, the correlated and non-Gaussian nature of the speckle potential becomes
essential, causing the standard Dorokhov–Mello–Pereyra–Kumar (DMPK) description for uncor-
related disorder to break down. Instead, we predict the emergence of a bimodal transmission
distribution, a behavior normally absent in one dimension, which we capture within our semi-
classical analysis. Deep in the quantum regime, the DMPK framework is recovered and the univer-
sal features of Anderson localization reappear.

1. Introduction

In quantum disordered systems, subtle interference effects arising from multiple scattering events on ran-
dom potential fluctuations are responsible for Anderson localization [1, 2]. Over the past decades, this
phenomenon has attracted renewed attention thanks to major advances in quantum simulators—most
notably ultracold atomic gases, precisely controlled using laser light and other external fields employed
to confine the atoms or to tailor various types of disordered potentials [3]. This high level of control has
made quantum gases an exceptionally versatile platform for exploring Anderson physics, from weakly
interacting systems [4, 5], to setups involving artificial gauge fields [6, 7] or correlated regimes where
many-body localization emerges [8]. In dilute gases, these developments have led to seminal experi-
mental observations of Anderson localization in one-dimensional (1D) [9, 10] and three-dimensional
[11, 12] configurations, along with detailed investigations of its quantum-chaotic analogue in kicked-
rotor models [13, 14].

A distinctive feature of experiments on disordered quantum gases is the use of random poten-
tials exhibiting significant spatial correlations and, in general, non-Gaussian statistics. Among these,
optical speckle potentials have been widely employed, and their specific statistical properties have been
shown to give rise to peculiar features of Anderson localization, such as effective mobility edges in one
dimension [15, 16] or non-monotonic energy dependence of the localization length [17]. Accounting
for disorder correlations has also proven crucial for accurately characterizing the localization dynamics
of cold atoms in position [9, 18, 19] and momentum [20–23] space, as well as for proper estimations
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of the localization length [18, 24], and of the mobility edge in three dimensions [25–27]. More broadly,
correlations may profoundly modify the localization scenario, as exemplified by kicked-rotor systems
where they give rise to a diffusive regime in one dimension [13, 28], or induce genuine mobility edges in
appropriately designed quasi-periodic systems (of infinite-range correlations) [29–31]. In the context of
optics, light in correlated media has also been shown to exhibit a variety of transport regimes [32].

Another interesting feature of disordered speckle potentials is their percolation transition. In classical
physics, percolation theory investigates the conditions under which randomly distributed objects form
connected structures (‘clusters’) that enable transport over arbitrarily long distances [33–35]. The crit-
ical point at which such large-scale connectivity emerges is known as the percolation threshold; it marks
a geometric phase transition characterized by nontrivial critical behavior. In continuous speckle poten-
tials, percolation thresholds have been identified in one, two, and three dimensions, corresponding to
the energy level above which a classical particle can travel infinitely far along potential valleys [11, 36,
37]. At the quantum level, however, the transport scenario changes drastically. In one and two dimen-
sions, quantum particles are always localized, whereas in three dimensions an Anderson metal–insulator
transition occurs [38]—but at a point that differs markedly from the classical percolation threshold [11,
39]. Quantum mechanically, no direct trace of a critical percolation transition therefore appears to sur-
vive. Still, as one approaches the classical limit the Anderson and percolation problems should coincide,
and the percolation transition re-emerge. How this connection establishes is the question we address in
the present work, focusing on particle transport in a 1D speckle disorder—a simple and experimentally
relevant continuous model which exhibits a percolation transition.

In detail, in this work we theoretically characterize the localization length near the percolation
threshold as the system approaches its classical limit. This limit is governed by an effective Planck con-
stant, h̄eff, measuring the ratio between the de Broglie wavelength and the disorder correlation length.
As this ratio increases from zero, we find that the percolation transition smoothens, with the local-
ization length crossing over from a strict divergence at the percolation threshold when h̄eff = 0, to a
continuous—though extremely steep—growth as h̄eff ≪ 1 becomes nonzero. We describe this crossover
both numerically and theoretically, by combining advanced properties of speckle statistics with semi-
classical tools [40, 41]. By analyzing the localization length and the statistical distribution of the trans-
mission, we further show that near the percolation threshold the standard 1D Anderson localization
theory for uncorrelated Gaussian disorder (Fokker–Planck/Dorokhov–Mello–Pereyra–Kumar or DMPK
equation) [42, 43] fails completely. In particular, we find that the transmission distribution exhibits a
bimodal structure typical of diffusive transport, usually absent in one dimension. The characteristic uni-
versal features of Anderson localization re-emerge only for larger h̄eff, in particular in the deep quantum
limit 1/h̄eff ≪ 1 where usual, quantum-mechanical perturbative expansions at weak disorder can be
applied [15].

The article is organized as follows. Section 2 recalls the main properties of the red-detuned ran-
dom potential studied throughout this work. We define the semi-classical transport regime and derive
the critical, classical scaling of the localization length at the percolation threshold. In section 3, we first
attempt to connect Anderson localization theory to this classical limit by defining the localization length
from the logarithm of individual speckle potential barriers. We show that this approach is inadequate
and that accessing the classical regime requires a more appropriate definition. A semi-classical treatment
valid for h̄eff ≪ 1 and resolving these limitations is then presented in section 4, and benchmarked against
exact transfer-matrix simulations. In section 5, we extend the analysis to the full statistical distribution
of the particle transmission across the percolation threshold. In the subcritical region, this distribution
becomes bimodal-a feature not captured by the standard 1D Fokker–Planck equation but well repro-
duced by our semi-classical approach. Finally, section 6 discusses the crossover to the deep quantum
regime (h̄eff ≫ 1), where perturbation theory in 1/h̄eff becomes applicable.

