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Localization-landscape generalized Mott-Berezinskiı̆ formula
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We introduce a conceptual reformulation of the Mott-Berezinskiı̆ (MB) theory of low-frequency ac conductiv-
ity in disordered systems based on localization-landscape theory. Instead of assuming uniform localization and
fixed hopping distances, transport is described through an effective potential whose geometry encodes the spatial
organization and energy-dependent localization of quantum states. Using the associated Agmon metric, we define
a generalized Mott scale that replaces the classical hopping length with a geometric criterion set by the disorder
landscape. This framework naturally incorporates strong spatial inhomogeneity and yields the ac conductivity
directly from the effective potential. The standard MB result is recovered as a limiting case. Our approach
extends the conceptual foundation of MB theory to arbitrary disordered media and energies approaching the
mobility edge, providing a unified description of ac transport in complex quantum materials.
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I. INTRODUCTION

In lightly doped semiconductors displaying some form of
quenched disorder, whether this disorder originates from a
random spatial alloy composition or from the distribution
of impurities, the electronic states near the Fermi energy
that contribute to the conduction at low temperature can be
either extended or localized, the two regimes being sepa-
rated by the so-called mobility edge. On the localized side,
electronic transport occurs via electron hopping between lo-
calized states, and can be modeled by a network of random
resistors and capacitors [1] and investigated through percola-
tion theory [2–5]. The low-temperature conductivity of Weyl
semimetals and weakly doped semiconductors can also be
derived from a renormalization scheme developed to study
localization-delocalization phase transition [6].

At low temperatures, the phonon-assisted hopping progres-
sively leads to vanishing dc conductivity at T = 0, while
the ac transport relies on photon-assisted hopping [7–9].
In d dimensions, in the low-frequency limit, the ac conductiv-
ity σ (ω) is described by the Mott-Berezinskiı̆ (MB) formula,
first proposed by Mott (with contributions by Halperin and
Anderson) based on intuitive physical arguments [10–13]:

σ (ω) ∼
ω−→0

2πe2h̄ ν2ξ d+2ω2

(
ln

2�ξ

h̄ω

)d+1

, (1)

where ν is the density of states at the Fermi energy EF , ξ is
the localization length of these states, and �ξ = (νξ d )−1 is
the mean level spacing within the localization volume. In this
limit, the main dependence on the frequency ω is quadratic,
with a logarithmic correction whose power depends on d . The
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MB formula was rigorously derived by Berezinskiı̆ in one
dimension (1D) [14].

The MB formula relies on several assumptions that are
critical for its proper derivation:

(1) The Fermi energy lies in the part of the spectrum where
electronic states are Anderson localized [15].

(2) The states contributing to σ (ω) are located in spatially
distinct wells of the random potential.

(3) The localization length ξ of the relevant states is uni-
form across the system.

(4) Finally, although the MB formula is expressed in any
dimension, Berezinskiı̆’s mathematical derivation was only
one-dimensional.

This formula was rederived in 1D using various methods:
the phase formalism [16,17], instantons and supersym-
metry [18,19], and correlations of electronic wave func-
tions [20,21]. Recent work focused on an expansion in the
density of potential wells and asymptotic formulas of the
correlators [22] to recover the MB formula. A rigorous up-
per bound on σ (ω) (consistent with the MB expression) was
obtained in Ref. [23]. Corrections to Eq. (1) and its extension
to a broader range of ω was achieved for a Gaussian white
noise [24] using the instanton approach and a modern method
to compute correlation functions with functional determi-
nants [25]. The latter method was generalized to quasi-1D
wires [26].

The goal of the present work is to generalize the MB
formula to any type of disorder, relaxing the requirement of
a uniform localization length and the presence of well-defined
wells in the disordered potential. We achieve these goals using
the localization-landscape (LL) theory.

