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ABSTRACT

We derive a diffusion equation for light scattering from ejecta produced by extreme shocks on metallic samples. This model is easier to handle
than a more conventional model based on the Radiative Transfer Equation (RTE) and is a relevant tool to analyze spectrograms obtained from

Photon Doppler Velocimetry measurements in the deep multiple scattering regime. We also determine the limits of validity of the diffusive &
model compared to the RTE, based on a detailed analysis of various ejecta properties in configurations with increasing complexity. g
3
o
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I. INTRODUCTION distribution.'”™"" In this context and from a theoretical point of 8

view, PDV spectrograms are solutions of a light transport model

Ejection is a naturally occurring phenomenon when a metallic
) Y &P valid from the single scattering to the diffusive regime, and based

sample is subjected to an extreme shock. Through an explosive' or o . 53
high intensity laser” solicitation, a shockwave can be released on on the Radiative Transfer. Equat.lon (RTE). ~ o

one side of the sample with a typical shock pressure . Although. the. RTE isa highly relevant modell for fiescrlb{ng
P, = 10 — 100 GPa. Upon reaching the other side, called the free hght propaganor.l in a wide range of .transport regimes, it remains
surface, the shockwave’s interaction with the surface irregularities difficult to manipulate. In practice, ejecta often have large optical

causes matter to partially melt, creating numerous expanding thickr}esses (typically on the order of 40). In such thick sarr.1p1e§, a
microjets. These microjets eventually fragment giving birth to a simplified model derived from the RTE and called the diffusion

particle cloud called an ejecta.™ A schematic representation of this approximation' " is commonly used to describe the propagation
microjetting mechanism is depicted from top to bottom in Fig. 1. of light. This model is much simpler to handle, and in some cases
Ejection has been extensively studied for the last fifty years” and is even admits of analytical solutions. The purpose of this work con-
now understood as a limiting case of Richtmyer-Meshkov instabili- sists in deriving a generalized diffusion equation valid for ejecta.
ties.6’7 One of the current goal of ejecta study is to better character- The main idea is to adapt the standard derivation of the diffusion
ize the particle cloud through its number density, size, or velocity =~ equation from the RTE by taking into account the specificities of
distributions. ejecta (in particular, the statistical inhomogeneities and dynamic
Photon Doppler Velocimetry (PDV) is one of the optical diag- nature of the particle cloud). We will show how the diffusion
nostics used in this characterization effort. Initially developed to approximation allows us to describe the PDV spectrograms much
monitor particle velocities™ in the single scattering regime, the more easily and test the limits of this simplified model.
PDV spectrogram of an experiment can be seen as a time-velocity The paper is organized as follows. Section II is dedicated to
cartography of the ejecta. Recently, we have shown that PDV spec- the introduction of PDV, the associated spectrograms, and the the-
trograms can also be interpreted in the multiple scattering regime oretical model based on the RTE, valid from the single scattering to
even if they do not give direct access to the particle velocity — the deep multiple scattering regimes. In Sec. I1I, we perform the
J. Appl. Phys. 138, 203102 (2025); doi: 10.1063/5.0289354 138, 2031021
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FIG. 1. lllustration of the microjetting mechanism in a typical shock ejecta
experiment. Upon reaching the machined free surface, the shock wave first
comes into contact with the inwardly directed grooves. Under right angle condi-
tions, the shock wave is reflected and the inward grooves become outward
microjets. Due to the velocity gap between the jet-heads and the free surface,
the microjets are stretched until surface tension is no longer sufficient to hold
matter together and fragmentation begins. This results in the creation of a parti-
cle cloud, i.e., an ejecta.

diffusion approximation to obtain a diffusion equation for light
propagation in ejecta. We compare the result to the standard diffu-
sion equation and see especially how the displacement of the scat-
terers is effectively accounted for. Finally, a comprehensive study
comparing the results given by the RTE and the diffusion equation
for different dynamic media is reported in Sec. IV. To check the
robustness of the diffusion model, we start from the simplest con-
figuration and progressively increase the complexity to eventually
treat the case of a real ejecta.