2. Semi-classical transport in 1D red speckle potentials—percolation transition

2.1. Speckle disorder and semi-classical regime
We consider a quantum particle of mass m and energy E propagating through a region containing
a ‘red-detuned’ speckle random potential V(x) between x= 0 and x= L. This potential follows the
Poissonian distribution [44]

P [V(x)] =
1

V0
exp

[
V(x)−V0

V0

]
Θ(V0 −V) , (1)

where Θ is the Heaviside function. This describes a potential bounded from above by V0 > 0,
with a mean ⟨V(x)⟩= 0 and a variance ⟨V2(x)⟩= V2

0. The speckle potential is further assumed
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Figure 1. (a) The model: we consider the transmission of a quantum particle of energy E∼ V0 ≫ Eσ through a 1D red-detuned
speckle potential lying between x= 0 and x= L. The potential V(x)< V0 is bounded from above and has a correlation length
σ. (b) Near E= V0, the speckle potential looks like a succession of inverted harmonic bumps of mean size σ. For a large enough
system size, a classical particle with energy E< V0 coming from the left always ends trapped within a potential valley (cluster).
These clusters correspond to regions of space where E−V(x)> 0, and have a characteristic size χ.

to be Gaussian correlated:

⟨V(x)V(x ′)⟩= V2
0 exp

(
−|x− x ′|2

2σ2

)
, (2)

where σ denotes the correlation length. A typical realization of such a random potential is shown in
figure 1(a). In practice, correlated speckle potentials are commonly produced in cold-atom experiments
by shining the atoms with a laser reflected or transmitted through a rough surface. A red-detuned (resp.
blue-detuned) speckle then corresponds to an attractive (resp. repulsive) potential experienced by the
atoms, obtained by tuning the laser far to the red (resp. blue) of a relevant atomic transition [5, 45].

In a purely classical picture, it is clear that the percolation threshold of this system lies at E= V0.
Indeed, for E< V0 only finite clusters exist, whereas for E> V0 an infinite cluster spans the entire space
in the thermodynamic limit L→∞. From a transport perspective, a particle with energy E< V0 is
thus necessarily trapped within a potential valley, while for E> V0 it can propagate arbitrarily far, see
figure 1(b). To explore how this classical percolation threshold connects with the quantum theory of
Anderson localization, in this work we focus—unless otherwise stated—on the semi-classical regime
defined by

h̄2

mσ2
≡ Eσ ≪ E∼ V0. (3)

This regime corresponds to a physical situation where the particle flies near the classical percola-
tion threshold, and has a de Broglie wavelength h/

√
2mE much smaller than the disorder correlation

length σ. Under these conditions, the particle effectively resolves all potential fluctuations and experi-
ences negligible tunneling, thereby behaving almost classically. The condition (3) introduces the relevant
dimensionless parameter

h̄eff ≡
√

Eσ
V0

≪ 1, (4)

which may be viewed as an effective Planck constant, quantifying how close the system is to the classical
limit. In practice, this limit is typically reached either for very large disorder strength V0, or for a suffi-
ciently large correlation length σ.

2.2. Percolation transition and critical scaling of transmission
In the strict classical limit h̄eff = 0, the percolation threshold at E= V0 corresponds to a phase trans-
ition that manifests itself through the critical behavior of a characteristic cluster size. In this work, we
are primarily interested in how this critical phenomenon appears in particle transport, which can be nat-
urally characterized by the average transmission coefficient ⟨T⟩ through the disordered region, where the
brackets denote averaging over the speckle statistics. Near the percolation threshold, its classical value

3
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⟨Tclass⟩ is expected to take the form ⟨Tclass⟩ ∼ exp[−L/χ(E)], where χ(E) is a characteristic cluster size
(see figure 1(b)) behaving as

χ
(
E→ V−

0

)
∼ 1

(V0 − E)γ
and χ(E⩾ V0) =∞, (5)

with γ a critical exponent. In terms of the topographic properties of the speckle potential, the factor
exp(−L/χ) can alternatively be interpreted as the probability distribution of clusters of size L: this dis-
tribution is essentially nonzero for L< χ(E), indicating that at a given energy E, most clusters have sizes
smaller than χ(E).

To demonstrate equation (5), we first note that for E≃ V0, the speckle potential can be viewed as
a succession of inverted harmonic potential wells, characterized by random maxima V located at posi-
tions xm satisfying ∂xV(x)|x=xm = 0, and by random curvatures ω defined through mω2 =−∂2xV(x)|x=xm .
The detailed structure of the lower parts of the potential is of much lesser importance. For a speckle
statistics, the joint distribution of potential maxima V and curvatures ω was evaluated in [40]. For
0< V0 −V≪ V0, it takes the form

P(V,ω)≃ 2
√
2

ω0

1√
π (V0 −V)V0

(
ω

ω0

)2

exp

(
−ω

2

ω2
0

)
, (6)

where ω0 ≡
√
V0/(mσ2). This approximate expression will turn out to be sufficient for all subsequent

calculations. We will also make use of the normalization condition:

ˆ ∞

0
dω

ˆ V0

−∞
dVP(V,ω) = 1 . (7)

Note that this normalization requires the full form of P(V,ω), available in [40], which unlike
equation (6) is integrable at V→−∞.

The distribution P(V,ω) can be used to compute ⟨Tclass⟩, by noticing that near E= V0 the classical
transmission is the product of the average transmissions through uncorrelated inverted harmonic barri-
ers, each of typical size σ. Denoting by Tb the transmission coefficient through a single barrier of max-
imum V, we have Tb =Θ(E−V) since a classical particle is either transmitted or reflected depending on
whether its energy E is larger or smaller than V. The total transmission is therefore

⟨Tclass⟩= ⟨Tb⟩Nb =

[ˆ ∞

0
dω

ˆ V0

−∞
dVP(V,ω)Θ(E−V)

]Nb

. (8)

with Nb the total number of barriers. Using equation (7), when E< V0 this can be rewritten as:

⟨Tclass⟩=
[
1−
ˆ ∞

0
dω

ˆ V0

E
dVP(V,ω)

]Nb

=
[
1−

√
2(V0 − E)/V0

]Nb

, (9)

where we have used equation (6) to perform the last integral. Introducing the linear density of speckle
maxima in the thermodynamic limit, ρ≡ Nb/L, we finally obtain:

⟨Tclass⟩= exp

[
− L

χ(E)

]
, χ(E) ≃

E→V−
0

1

ρ
√
2(V0 − E)/V0

. (10)

This is nothing but the critical scaling (5), where the critical exponent γ = 1/2. The density of maxima
for a speckle potential was evaluated in [40], who found ρ≃ 0.2840/σ.