II. THE LOCALIZATION LANDSCAPE APPROACH

The LL theory, introduced in 2012 by the third author and
Mayboroda [27], provides a mathematical framework to study
the properties of quantum states in disordered and complex
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systems without having to solve the Schrödinger equation.
If Ĥ is the Hamiltonian of the system, the LL function u is
defined as the solution to the associated Dirichlet problem:

Ĥu = 1. (2)

A cornerstone achievement of the LL theory is the discov-
ery that the reciprocal of the LL function, Vu ≡ 1/u, acts as
a true effective potential. This emergent potential provides
direct, quantitative access to the physics of localization: it
delineates localization regions, predicts the integrated density
of states of Ĥ [28], and determines the localization lengths
of its eigenstates [29,30]. The LL framework has demon-
strated practical impact by enabling large-scale, predictive
simulations of carrier transport in highly disordered semi-
conductors, in particular nitride-based alloys, while achieving
∼100-fold reduction in computational cost compared to con-
ventional quantum-mechanical approaches [31–33]. Recently,
the LL was used to provide a physically grounded model of
variable-range-hopping transport in disordered semiconduc-
tors, overcoming the simplifications of the Miller-Abrahams
model [34].

In the following, we consider a spatial region � in
d dimensions in which electrons move in a time-independent
(quenched) disorder potential V (r). We allow for the effec-
tive mass of electrons to be a position-dependent quantity
m∗

e (r). Then, electronic wave functions ψ satisfy the time-
independent Schrödinger equation:

Ĥψ = − h̄2

2
div

(
1

m∗
e

∇ψ

)
+ V ψ = Eψ. (3)

We do not assume that the potential V itself exhibits clearly
defined and spatially separated wells. Rather, we require this
property to hold for the effective potential Vu derived from
Eq. (2). This is a significantly weaker assumption, as Vu is
much smoother than V , a consequence of u being a solution
to a second-order partial differential equation. The regions
surrounding the minima of Vu are referred to hereafter as
basins and denoted by Bi. These basins are defined as the areas
around each minimum bounded by the level set Vu = E . Their
extent therefore depends on the energy E under consideration.

We also assume that the basins of Vu at energy EF are
well separated and nonpercolating. Since, in the lower part
of the spectrum of Ĥ , electronic states are Anderson local-
ized within these basins [35], this amounts to assuming that
as in Mott’s original hypothesis, the Fermi level lies in this
localized regime. However, unlike in the MB derivation, we
do not require all states to share an identical localization
length ξ . Finally, Vu is assumed to be statistically isotropic
and homogeneous.

Our goal is to compute asymptotically the ac conductivity
σ (ω) in the limit ω → 0 when the density of states per unit
volume, ν(E ), can be taken as a constant ν in the range [EF −
h̄ω, EF + h̄ω]. The statistical isotropy of the medium ensures
that the average conductivity is the same in all directions of
space. The ac conductivity is given by the Kubo-Greenwood
(KG) formula:

σ (ω) ≈
ω−→0

2πe2h̄

d
|�|ν2ω2 |X |2avg, (4)

where |�| is the volume of the system and |X |2avg is the
squared position matrix element, averaged over all possible
initial and final states [17]. The matrix element of xα (the
position along axis α) between any initial and final states (i, j)
reads

X (α)
j,i = 〈ψ j |x̂α|ψi〉 =

∫
ψ∗

j (r) xα ψi(r) dr, (5)

with |X j,i|2 = ∑d
α=1 |X (α)

j,i |2.

III. THE LL-GENERALIZED MOTT SCALE

The first step of the derivation is to determine which pairs
of states (i, j) contribute to the conduction at frequency ω.
To this end, we generalize the criterion introduced by Mott
and Berezinskiı̆ based on the spatial separation between
states localized in two basins, Bi and Bj . We define the
two-well Hamiltonian Ĥ (2)

i, j as the projection of Ĥ onto the

subspace spanned by ψ
(1)
i and ψ

(1)
j , the localized eigenstates

of the one-well Hamiltonians associated with each basin. The
Hamiltonian Ĥ (2)

i, j is thus a 2 × 2 matrix whose off-diagonal
element ti j is given by the overlap integral:

ti j = t∗
ji ≈ EF

∫
�

ψ
(1)∗
j (r) ψ

(1)
i (r) dr. (6)