Il. PHOTON DOPPLER VELOCIMETRY, SPECTROGRAMS,
AND RADIATIVE TRANSFER

Photon Doppler Velocimetry is an interferometric tech-
nique,”” where a probing laser field at frequency @y is sent through
an optical fiber toward a cloud of moving particles ejected from a
free surface. As seen in Fig. 2, light is then scattered by this ejecta
and slightly shifted in frequency due to the Doppler effect before
being partially collected in reflection by the same fiber. This illumi-
nation and collection geometry was historically designed to probe
the free surface velocity, but it is now also used to study ejecta. The
collected field interferes at the detector with a reference field, at w,
resulting in a beating signal #(t) at the detector. This heterodyne
detection ensures a good signal to noise ratio at optical frequencies.

ARTICLE pubs.aip.org/aip/jap
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FIG. 2. Schematic representation of a typical shock-loaded experiment with a
PDV setup. The probe illuminates the ejecta and the free surface with a highly
collimated laser beam (typical numerical aperture of 6, = 4.2mrad and pupil
size ¢, = 1.6mm). The backscattered field is collected by the probe acting as
the measuring arm and interferes with the reference arm at the detector. The
beating signal is registered with a high bandwidth oscilloscope before being
analyzed.

This signal can be written as
J(t) = 2Re[Eq(r, 1) - Ey(x, )], (1)

with E(r, t) [respectively, Eqo(r, )] being the analytic signal associ-
ated with the scattered (respectively, reference) field, r being the
position of the probe, and the superscript * denotes the complex
conjugate.

In post-treatment, a short-term Fourier transform is applied :

defining the spectrogram S(¢, Q) as

2
S(t, Q) = Uﬂ(r)w(r — texp(iQr) dr (2)

where w(t) is a gate function of typical width T, such that
fw(t) dt =T,. In Eq. (2), it can be easily shown that Q corre-
sponds to the Doppler shift experienced by light when propagating
inside the ejecta. Time ¢ corresponds to different instants in the
ejecta’s expansion. A spectrogram is, therefore, the result of a time-
frequency analysis of the field scattered by the ejecta. Note that in
the case of single backscattering, Q = (47)v/A = 2kqv, where v is
the velocity of the particles and ko = 27/A is the wavevector.
In this particular case, a spectrogram can, therefore, be used to
trace the particle velocity distribution as a function of time.

In the multiple scattering regime, however, interpretation is
more complex and a more refined model is required to account for
the spectrograms obtained experimentally. This model is derived in
detail in Ref. 10, and we summarize here the main steps since they
will serve as building blocks for obtaining the diffusion equation
derived in Sec. III. We first need a quantity to describe light propa-
gation in disordered media. A common one, also derived from a
time-frequency analysis, is the specific intensity. It is defined as the
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space and time Wigner transform of the field and is given
byl3,15—17

ok — k)I(x, u, t, w)

firer -9 6-20-)
exp( — iku - p + iwr) dp dr, (3)

where k, is the real part of the effective wavevector in the scattering
medium and (- - -) denotes a statistical average over an ensemble of
realizations of the disorder (i.e., the scatterers’ position). The spe-
cific intensity I(r, u, t, ®) is defined from the field-field correlation
function. In a radiometric picture, it can also be seen as a radiative
flux at position r, time t, and frequency o, propagating along direc-
tion u. The time 7 plays the role of the correlation time. From
various considerations on the time scales involved, we can show
the spectrogram can be written in terms of the specific intensity
and takes the form'’

S(t, Q) J

6p

I, u, t,00 + Q) +1(r,u, t, 00 — Q)u-ndu, (4)

where 6, is the extremely narrow cone of collection of the probe
around n, the direction normal to the probe’s pupil. Typically, we
have 6, =4.2mrad. du means integration over the solid angle.
The key point here is that the spectrogram at time ¢ and Doppler
frequency Q, which was initially introduced as a very specific time-
frequency analysis of a beating signal, now appears as a relatively
intuitive angular integral of the specific intensity at time ¢ and fre-
quencies @y + Q. This result makes the specific intensity the quan-
tity of choice to describe spectrograms of ejecta.