3. Localization length from logarithmic transmission

Before investigating the fate of the percolation transition beyond the classical limit, one may ask whether
the classical result (10) for χ can be recovered from the ‘conventional’ theory of Anderson localization
in one dimension, describing propagation of a quantum particle through many barriers with complete
phase randomization [42, 43]. Within this approach, which typically works for uncorrelated disorder
and Gaussian statistics, the disorder-averaged transmission is predicted to scale with the system size as
⟨T⟩ ∼ exp[−L/4ξ(E)], with a localization length

ξ−1 (E) =−ρ⟨lnTb⟩ (11)

4
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Figure 2. Localization length ξ ≡−L/⟨lnT⟩, numerically computed from the average logarithmic transmission using the
transfer-matrix method, as a function of 1/h̄eff for several energies below the percolation threshold (discrete points). The plot
shows that ξ→ 0 as h̄eff → 0, i.e. does not converge to the classical result (10). The solid curves represent the semi-classical
prediction (14), and the dotted lines the asymptotic formula (16). In the transfer-matrix simulations, ξ is obtained from linear
regressions of ⟨lnT⟩ computed for 20 system sizes between L= 5σ and L= 100σ, each averaged over 104 disorder realizations.

defined from the logarithm of the transmission Tb through a single potential barrier. A quick look at
this formula highlights an obvious difficulty arising for energies E< V0, if one tries to evaluate it in the
classical limit h̄eff = 0:

ξ−1 (E< V0) −→
h̄eff=0

− ρ

ˆ ∞

0
dω

ˆ V0

−∞
dVP(V,ω) ln [Θ(E−V)]

=−ρ
ˆ ∞

0
dω

ˆ V0

E
dVP(V,ω) ln [Θ(E−V)] =∞. (12)

In other words, equation (11) predicts a strict vanishing of the localization length in the classical
regime, which is clearly incompatible with equation (10).

To gain deeper insight into the problem, it is also instructive to examine the behavior of ξ(E< V0)
for h̄eff small but finite. Figure 2 presents numerical results in this regime, obtained using the transfer-
matrix method in a 1D red-detuned speckle potential (see section 4 for details on this approach). The
data show that ξ remains finite for finite values of h̄eff, but indeed vanishes-rather than approaching a
finite limit-as h̄eff → 0.

This observation can be directly confirmed by an analytical calculation of (11), using the quantum-
mechanical expression of the transmission Tb through an inverted harmonic potential barrier with max-
imum V and curvature ω. For such a barrier the calculation can be done exactly [46, 47]:

Tb =
1

1+ exp
[
− 2π

h̄ω (E−V)
] . (13)

Inserting this expression into equation (11), we get:

ξ−1 (E) = ρ

ˆ ∞

0
dω

ˆ V0

−∞
dVP(V,ω) ln

(
1+ exp

[
− 2π

h̄ω
(E−V)

])
. (14)

Let us focus on energies E< V0 below the percolation threshold. The integral in (14) can be evalu-
ated by separating the contributions of clusters (E>V) and tunneling (E<V), and further using that
h̄eff ≪ 1. This leads to

ξ−1 (E)≃ ρ

ˆ ∞

0
dω

{ˆ E

−∞
dV exp

[
− 2π

h̄ω
(E−V)

]
+

ˆ V0

E
dV

2π

h̄ω
(V− E)

}
P(V,ω) . (15)

In this expression, the contribution of clusters (first term on the right-hand side) is completely
negligible compared to the contribution of tunneling (second term) when h̄eff ∝ h̄≪ 1. Making use of

5
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equation (6), we then find:

ξ−1 (E)≃ 8ρ
√
2π

3h̄eff

(
V0 − E

V0

)3/2

−→
h̄eff→0

∞. (16)

This relation, together with the exact formula (14), is shown in figure 2 and matches well the
transfer-matrix computation of ξ defined from the average logarithmic transmission.

Both the classical result (12) or its semi-classical version (16) thus confirm that the localization
length defined according to (11) does not converge to χ (equation (10)), which is the proper critical
behavior expected at the percolation threshold. The reason for this mismatch is evident from the above
calculation: the localization length defined via (11) describes a propagation dominated by tunneling
through barriers, while completely neglecting the cluster contributions E>V. This is legitimate in the
deep quantum regime h̄eff ≫ 1 (see section 6.2), but is clearly inadequate in the semi-classical regime (3)
where the particle energy, on the contrary, exceeds the height of most encountered barriers. From a
mathematical standpoint, the reason why equation (11) incorrectly captures the decay of ⟨T⟩ when
h̄eff ≪ 1 lies in the fact that it originates from a model in which disorder is assumed to be both uncor-
related and Gaussian distributed [42, 43]. These assumptions are fundamentally incompatible with the
semi-classical condition (3) for two reasons. First, because h̄eff diverges as the disorder correlation length
σ→ 0, making the classical condition E≫ Eσ never fulfilled. Second, because near the upper bound
E∼ V0, the non-Gaussian character of the red- detuned speckle potential becomes most pronounced,
while a Gaussian model would instead describe a potential with arbitrarily high peaks, obviously not
bounded. In the next section, we present a correct determination of ⟨T⟩ and of the localization length in
the semi-classical limit.