The two states hybridize and form bonding and antibond-
ing states ψ+ and ψ− [21], with the energy splitting

�E = E+ − E− =
√

4t2
i j + (Ei − Ej )2. (7)

A pair of states (i, j) contributes to σ (ω) only if the energy
splitting satisfies the resonance condition:

�E = h̄ω. (8)

When the overlap integrals are small, hybridization has
minimal impact on the wave functions. As a result, the single-
well wave function ψ

(1)
i is nearly identical to the system’s

wave function localized within the basin Bi. Nevertheless,
even for small ti j , the basins Bi and Bj cannot contribute to
the ac conductivity if they are too close to each other, since
then �E fails to satisfy the resonance condition. Therefore,
we must obtain precise estimates of the overlap ti j , which we
are going to do using the LL.

A salient point of our approach is that Vu, contrary to the
original potential, provides in general very good estimates for
the rate of decay of wave functions [29]. These estimates use
the so-called Agmon distance ρE [36,37], defined as

ρE (r1, r2) = min
γ (r1,r2 )

∫
γ

√
2m

h̄2 [Vu(r) − E ]+ ds, (9)

where [x]+ = max(x, 0). The minimum is computed over all
possible paths between points r1 and r2, E being the energy
of the state considered. The path that minimizes the Agmon
distance is a geodesic of the implicit metric inside the integral.
For a constant potential, this geodesic is simply a straight
line between the two points, and the Agmon distance reduces
to the usual term

√
2m(V − E )/h̄2 |r2 − r1| that appears in

quantum tunneling.
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With the Agmon distance at hand, we can characterize
the exponential decay of any localized wave function out-
side its basin, provided there are no resonances in distant
basins [29]:

ψi(r) ≈ ci exp(−ρEi (r, Bi )) outside Bi. (10)

The detailed structure of ψi inside the basin is not impor-
tant for what follows, but we can assume that |ψi(r)| ∼ ci

inside Bi. Due to the exponential decay outside Bi, the nor-
malization constant ci is roughly V −1/2

i , where Vi is the
localization volume occupied by the state ψi.

Let us consider two localized states indexed by i and j:
to ensure energy conservation for photon-assisted hopping,
we require �E = h̄ω, see Eq. (8). Their energies are thus
bounded by EF − h̄ω � Ei, j � EF + h̄ω and, as h̄ω tends
to zero, we have Ei ≈ Ej ≈ EF . Agmon distances associ-
ated with both energies therefore become almost identical to
the Agmon distance associated with EF . From now on, we
will only consider this Agmon distance, hereafter denoted ρ

(removing the subscript EF ).
Plugging Eq. (10) into Eq. (6) for ti j leads to the com-

putation of an integral of exp(−ρ(r, Bi ) − ρ(r, Bj )) mostly
supported around the geodesic of the Agmon distance con-
necting basins Bi and Bj . This results in the estimate (see
Appendix A for details)

ti j ∝ �ξ e−ρi j ρi j, (11)

where ρi j is the Agmon distance between basins Bi and Bj .
For the sake of simplicity, we retain the notation �ξ for
the mean level spacing, as in Eq. (1), even though a unique
localization length ξ no longer exists.

The resonance condition of Eq. (8) together with Eq. (7)
implies that the states i and j contribute to σ (ω) only if 2ti j �
h̄ω. This imposes a lower bound ρω on the Agmon distance
between such states:

ρi j � ρω = ln
2�ξ

h̄ω
. (12)

Here, ρω is the LL-generalized Mott scale [38]. Beyond ρω,
the exponential decay of localized states leads to suppressed
contributions to conductance. The Agmon distance is di-
mensionless, so the range of ρ relevant for conduction at
frequency ω is [ρω, ρω + 1].