Next, we need an equation governing the evolution of the spe-
cific intensity in ejecta. It is given by a generalized RTE,"’

0
—4u-

_ 1 i
vg(r, t, ) Ot rut,o

1
Ve+—|I
+&mnm

/
- J pr,u, v, t, 0, )(r, 0, t, o) du’ %, (5)
‘es(r) ta Cl)) A 2T
with vg being the energy velocity, £, being the extinction mean free
path, /; being the scattering mean free path, and p being the gener-
alized phase function. In the phase function, u’ and @’ are the inci-
dent direction and frequency, respectively, and u and @ are the
scattered direction and frequency, respectively. Equation (5) takes
into account the specificities of ejecta such as statistical inhomoge-
neity, polydispersity, and the motion of the particles in the ejecta.
We assume in the following that the ejecta is composed of
spherical particles of different radii with an inhomogeneous
number density depending on position and time. In this case, the
extinction mean free path ¢, is given by

o = Jp(r, t)o.(a, o)h(r, t, a) da, (6)
Lo(x, t, @)

where p(r, t) is the number density of particles at position r and
time ¢ and o,(a, @) is the extinction cross section of a particle with
radius a at frequency . h(r, t, a) is the size distribution at position
r and time t. The scattering mean free path ¢; and the generalized

ARTICLE pubs.aip.org/aip/jap

phase function p are defined as

_
Ly(r, t, )
x 278w’ — o — k,(u’ — ) - v|f(x, t, a, v)dadv, (7)

pr,u, v, t,0,0") = Jp(r, t)os(a, o)p(a, u-d, w)

where o(a, ®) and p(a, u- ', ®) are the scattering cross section
and the phase function of a particle with radius a at frequency o,
respectively. The size-velocity distribution at position r and time ¢
is given by f(r, t, a, v) with h(r, t, a) = jf(r, t, a, v) dv. We note
that the phase function p(a, u-u’,w) depends only on the dot
product u - u’ for a spherical particle. It is given by

1 doya,u-u,w)
os(a, w) du

pla,u-v,0) =

, ®)

where the differential scattering cross section dog(a, u-v’, )/du
corresponds to the radiation pattern. It is proportional to the part
of radiated power coming from the incoming direction u’ and scat-
tered along the outgoing direction u. Its integration over all possi-
ble directions gives the total scattering cross section. With this
definition, the phase function is normalized as

dw/
J p(r,u, v, t,w,a)/)du’gzl. 9)
i

Thus, integrating Eq. (7) over u, the scattering mean free path
reads

1

0(r, o) (10)

Jp(r, t)os(a, w)h(r, t, a) da.

We also introduce the absorption mean free path £,(r, t) such that

1 1 1

bt bo) Gnbo) o)

(11)

Finally, since we assume nonresonant scattering, the energy velocity
vg is given by vi(r, t, ®) = ¢/n,(r, t, ) where n, is the real part of
the effective optical index of the disordered medium (ie.,
k. = n,ky). The detailed physical interpretation of the generalized
RTE as well as the derivation of the extinction mean free path, the
scattering mean free path, and phase function expressions are dis-
cussed in greater detail in Ref. 10. In practice, the transport Eq. (5)
can be solved numerically using a Monte Carlo scheme allowing to
compute PDV spectrograms. 10

In a standard experiment, we can assume that the optical
properties of an ejecta are statistically invariant along the transverse
directions and it is common to define the optical thickness b, in an
inhomogeneous ejecta as

by = JLﬁ (12)

0 ZS(Z) ’

where z denotes the position along the ejection direction and L the
size of the ejecta along this direction. For the example treated in
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Ref. 10, we found b, = 42, which means that light interacts with
the ejecta in the deep multiple scattering regime. For such optical
thicknesses, it seems reasonable to investigate the possibility of
using the diffusion approximation to describe the spectrograms,
instead of the full RTE. This is the subject of Secs. Il and IV.