4. Semi-classical localization length

4.1. Transfer-matrix simulations
To evaluate the mean transmission ⟨T⟩ in the semi-classical regime, we first perform numerical sim-
ulations based on the 1D transfer-matrix method. We discretize the stationary Schrödinger equation
−h̄2∂2xψ(x)/(2m)+V(x)ψ(x) = Eψ(x) with a red-detuned potential V(x) over a system of length L.
Expressing the wave function ψ = {ψn}0⩽n<N and the potential V= Vn on N= L/a lattice sites, we
obtain the effective tight-binding model:

Jψn+1 = (Vn − E− 2J)ψn − Jψn−1 , (17)

where J= h̄2/(2ma2). To ensure that the simulations accurately reproduce propagation in a continuous
random potential, the lattice spacing a must be chosen much smaller than both the disorder correla-
tion length σ and the de Broglie wavelength. In the semi-classical regime, the latter scales as h/

√
2mE∼

h/
√
2mV0 ∼ h̄effσ. We therefore choose a= h̄effσ/4, which is typically sufficient for accurate calculations

up to h̄eff ∼ 1. To numerically generate a potential with distribution (1) and correlation function (2), we
convolve an uncorrelated, complex Gaussian random field E(x) with the kernel c(x) = V0 exp(−x2/4σ2).
The red-detuned speckle potential is then obtained as V(x) =−|E(x)|2. To compute the transmission
through the chain, we propagate equation (17) backward for a given disorder realization and system size
L, starting from the right boundary condition ψN−1 = 1 and ψN = eika. This choice describes an out-
going plane wave of momentum k> 0 in a disorder-free region, with energy given by the tight-binding
dispersion relation E= 2J(1− coska). The transmission coefficient T follows from the standard transfer-
matrix formalism as the ratio of outgoing to incoming plane-wave amplitudes:

T=

∣∣∣∣ 2sinka

ψ0 − e−ikaψ−1

∣∣∣∣2 , (18)

which we eventually average over many (typically 104) realizations of the random potential.
Figure 3(a) first shows the average transmission as a function of the system size L, computed numer-

ically for h̄eff = 0.01 and for energies in the vicinity of the percolation threshold. The transmission
exhibits a marked exponential decay. Fits of the data to ∝ exp[−L/χ(E)] allow us to extract the local-
ization length χ as a function of energy, which is plotted in figure 3(b) for several values of h̄eff closer
and closer to the classical limit. Remarkably, as h̄eff → 0, the localization length converges to the classical
result (10) (long-dashed curve) that characterizes the percolation transition. The figure also reveals how
this classical phase transition disappears for finite h̄eff : the function χ(E) smoothly evolves from a strict
algebraic divergence at E= V0 when h̄eff = 0, to an ultra-steep yet continuous behavior at this point as
soon as h̄eff is nonzero. This is the first important result of the paper.

6
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Figure 3. (a) Average transmission ⟨T⟩ as a function of system size, computed numerically from the transfer-matrix method
(black points) for h̄eff = 0.01, for energies near the classical percolation threshold. Solid lines are fits to exp(−L/χ). (b)
Localization length χ(E) as a function of energy for several values of h̄eff, deduced from the transfer-matrix simulations (colored
points). The solid curves are the theoretical prediction (23) at finite h̄eff. The long-dashed curve is the classical limit (10), and the
dashed and dotted curves the asymptotic formulas (24) and (26), respectively, shown for h̄eff = 0.03. Here χ is obtained from lin-
ear regressions of ⟨T⟩ computed for 20 system sizes between L= 5σ and L= 100σ, each averaged over 104 disorder realizations.

4.2. Semi-classical theory
To explain the numerical results of figure 3(b), we now present a theoretical calculation of the localiz-
ation length in the semi-classical regime. To this end, we first note that in the deep quantum regime
h̄eff ≫ 1 of Anderson localization, statistical correlations between transmission events typically arise from
the accumulation of phase factors associated with multiple quantum-mechanical reflections between suc-
cessive barriers. For energies E≃ V0 in the semi-classical regime h̄eff ≪ 1, in contrast, such reflections are
negligible because the transmission through each barrier is very close to unity. As a result, transmission
events Tb through individual barriers are essentially independent, and

⟨T⟩ ≃ ⟨Tb⟩Nb (19)

like in the classical limit (see equation (8)). Under this approximation, the average transmission in the
semi-classical regime is given by

⟨T⟩ ≃ ⟨Tb⟩Nb ≃ exp [−L/χ(E)] , χ−1 (E)≡−ρ ln⟨Tb⟩, (20)

where we have used that the total number of barriers Nb = ρL, with ρ the density of speckle maxima. As
compared to equation (11), observe that in this relation the logarithm is taken after the disorder average
is performed. Using equation (13), we obtain the explicit expression of the semi-classical localization
length:

χ−1 (E) =−ρ ln
ˆ ∞

0
dω

ˆ V0

−∞
dV

P(V,ω)

1+ exp
[
− 2π

h̄ω (E−V)
] . (21)

To simplify this formula, we use that 1/[1+ exp(x)] = 1− 1/[1+ exp(−x)], together with the nor-
malization condition (7):

χ−1 (E) =−ρ ln

{
1−
ˆ ∞

0
dω

ˆ V0

−∞
dV

P(V,ω)

1+ exp
[
2π
h̄ω (E−V)

]} . (22)

An advantage of this relation is that the integral over V is now convergent with the approximate
expression (6) for P(V,ω). Performing this integral, we obtain

χ−1 (E) =−ρ ln
{
1+

2
√
h̄eff√
π

ˆ ∞

0
dω̃ ω̃5/2e−ω̃2

Li1/2

(
−exp

[
2π (V0 − E)

h̄effV0ω̃

])}
, (23)

where Li1/2(x) is the polylogarithm of order 1/2, and we have introduced the dimensionless variable
ω̃ ≡ ω/ω0 and the effective Planck constant (4). In figure 3(b), we compare the localization length com-
puted with equation (23) to the exact transfer-matrix simulations for different values of h̄eff ≪ 1. The
agreement with the numerics is excellent up to h̄eff ≃ 0.05, demonstrating that equations (20) and (23)
provide the correct description of the localization length in the semi-classical regime.

7
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4.3. Asymptotic regimes
To gain further insight into the behavior of χ(E), it is instructive to derive from equation (23) approx-
imate expressions above, at, and below the percolation threshold.