We can now generalize Mott’s argument in terms of the
Agmon distance. Figure 1 provides a schematic representation
of the situation for a fixed value of ω. The small region in the
center is the basin Bi of one localized state (of index i). All
points located at an Agmon distance ρ ∈ [ρω, ρω + 1] from
this basin are plotted in orange. If another localized state lives
further or closer than this distance, it cannot hybridize with
state i, and thus no hopping occurs between the two states. As
a result, conduction essentially operates by resonant-assisted
tunneling between pairs of localized states distant by about
ρω in Agmon distance. If one imagines the transportation
network as a graph whose vertices are the basins of the ef-
fective potential, the actual conduction network is obtained by
keeping only the edges corresponding to an Agmon distance
in [ρω, ρω + 1].

possible hops: MB LLMB

almost no hybridization

possible hybridization, no hops

basin

FIG. 1. Schematic of LL approach to ac transport. Basins Bi are
displayed by black dashed lines. The orange region is such that
ρω � ρ(�r, Bi ) � ρω + dρ, with dρ = 1. The width of this region
is constant in Agmon’s distance but not in Euclidean distance. The
boundary at the Mott scale Rω is the blue circle.

IV. ASSESSING THE AC CONDUCTIVITY

Now that we have determined which pairs of states con-
tribute to the conduction through the LL-generalized Mott
scale ρω, we are left with estimating the square modulus of
the position matrix element |X i, j |2 for these pairs of states.
This quantity only depends on the Euclidean distance between
basins Bi and Bj , and a rapid computation leads for these
states to

|X i, j |2 ≈ |ri − r j |2/4. (13)

(See Appendix B for details.) For states that do not contribute
to the conductivity, |X i, j |2 ≈ 0.

We define 
ω as the set of state indices i satisfying
|Ei − EF | � h̄ω. Other states cannot participate in the con-
duction. Let us compute the average distribution of Euclidean
distance between pairs of states (i, j) ∈ 
2

ω separated by the
Agmon distance ρi j ∈ [ρ, ρ + dρ] and the Euclidean distance
ri j = |ri − r j | ∈ [r, r + dr]. This distribution is defined as
follows:

f (r, ρ)
dr dρ

|�| = 〈1[r,r+dr](ri j ) × 1[ρ,ρ+dρ](ρi j )〉i, j ∈ 
ω
, (14)

where 1A is the characteristic function of a set A, and
f (r, ρ) dr dρ is the average volume filled by the final states
contributing to conductivity.

The next step is to determine |X |2avg, which is obtained by
averaging r2/4 with the above distribution:

|X |2avg = 1

4|�|
∫ +∞

r=0
r2 f (r, ρ) dρ dr. (15)
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Recalling that the relevant range ρ ∈ [ρω, ρω + 1], we can
rewrite

|X |2avg = 1

4|�|
∫ ∞

0
r2 f (r, ρω )dr = 1

4|�|Eω(X 2). (16)

Eω(X 2) is the second moment in r of the distribution f at
the LL-generalized Mott scale ρω. In the view of Eq. (3’)
in Ref. [20], p. 854, f /|�| is an approximation of the two-
point correlator given in Eq. (4) in the same paper. In the LL
framework, however, only the dominant contributions to this
correlator, corresponding to ρi j ∈ [ρω, ρω + 1], are kept. In
addition, f is easier to compute than the correlator as it does
not require a priori knowledge of the wave functions.

Substituting Eq. (16) into the KG formula of Eq. (4) finally
leads to the LL-generalized MB formula:

σ (ω) ≈
ω−→0

πe2h̄

2d
ν2 ω2 Eω(X 2). (17)

The LL enters this formula through the LL-generalized Mott
scale ρω that selects participating states.

Computing the conductivity of a system therefore requires
to determine f (r, ρω ) and then Eω(X 2), according to the
following workflow:

V −→ u −→ Vu −→ {Bi} −→ 
ω

−→ f (r, ρω ) −→ Eω(X 2) −→ σ (ω).

This approach generalizes the MB derivation, allowing to
investigate systems out of the scope of the MB formula.