l1l. DERIVATION OF A DIFFUSION EQUATION FOR
LIGHT IN EJECTA

There are different ways to derive a diffusion equation starting
from the RTE. One can introduce modes of the transport equation
and define the diffusion mode as the mode surviving at the largest
times and depths, a method also known as the singular eigenfunc-
tions approach.'®'” One can also perform a direct asymptotic anal-
ysis of the RTE at large scales.' >’ Finally, an angular expansion
over spherical harmonics of the specific intensity can also be intro-
duced. A diffusion equation is then obtained by keeping only the
first two terms, a method known as the P1 approximation.'**"**
Here, we will make use of the angular expansion approach (in the
steps of the derivation in Ref. 14) since it is the easiest to use in the
case of statistical inhomogeneous and dynamic media such as
ejecta. This idea of introducing a diffusion equation for dynamic
media is not new. Several models have already been derived with
different techniques” ™’ and have been used extensively to study
light transport in colloids,”® cold atomic gases,” or biological
tissues.”” We will draw inspiration out of all these works in the
following. In particular, a fairly standard approach is to derive a
diffusion equation for a static complex medium to determine the
path-length probability density P(s) and then include the dynam-
ics of the medium afterwards. Here, we rigorously derive the dif-
fusion equation from the RTE taking into account in the first
place the scatterer displacements and all other important ejecta
characteristics.

A. Transport equation in the time domain

We start by considering the quasi-homogeneous and inelastic
RTE given in Eq. (5), in which we can neglect the time derivative
since the illumination in the experiment is monochromatic (steady
state) and the transit time for light within the scattering cloud
remains short compared to the evolution time scale of the cloud
(quasi-static approximation). Therefore, the time variable ¢
becomes a parameter and we choose to drop it for the sake of sim-
plicity. In addition, since the Doppler shifts around the illumina-
tion frequency w, are small compared to the typical spectral
variation scales of extinction and scattering cross sections, the fre-
quency @ can be fixed at wy in o.(a, w), os(a, ®) and in p(a, u-
v/, w) and we also drop this dependence for the sake of simplicity.
Plugging the expression of the phase function, and with the simpli-
fications above, the RTE in Eq. (5) can be rewritten as

1

[u Ve + 7 (r)} I(r, u, w) = p(r) st(a)p(a, u-u)

/
x 2180 — o — k(u' — u) - VIf(r, @ V)I(r, 0, @) du’iw—ﬂ dadv.

(13)
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This form of the transport equation is not yet fully adapted to the
derivation of a diffusion equation because the presence of an inte-
gral over frequencies needs to be handled correctly. To this end, we
perform a Fourier transform with respect to @ — wy. This leads to

L

Lo(r)

= p(r) J o(a)pa, u-u) eik'(“,f“)‘v’f(r, a, v)I(r, v, 7)du’ da dv,
ar

{u-Vr—ﬁ— }I(r, u,7)

(14)
with

. dow
I(r,u,7) = JI(r, u, @) e @0
2r

(15)
wo being a parameter in this expression. The factor efkr(W~wve
appearing in Eq. (14) shows that inelastic scattering results in the
appearance of a dephasing in the time domain. As the specific
intensity I(r, u, 7) propagates through the medium, it accumulates
phase shifts which at long correlation times eventually leads to full
decorrelation.

The next step consists in defining effective scattering proper-
ties to make Eq. (14) similar to the standard RTE and then follow
as closely as possible the steps of the standard derivation of the dif-
fusion approximation presented in Ref. 14. The effective scattering
mean free path and phase function are, respectively, defined as

1 o
m = P(I‘)J O's(u)p(a, u- u/)e’kr(u 7u)‘vrf(r, a, V) dadv du,
SUL W, Ar

(16)

p(r, u, ', 7) = £,(r, o/, 7)p(r) Jas(a)p(a, u-u)

x WV g v) da dv. (17)
We note that in the most general case, /; depends on the incoming
direction u'. However, it reduces to the standard scattering mean
free path when |v| = 0 (static scatterers) or when the statistical dis-
tribution of velocity is isotropic. With these definitions, Eq. (14)
becomes

pr,u, ', 7)