4.3.1. Localization length above the threshold
We first consider the regime of energies E well above the percolation threshold V0. In this case,
the factor within the exponential in equation (23) typically takes large negative values. Using that
Li1/2(−x)≃−x when x→ 0, we infer:

χ−1 (E> V0)≃−ρ ln
{
1− 2

√
h̄eff√
π

ˆ ∞

0
dω̃ ω̃5/2 exp

[
−ω̃2 +

2π (V0 − E)

h̄effV0ω̃

]}
. (24)

The remaining integral can be evaluated using the saddle-point approximation. This yields the
asymptotic relation

χ(E> V0)≃
√
3 h̄1/3eff

2ρ [(E−V0)π/V0]
5/6

exp

{
3

[
(E−V0)π

h̄effV0

]2/3}
. (25)

Above the percolation threshold, the localization length thus grows as a stretched exponential of
the energy and exhibits a non-analytic dependence on h̄eff, in agreement with the numerical observa-
tions. The expression (24)—which is slightly more accurate than equation (25)—is shown in figure 3(b)
together with the exact numerical data (dashed curve), and a very good agreement is found.

4.3.2. Localization length near the threshold
Near the percolation threshold E≃ V0, equation (23) can be simplified by using the Taylor expansion
Li1/2(−x)≃ (

√
2− 1)ζ(1/2)+ (2

√
2− 1)ζ(−1/2)(x− 1) of the polylogarithm when x→ 1. Inserting this

into equation (23) and performing the integrals over ω̃, we find

χ(E≃ V0)≃
1

ρα
√
h̄eff

+
β

ρα2

E−V0

V0h̄
3/2
eff

+O
(
(E−V0)

2
)
, (26)

where α= (1−
√
2)ζ(1/2)Γ(7/4)/

√
π and β = 2

√
π(1− 2

√
2)ζ(−1/2)Γ(5/4). The localization length

thus diverges as h̄−1/2
eff at the percolation threshold. The approximation (26) is shown as a dotted curve

in figure 3(b).

4.3.3. Localization length below the threshold
We finally turn our attention to the most interesting regime: the behavior of localization below the
threshold. To obtain an approximate expression for χ in this case, we use the asymptotic expansion
Li1/2(−x)≃−2

√
ln(x)/π+π3/2/(12 ln3/2 x) when x→∞ in equation (23). In terms of the inverse loc-

alization length, this leads to:

χ−1 (E< V0)≃ ρ
√
2(V0 − E)/V0 −

ρ h̄2eff
16 [2(V0 − E)/V0]

3/2
+O

(
(V0 − E)−7/2

)
. (27)

At zeroth order in h̄eff, this result reduces to the classical expression (10), as expected. The next term,
proportional to h̄2eff, represents the first semi-classical correction at energies well below the percolation
threshold.

Together with the exact relation (23), equations (25)–(27) provide a complete description of the loc-
alization length near the percolation threshold in the semi-classical limit. In the next section, we extend
this analysis to another important observable, the statistical distribution of transmission.

5. Statistics of transmission

5.1. Classical limit
To further characterize transport across the percolation transition in the semi-classical regime, let us
also examine the statistical distribution of the transmission, P(T), for small values of h̄eff. In the classical
limit h̄eff = 0, a straightforward calculation presented in the appendix yields

P(T) = δ (T− 1) (28)

8
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Figure 4. Transmission distribution P(T) below, at and above the percolation threshold, computed numerically in the semi-
classical regime with h̄eff = 0.005. The simulations are performed for a system size L= 100σ and involve binning over 105 dis-
order realizations. The dashed curves show the quasi-ballistic formula (42) in the two cases E= 0 and E> V0.

for energies E⩾ V0, i.e. at and above the percolation threshold, and

P(T) = ⟨Tclass⟩δ (T− 1)+ (1−⟨Tclass⟩) δ (T) (29)

in the subcritical regime E⩽ V0, where the average classical transmission ⟨Tclass⟩ is given in
equation (10). These expressions directly imply that ⟨T⟩ ≡

´ 1
0 TP(T)dT= 1 for E⩾ V0, and ⟨T⟩= ⟨Tclass⟩

for E⩽ V0. In the classical limit, the percolation transition therefore appears as a clear discontinuity of
P(T) at E= V0, with an intuitive physical interpretation: Above the transition, the particle is fully trans-
mitted regardless of the disorder realization. Below the transition, for any given realization, the particle
is either entirely transmitted or completely reflected. The coefficients ⟨Tclass⟩ and 1−⟨Tclass⟩ can thus be
interpreted as the fractions of realizations leading to full transmission and full reflection, respectively.

5.2. Numerical simulations at finite h̄eff
We now turn to the transmission distribution at finite h̄eff. Like for the localization length, we expect
a smoothing of P(T) across the percolation threshold. Transfer-matrix simulations of P(T) shown in
figure 4 for three energies around E= V0 confirm this statement: As the threshold is crossed for finite
h̄eff, P(T) evolves continuously from a bimodal form for E< V0 toward a distribution sharply peaked
at T= 1 for E⩾ V0. The most intriguing phenomenon here occurs below the threshold, where the clas-
sical doubled-delta law (29) is replaced, in the semi-classical regime, by a much smoother bimodal dis-
tribution. Remarkably, this bimodal structure is not captured by conventional 1D localization theory
for uncorrelated Gaussian disorder. To illustrate this failure, we reproduce in figure 5 the numerically
obtained bimodal distribution for E< E0, and compare it with the exact solution of Abrikosov’s Fokker–
Planck (or 1D DMPK) equation for the transmission distribution derived for Gaussian and uncorrelated
disorder [42],

P(T) =
2

T2
√
π (L/ξ)3/2

ˆ ∞

acosh(1/
√
T)

xexp
(
−x2ξ/L− L/4ξ

)√
cosh2 x− 1/T

dx. (30)

This prediction, shown as a dotted line in figure 5, is clearly incompatible with our numerical results.
Even replacing ξ by the correct localization scale χ/4 fails to reproduce the simulations. For reference,
we also show in figure 5(a) numerical calculation of P(T) in the quantum regime h̄eff = 1. In this case,
P(T) takes the more usual log-normal shape and equation (30) becomes accurate again. Like for the loc-
alization length, we attribute the breakdown of equation (30) in the semi-classical regime to the strong
influence of spatial correlations and non-Gaussian statistics of the red-detuned disorder near the per-
colation threshold. In the quantum regime, tunneling through barriers dominates, making the disorder
correlations less relevant and restoring the applicability of the DMPK theory developed for uncorrelated
Gaussian potentials.