As a consistency check, let us recover the MB formula
under Mott’s assumptions. In Mott’s derivation, the Euclidean
distance between pairs of states that participate to conduc-
tion typically belongs to [Rω, Rω + ξ ], where Rω is the Mott
scale [12,13,39], defined as

Rω = ξ ln
2�ξ

h̄ω
. (18)

It can be retrieved from the LL-generalized Mott scale if
one assumes that all states at a given energy share the same
localization length. In this case, the Agmon distance between
two states is simply ρi j = ri j/ξ , and

1[ρω,ρω+1](ρi j ) = 1[Rω,Rω+ξ ](ri j ). (19)

This leads to

fMott(r, ρω ) dr =
{

Sd rd−1 dr, if Rω � r � Rω + ξ

0, otherwise
, (20)

where Sd is the area of the d-dimensional unit sphere. Indeed,
averaging over all pairs of states in 
2

ω yields the volume
occupied by the final states, which corresponds to the vol-
ume of the shell between r and r + dr. Since the basins are
considered to be well separated, then Rω 
 ξ and

Eω(X 2) ≈ Sd R d+1
ω ξ = Sd ξ d+2

(
ln

2�ξ

h̄ω

)d+1

. (21)

We recover here the MB formula from Ref. [22] with an
additional factor 2 due to the inclusion of spinful electrons
in our model.

V. DISCUSSION AND CONCLUSIONS

Let us emphasize once more differences between the
conventional Mott picture and our treatment using the LL.
In the MB picture, electronic conduction occurs by hop-
ping between localized states separated by the Euclidean
distance Rω, regardless of the details of the potential in be-
tween. The points at a distance equal to the Mott scale from
a given localized state form a (d − 1) sphere, as depicted
in blue in Fig. 1. Yet, two localized states at distance Rω

from each other but separated by a very large potential barrier
would not be able to hybridize and contribute to conductivity.
Conversely, a pair of states closer to each other than Rω can
participate in transport if a large potential barrier separates
them.

These configurations, not accounted for precisely in the
MB derivation, are handled in a very general way by
the LL through the Agmon distance, which deforms the space
geometry to account for the shape of the potential. As a result
the region of “active states” is not a Euclidean sphere but
its deformed version, shown in orange in Fig. 1. In addition
to being more general, the LL-generalized Mott scale also
allows us to consider specific realizations of disorder instead
of disorder averages.

In conclusion, the LL approach extends the MB formula
to systems with statistically isotropic and homogeneous dis-
ordered effective potentials, accommodating spatially varying
localization lengths. It introduces an extended Mott scale
which captures fluctuations of the effective potential. Hops
between states occur at Agmon distances defined by this
LL-generalized Mott scale, ensuring both hybridization and
resonance. In this framework, conductivity is governed by
the second moment of the distribution of Euclidean distances
between wells separated by approximately ρω in the LL-based
Agmon metric.

In this work, we relaxed two fundamental assumptions of
the original MB formula: the uniformity of the localization
length and the requirement for well-defined wells. Future
developments could involve abandoning the assumption of a
constant density of states, leveraging LL-based approxima-
tions [29]. It could be interesting to look for specific forms of
disorder that, through anomalous density of states behavior or
nonconventional Agmon distance, would alter the frequency
dependence in the Mott-Berezinskiı̆ equation, opening the
possibility of tailoring conductivity at the nanoscale in such
media.
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APPENDIX A: COMPUTING THE TRANSITION
AMPLITUDE

We assess the transition amplitude between two ground
states ψ

(1)
i and ψ

(1)
j of the one-well Hamiltonians H (1)

i and
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H (1)
j , localized in the basins Bi and Bj with energies Ei and

Ej , both energies being approximately equal to EF [22]:

ti j = EF

∫
�

ψ
(1)∗
j (r) ψ

(1)
i (r) dr. (A1)

Replacing both wave functions outside their basins by their
approximations obtained from the LL [see Eq. (10)] leads
to an expression which can be split into three contributions:
one per basin and one in the domain complementary to both
basins. This reads

ti j ≈ EF

(
c j

∫
Bi

ψi(r) e−ρ(Bj ,r)dr

+ ci

∫
Bj

ψ j (r) e−ρ(Bi,r)dr

+ ci c j

∫
�\(Bi∪Bj )

e−ρ(Bi,r)−ρ(Bj ,r)dr
)

. (A2)

Let us evaluate the last contribution Ii j , defined as

Ii j =
∫

�\(Bi∪Bj )
e−ρ(Bi,r)−ρ(Bj ,r) dr. (A3)

To do so, we use the Laplace method, first introduced by
Laplace in 1774 for one-dimensional integrals [40], then ex-
tended to multivariate ones [41,42]. This method is the real
counterpart of the stationary phase method [43,44] used to
approximate complex integrals of the form

I (t ) =
∫

A
e− f (r,t ) g(r, t ) dr, (A4)

where A is a subdomain of Rd . In our case A = � \ (Bi ∪ Bj ),
g(r, t ) = 1, and f (r, t ) = ρ(Bi, r) + ρ(Bj, r). Both functions
f and g are time independent.

By triangular inequality of the Agmon distance, the value
of f is always larger than the Agmon distance ρi j between Bi

and Bj . By definition, f is equal to ρi j on the geodesic of the
Agmon distance connecting Bi to Bj :

∀r ∈ �i j, f (r) = ρ(Bi, r) + ρ(Bj, r) = ρi j . (A5)

We assume here that �i j is unique everywhere the Agmon
metric is nondegenerate, i.e., where 1/u(r) is larger than EF .
We will see later that our demonstration can be extended to the
case of multiple geodesics. The parts of �i j where the Agmon
distance is degenerate (1/u < EF ) correspond to a union of
regions {B̃k}. It is easy to assess the contribution of each of
these regions to the coupling:∫

B̃k

e− f (r)dr = e−ρi j

∫
B̃k

dr = e−ρi j |B̃k|, (A6)

where |B̃k| denotes the volume of the region B̃k .
One now focuses on the complementary region, the part

of the geodesic where the Agmon distance is nondegenerate,
hereafter called �1. Starting from any point s of �1, moving
orthogonally to �1, i.e., in the hyperplane P (s) orthogonal to
the local tangent to �1 at s, increases the value of f . We can
therefore expand f around a point s of �1, z belonging to P (s):

f (s + z) = ρi j + 1
2 zT H⊥(s) z + o(‖z‖2), (A7)

where H⊥(s) denotes the Hessian of f restricted to P (s). By
definition of the geodesic,

∀s ∈ �1, H⊥(s) > 0. (A8)

Using Ref. [45], 3.1.1, (also used in Ref. [46]), allows us then
to approximate Ii j at the first nonvanishing order:

Ii j ≈ e−ρi j

[∫
�1

(2π )
d−1

2√
det(H⊥(s))

ds +
∑

k

|B̃k|
]
. (A9)

The narrower the function f around its minimal path, the
better the approximation. The quantity 1/

√
det(H⊥(s)) that

appears in the denominator comes from neglecting the high-
order contribution in Eq. (A7). We are left in this case with
integrating a Gaussian function over the entire local hyper-
plane. Interestingly, 1/

√
det(H⊥(s)) = 1/

√∏
� λ�, where {λ�}

are the eigenvalues of the Hessian, i.e., the curvature of the
Agmon distance along the various transverse directions. The
integrand in the first term of Eq. (A9) can therefore be in-
terpreted as a local effective cross section. A large curvature
corresponds to a small cross section, while a small curvature
leads to a large cross section.

Once integrated along �1, this cross section gives the effec-
tive volume of a d-dimensional tube connecting the various
basins B̃k . Consequently, one can regroup all terms inside the
same expression,

Ii j = e− ρi j Vi j, (A10)

where Vi j denotes the total effective volume of a tube sur-
rounding the geodesic that significantly contributes to the
coupling between localized states in basins Bi and Bj . If
several geodesics connect both basins, the same method can
be extended, summing over all volumes of each geodesic.