9
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Figure 5. Transmission distribution P(T) below the percolation threshold (E−V0 =−0.005V0), in the semi-classical regime
with h̄eff = 0.005. A comparison between the numerical results and the DMPK prediction (30), using either ξ or χ/4 as the loc-
alization length (dotted and dashed curves), highlights the inadequacy of this approach. In contrast, the comparison with the
bimodal law (41) (solid green curve) shows excellent agreement. For reference, we also display P(T) in the deep quantum regime
(h̄eff = 1), for which the DMPK equation becomes accurate again (solid red curve). All simulations are performed for a system
size L= 100σ and involve binning over 105 disorder realizations.

Turning back to the semi-classical regime, the shape of P(T) strongly resembles the bimodal distri-
bution characteristic of diffusive transport in multi-channel waveguides [48]. It is important to stress,
however, that the bimodality here has a fundamentally different origin a priori. In quasi-1D wave-
guides, diffusion indeed stems from the presence of many transverse channels N; the localization length
ξ ∼ Nℓ≫ ℓ is much longer than the mean free path ℓ, so a diffusive window appears for system sizes
ℓ≪ L≪ ξ. In the present work, however, the random potential is strictly 1D (N = 1) so diffusion can-
not be attributed to a multi-channel effect. Understanding how this bimodal distribution emerges from
a semi-classical description and what is the diffusive mechanism behind it is the objective of the next
section.

5.3. The bimodal law from semi-classical theory
We now show how the semi-classical theory can be used to derive the bimodal transmission distribu-
tion observed near the percolation threshold in figure 5. As before, we express the total transmission
T≃ΠNb

j=1Tj through the speckle in terms of the individual barrier transmissions Tj. Since dealing dir-
ectly with the distribution of a product of random variables is inconvenient, we instead consider its log-
arithm, lnT= lnT1 + . . . lnTNb . The characteristic function of a sum of independent random variables
being equal to the product of the individual characteristic functions [49], we obtain

P(lnT) =

ˆ ∞

−∞
dte−it lnT [φ(t)]Nb , (31)

where φ(t) denotes the characteristic function of the random variable lnTj. Transforming back to T,
equation (31) becomes:

P(T) =
1

T

ˆ ∞

−∞
dt exp [−it lnT+Nb lnφ(t)] , (32)

which we evaluate using the saddle-point approximation. The saddle-point t= tsp is defined by

∂tφ(t)

φ(t)

∣∣∣
t=tsp

=
i lnT

Nb
, (33)

10
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and allows us to rewrite equation (32) as

P(T)∼ 1

T

exp [Nb lnφ(t)− it lnT]√
|Nb∂2t lnφ(t) |

∣∣∣
t=tsp

. (34)

To solve equations (33) and (34), we need to evaluate the characteristic function

φ(t)≡ ⟨eit lnTj⟩=
ˆ ∞

0
dω

ˆ V0

−∞
dVP(V,ω)exp

[
−it ln

(
1+ e−

2π
h̄ω (E−V)

)]
, (35)

where the argument of the exponential follows from equation (13) for the transmission through a single
barrier. We now focus on the subcritical regime E< V0. For small h̄, the integral over barrier maxima V
is dominated by the cluster contributions E>V. This leads to

φ(t)≃
ˆ ∞

0
dω

ˆ E

−∞
dVP(V,ω)exp

[
−ite−

2π
h̄ω (E−V)

]
, (36)

where we further expanded the logarithm for small h̄. Expressing the exponential factor as a power series
and separating out the zeroth-order contribution yields

φ(t)≃
ˆ ∞

0
dω

∞∑
n=1

(−it)n

n!

ˆ E

−∞
dV P(V,ω)e−

2π n
h̄ω (E−V) + ⟨Tb⟩, (37)

where we used that
´∞
0 dω

´ E
−∞ dVP(V,ω) = 1−

√
2(V0 − E)/V0 ≡ ⟨Tb⟩. The first term on the right-

hand side is finally evaluated in the limit of small h̄ using equation (6). This leads to

φ(t)≃ ⟨Tb⟩−
h̄eff

π3/2
√
2(V0 − E)/V0

[γ+Γ(0, it)+ ln(it)] , (38)

where γ is the Euler–Mascheroni constant and Γ(0,x) the upper incomplete gamma function. With this
result, the saddle-point equation (33) becomes, to leading order in h̄eff,

h̄eff

π3/2
√
2(V0 − E)/V0

exp
(
−itsp

)
− 1

tsp
=

i lnT

Nb
⟨Tb⟩. (39)

For small h̄eff, the saddle-point solution of this equation is of the form tsp = i|tsp|, where |tsp| satisfies
e|tsp|/|tsp| ≃ −⟨TbTb⟩

√
2(V0 − E)/V0π

3/2 lnT/(Nbh̄eff). Using this solution together with equation (38),
we infer:

φ
(
tsp
)
≃ ⟨Tb⟩+O (h̄eff) , ∂2t φ(t) |t=tsp ≃

lnT

Nb
⟨Tb⟩+O (h̄eff) . (40)

Inserting these expressions into equation (34), and using that ⟨Tb⟩Nb ≡ ⟨T⟩ and − lnT≃ 1−T near
T= 1, we finally obtain (up to a prefactor enforced by the condition

´ 1
0 dTTP(T) = ⟨T⟩):

P(T)≃ ⟨T⟩
2T

√
1−T

. (41)

This result exactly coincides with the bimodal law characteristic of diffusive systems [48], which
we here recover from a semi-classical approach in the vicinity of the percolation threshold. This is the
second important result of the paper. Equation (41) is shown in figure 5, and describes very well the
transfer-matrix simulations, even up to rather small transmission values.