Returning to Eq. (A2), we estimate the remaining two
terms. The Agmon distances involved are

ρ(Bi, r ∈ Bj ) = ρ(Bj, r ∈ Bi ) = ρ(Bi, Bj ) = ρi j . (A11)

Using the estimate ψi ∼ ci inside Bi, we get that

c j

∫
Bi

ψi(r) e−ρ(Bj ,r)dr ∼ cic je
−ρi j |Bi|. (A12)

The transition amplitude can now be written as

ti j ≈ e−ρi j EF cic j (Vi j + |Bi| + |Bj |). (A13)

Recall that the normalization constant ci ∼ V −1/2
i , with Vi

the volume occupied by the state ψ
(1)
i . The effective poten-

tial being statistically homogeneous, the volumes occupied
by localized states at an energy close to the Fermi energy
are comparable. Therefore ci c j ≈ 1/VF , with VF the volume
occupied by a localized state at energy EF . This volume can
be expressed in terms of the mean level spacing �ξ ,

�ξ = 1

VF ν
, hence ci c j ≈ �ξ ν. (A14)

The transition amplitude now reads

ti j ≈ �ξ e−ρi j νEF (Vi j + |Bi| + |Bj |). (A15)

The product νEF = n is, roughly, the density of carriers,
and then Ni = n|Bi| represents the number of carriers in-
side the basin Bi, which is independent of the frequency ω.
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On the other hand, the number of carriers inside the tube
surrounding the Agmon geodesic Ni j = nVi j ∝ ρi j . For the
states of interest in this paper, the Agmon distance ρi j 
 1.
Thus, Ni j 
 Ni, Nj , and the final estimate of the transition
amplitude is

ti j ∝ �ξρi je
−ρi j , (A16)

with dimensionless prefactor independent of ω.
In 2D and approximately in 3D, one can go one step fur-

ther and assess the value of the local cross section along the
geodesic. To that end, one needs to estimate det(H⊥(s)), see
Eq. (A9). This is done by plugging the estimate from Eq. (10)
into the Schrödinger equation:

h̄2

2m
�ρ − h̄2

2m
|∇ρ|2 + V ≈ E . (A17)

The eikonal equation satisfied by the Agmon distance
|∇ρ|2 = 2m

h̄2 ( 1
u − E )+ yields the value of �ρ wherever

1/u � E :

h̄2

2m
�ρ ≈ 1

u
− V, hence �ρ ≈ −�u

u
. (A18)

The eigenvalue of the aforementioned Hessian H⊥ vanishes
along the direction of the geodesic. In 2D, this gives �ρ(s) =
λ‖ + λ⊥ = λ⊥ = det(H⊥(s)); hence,

det(H⊥(s)) ≈ −�u(s)

u(s)
. (A19)

In 3D, �ρ(s) = λ⊥,1 + λ⊥,2. Moreover, λ⊥,1 ≈ λ⊥,2 ≈ λ⊥
due to the stastitical isotropy. This yields

det(H⊥(s)) ≈ λ2
⊥ ≈ 1

4

(
�u(s)

u(s)

)2

. (A20)

APPENDIX B: DERIVATION OF THE MATRIX ELEMENT

One can express the wave functions, ψ± of the two-well
Hamiltonian in terms of ψ

(1)
i and ψ

(1)
j [22]:

ψ+ = cos(θ ) ψ
(1)
i + sin(θ ) ψ

(1)
j , (B1)

ψ− = − sin(θ ) ψ
(1)
i + cos(θ ) ψ

(1)
j , (B2)

where θ is a mixing angle such that tan(θ ) = ti j

δ+
√

t2
i j+δ2

with

δ = Ei−Ej

2 . For instance, the matrix element along direction
Ox reads

X (x)
i, j =

∫
ψ∗

+(r) x ψ−(r)dr = ti j

2
√

t2
i j + δ2

(x j − xi )

+ δ√
t2
i j + δ2

∫
ψ

(1)
i (r) x ψ

(1)
j (r)dr. (B3)

For states that hybridize, ti j 
 δ and the second term is negli-
gible. For states that do not hybridize, the overlap is very small
and the contribution of theses states to the average is negligi-
ble. In a statistically isotropic and homogeneous medium, the
square matrix element reads

|X i, j |2 =
d∑

α=1

∣∣X (α)
i, j

∣∣2
, (B4)

where the sum runs over all directions of space. Consequently,

|X i, j |2 ≈ |ri−r j |2
4 between states that contribute to conduction,

whereas |X i, j |2 ≈ 0 between states that do not.
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