Physically, we conjecture that the bimodal distribution (41) is associated with a diffusive process in
which the particle of energy E is multiply scattered by barriers whose height is close to E. For such bar-
riers, the transmission coefficient is broadly distributed around 1/2 due to quantum reflection, while the
peaks at T= 0 and T= 1 are associated with events in which the particle is either purely reflected or
purely transmitted. Within this picture, the characteristic length χ plays a role analogous to a mean free
path.
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Figure 6. Localization length ξ as a function of energy in the vicinity of the percolation threshold, for a wide range of h̄eff values,
probing the crossover from the semi-classical (h̄eff ≪ 1) to the quantum regime (h̄eff ≫ 1). Discrete point show ξ extracted from
transfer-matrix simulations, obtained from linear fits of ⟨lnT⟩=−L/ξ after averaging over 104 disorder realizations. For each
value of h̄eff, the system size L is chosen large enough to exceed ξ while avoiding transmission values that fall below machine pre-
cision: L/σ = 101 − 102 for h̄eff ⩽ 5, L/σ = 102 − 103 for h̄eff = 10, and L/σ = 103 − 104 for h̄eff ⩾ 20. Solid lines show the the-
oretical predictions (14) in the semi-classical regime (plotted for h̄eff ⩽ 1). The dashed curve is the perturbative calculation (43)
in the deep quantum regime (plotted for h̄eff ⩾ 5).

5.4. Quasi-ballistic regime
For energies E⩾ V0, the numerical results in figure 4 show that the transmission distribution consists of
a sharp peak near T= 1 and a much smaller but long tail extending to lower T values. While this struc-
ture might in principle be accessed from the semi-classical theory as well, we were not able to derive a
simple result for this case. In figure 4, we nevertheless show for comparison the ‘quasi-ballistic’ result
derived in [48] for multi-channel waveguides:

P(x, t) =
2

π
ImU(x, t) , U(ζ, t) = coth [ζ − tU(ζ, t)] , (42)

where T= 1/cosh2 x and taking t= L/χ. This relation leads to a reasonable agreement of the numerical
results, at least for not too small T values.

6. From semi-classical to deep quantum regime

So far, we have focused on the semi-classical regime h̄eff ≪ 1. In this final section, we investigate how
the localization length behaves as one crosses over into the deep quantum regime h̄eff ≫ 1. To charac-
terize this crossover, one may consider either the localization length defined from the average transmis-
sion, χ =−L/ ln⟨T⟩, or the one defined from the average logarithmic transmission, ξ =−L/⟨lnT⟩. As
shown in the previous sections, χ is the quantity that properly interpolates to the critical cluster size in
the limit h̄eff → 0. However, it is also known that χ is not an appropriate measure of localization in the
quantum regime, due to strong transmission fluctuations. In that regime, the relevant quantity is ξ, since
it is constructed from ⟨lnT⟩ which is self-averaging. Put differently, when h̄eff ≪ 1, transport is dom-
inated by free propagation within clusters and is thus physically captured by χ (see section 3), whereas
in the quantum regime h̄eff ≫ 1 transport is dominated by tunneling which is more faithfully captured
by ξ. To describe the crossover between these two opposite regimes, we make the-admittedly somewhat
arbitrary-choice to focus on ξ, as it is well defined in the deep quantum limit while still exhibiting, like
χ, a divergence at the percolation threshold in the semi-classical regime (equation (16)).

6.1. Numerical simulations
We show in figure 6 the localization length ξ as a function of energy in the vicinity of E= V0, for a
broad range of h̄eff values ranging from h̄eff ≪ 1 to h̄eff ≫ 1. The colored points corresponds to results of
transfer-matrix numerical simulations, where we use the same methodology as described in section 4.1,
but with a finer spatial discretization a= h̄effσ/100 for the data at h̄eff > 1 to properly resolve the rapid
oscillations of the wave function in this regime.
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Table 1. Summary of the definitions, physical interpretations, and regime of relevance of the two localization lengths introduced in the
manuscript. Tb is the transmission through a single barrier and ρ is the density of barriers.

Quantity Definition Physical meaning Relevant regime

χ −[ρ ln⟨T⟩]−1 Mean size of classically Semi-classical regime
allowed regions h̄eff ≪ 1

ξ −[ρ⟨lnTb⟩]−1 Exponential decay length Quantum regime
of quantum eigenstates h̄eff ≫ 1

As seen in figure 6, when h̄eff ≪ 1 the localization length exhibits the expected divergence at the per-
colation threshold when E→ V−

0 . In this regime, the semi-classical prediction (14) for ξ, shown as solid
curves, agrees very well with the simulation results. In the strict classical limit h̄eff = 0, ξ becomes infin-
ite for E> V0 since the particle can then freely explore the entire system. Upon entering the quantum
regime, h̄eff ⩾ 1, quantum tunneling becomes significant and interference effects arising from multiple
reflections between barriers lead to localization, regardless of whether the particle’s energy lies below or
above the percolation threshold. The critical behavior associated with the percolation transition is there-
fore completely suppressed, and the localization length varies smoothly near E∼ V0.

6.2. Perturbation theory in the deep quantum regime
In the deep quantum regime, the simulation results can be compared with predictions from a fully
quantum-mechanical perturbative treatment, where the disorder strength V0/Eσ ≡ 1/h̄2eff ≪ 1 serves as
the small expansion parameter [15, 24]. Such a treatment can be carried out, for instance, using the
phase formalism for Anderson localization developed in [15, 50] for speckle potentials. This method
relies on the phase-amplitude representation (θ, r) of the wave function, ψ(z) = r(z) sin[θ(z)], ∂zψ(z) =
kr(z)cos(θ(z)), where for a weak disorder the phase can be expanded in powers of V0/Eσ . This allows
for a perturbation expansion of the Lyapunov exponent γ ≡ lim|x|→∞ ⟨ln r(x)⟩/|x|, which is related to
the localization length ξ =−L/⟨lnT⟩ controlling the transmission through ξ = 1/(2γ). At leading order,
and for the disorder correlation function (2), one finds [15]:

1

ξ (E)
≃ 1

σ

Eσ
E

1

h̄4eff

ˆ 0

−∞
du exp

(
−u2

2

)
cos

(
2u

√
2E/Eσ

)
+O

(
h̄−6
eff

)
. (43)

This relation is shown as the dashed curves in figure 6 for h̄eff ⩾ 5. As expected, it agrees increasingly
well with the numerical results as h̄eff becomes larger.

For the sake of clarity, we summarize in table 1 the definitions, physical interpretations and regime
of relevance of the two localization lengths χ and ξ introduced in the manuscript.

7. Conclusion

In this work, we investigated both numerically and theoretically the classical-to-quantum crossover
between the percolation transition and Anderson localization in a red-detuned speckle potential. This
crossover is controlled by an effective Planck constant, h̄eff, defined as the ratio between the de Broglie
wavelength and the disorder correlation length. We found that, as the system departs from the classical
limit h̄eff = 0, the characteristic algebraic divergence of the cluster length χ at the percolation threshold
progressively evolves into a continuous localization length. For small but finite h̄eff, the correlated and
non-Gaussian nature of the speckle potential plays a crucial role, causing the standard DMPK descrip-
tion of Anderson localization in uncorrelated disorder to break down. Using a semi-classical approach,
we developed a consistent theoretical description of the localization length in this regime, correctly inter-
polating with the classical limit. Below the percolation threshold, we also identified the emergence of a
bimodal transmission distribution, usually absent in 1D models with uncorrelated Gaussian disorder,
and which we associate with a diffusive motion of the particle quantum-mechanically transmitted and
reflected near the potential maxima. We further provided an analytical derivation of this law within our
semi-classical framework. Finally, we explored the global behavior of the localization length as h̄eff is var-
ied over several orders of magnitude, up to the deep quantum regime h̄eff ≫ 1 where standard quantum
perturbation theory becomes applicable.

Although Anderson localization was originally formulated for diagonal disorder with short-range
correlations, its scope has been extended over the years to more general types of disorder. Our results
provide an example of a situation in which Anderson localization in non-Gaussian, correlated disorder
exhibits original yet non-universal properties, as already emphasized, e.g. in [51, 52]. In the present case,
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properly accounting for the disorder statistics is essential to accurately capture the quantum-to-classical
crossover. In particular, the correlated nature of the potential is crucial for the semi-classical regime (4)
to be well defined, even though we expect our results in the vicinity of the percolation threshold—most
notably the bimodal distribution—to be generic and largely independent of the details of the short-range
disorder correlation function owing to the universal character of the transition. In the 1D geometry
considered here, the bounded nature of the potential is also essential for the existence of a percolation
threshold, but this would not be the case in higher dimension.

Our study also illustrates an interesting crossover between a regime featuring a genuine phase trans-
ition and another regime where no such transition exists. In disordered systems, similar situations arise,
for instance, in dimensional crossovers from d= 3 to d< 3, or in crossovers between different sym-
metry classes such as in two-dimensional systems transitioning between the unitary and quantum-Hall
classes [53], or between the unitary and orthogonal classes in three dimensions [54] where two distinct
Anderson transitions occur.

The semi-classical regime explored in this work should be experimentally accessible in cold-atom
experiments with optical speckle potentials, where the effective Planck constant can be tuned by adjust-
ing the disorder amplitude. While earlier experiments [9–12] were deliberately designed to avoid classical
trapping, with h̄eff typically ranging from 0.5 to 6, the limit h̄eff ≪ 1 should be achievable by employ-
ing larger disorder amplitudes. Moreover, experiments now offer the possibility to precisely control the
energy of atoms loaded into disordered potentials [55], opening the way to a precise characterization of
the critical behavior of χ(E).

To deepen our understanding of the connection between percolation and Anderson localization, it
would be worthwhile to investigate whether a generalized 1D DMPK framework can be derived for non-
Gaussian correlated disorder, capturing the change of the transmission distribution from log-normal to
bimodal observed in the present work. This might be done, for instance, using the approach of [56]. It
would also be highly valuable to explore the three-dimensional case, where a classical percolation trans-
ition exists while an Anderson transition occurs deep in the quantum regime. How these two transitions
emerge or disappear as h̄eff is increased remains unclear. Finally, probing the dynamics of Anderson
localization could provide an original perspective on the percolation–Anderson crossover, for instance
through the expansion of wave packets or the motion of their center-of-mass via the quantum boomer-
ang effect [57, 58].
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Appendix. Classical transmission distribution

In this appendix, we derive the transmission distribution P(T) in the classical limit, equations (28)
and (29) of the main text. This distribution is defined as
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P(T) =

ˆ ∞

−∞
dte−itTφT (t) , (44)

where φT(t) denotes the characteristic function of the total transmission T= TNb
b . Since the transmission

coefficients Tb of individual barriers are independent, their moments factorize as ⟨Tn⟩= ⟨Tn
b⟩Nb . Thus

the characteristic function becomes

φT (t)≡ ⟨eitT⟩=
∞∑
n=0

(it)n

n!
⟨Tn

b⟩Nb . (45)

When E⩾ V0, it is clear from the relation Tb =Θ(E−V) that ⟨Tn
b⟩= 1 for all n, such that φT(t) =

exp(it). Inserting this into equation (44) immediately yields equation (28) of the main text. When
E⩽ V0, we have:

⟨Tn
b⟩=

ˆ ∞

0
dω

ˆ V0

−∞
dVP(V,ω)Θ(E−V)n =

ˆ ∞

0
dω

ˆ E

−∞
dVP(V,ω)≡ ⟨Tb⟩, (46)

i.e. the n-dependence drops out so that all moments are equal. Equation (45) then becomes

φT (t) = 1+
∞∑
n=1

(it)n

n!
⟨Tb⟩Nb = 1+ ⟨Tclass⟩

(
eit − 1

)
, (47)

where we used that ⟨Tb⟩Nb ≡ ⟨Tclass⟩. Substitution into equation (44) directly leads to equation (29) of
the main text.
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