{u~Vr+L]I(r,u, 7) :J

Le(r) ax by(r, W, 1)
x I(r, , 7) du’. (18)

We now split the specific intensity into its ballistic I, and
diffuse I; parts. Only the diffuse component will be driven by a dif-
fusion equation, with the ballistic component appearing in a source
term. As pictured in Fig. 3 and explained in greater detail in
Sec. III D, in an ejecta geometry, the medium is illuminated along
direction —u, and the ballistic intensity gets backscattered by the
free surface along u,. To account for both contributions, the
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FIG. 3. lllustration of the two ballistic components existing in an ejecta illumi-
nated by a plane wave in the direction uy = —u,. The free surface is on the
left.

specific intensity in the temporal domain reads

I(r, u, 7) = I4(r, w, 7) + 6(u + w,)I, (v, 7)

+6u—w)I, (x, 7), (19)
where I is the incident ballistic contribution propagation toward
negative z and I;} is the reflected ballistic contribution propagation
toward positive z.

Inserting this decomposition into Eq. (18) yields a form of the
latter with distributions and functions on either side of the equality.
The distribution terms are then equalized to obtain a transport
equation for I, (r, 7) and I;r(r, 7) given by

1
[iuz -V, +m] IF(r,7) = 0. (20)

In a similar way, function terms are equalized to obtain a transport
equation for the diffuse intensity I;(r, u, 7), which reads

{u VAT ﬁ] Ii(r, u, 7)

1

= 9(r,u, —u,, ), (r,7
e w0

—p(r,w,u,, O (1, T
fs(r,uz,f)p( o v 2 (6 1)

pr,u, v, D)y(r, o, 7) du'. (21)

1
+| ———
an Us(x, W', 7)
Since the ballistic terms I,” and I; act as a source terms for I,

solving Eq. (20) will be a prerequisite to solve the final diffusion
equation.

B. Moments of the transport equation and P1
approximation

A diffusion equation is usually obtained by means of an
energy balance and Fick’s or Fourier’s law. The first is obtained
from the zero-order angular moment of the RTE. The second is
derived from the first-order angular moment. This subsection is
dedicated to obtaining these two equations under the Pl

ARTICLE pubs.aip.org/aip/jap

approximation. The zero-order moment of the RTE is obtained by
integrating Eq. (21) over the direction u. This leads to

Ve qu(r, ) + ZE—(I) ua(r, 7) = J Ii(r, o', 7) du’ + So(x, 7),
e

(r) l(r, v, 7)
(22)
with the diffusive energy current defined as
q(r,7) = J Ii(r, u, 7)udy, (23)
4
the diffuse energy density defined as
1
ug(r, 7) = —J Iy(r, u, 7) du, (24)
VE(Y) Jur
and the source term defined as
1
So(r, 7) = = L (r,7)+=———IL'(r, 7). 25
o) L(r, —u, 1) » (60 £y(r, ug, 7) v (5) )

For static disorder (i.e., statistical realizations of the medium where
the particles are assumed to have a null velocity), Eq. (22) reduces
to a local energy balance law involving only u; and q;. The situa-
tion is different here due to the angular dependence of the effective
scattering mean free path. To get closer to an energy balance,
which is a prerequisite for obtaining a diffusion equation, it is nec-
essary to introduce the P1 approximation. It consists in considering
that at large depths and long times (the meaning of large will be
made quantitative later), the specific intensity is almost isotropic.
Note that this is achievable only if absorption is weak compared to
scattering. For ejecta, we typically have ¢,/¢; = 10 (see Ref. 31).
The specific intensity can be written as a first-order expansion in
spherical harmonics and takes the form that reads

_ vg(r) 3
Li(r,u, 7) = o uy(r, 7) + 47[‘1d(1'> 7)-u.

(26)

We note that the prefactors of each order are fully determined by
Egs. (23) and (24).142122

Plugging this approximation in Eq. (22), the zero-order
moment of the RTE then reads

Ve a5 )+ 750 walr, ) = veOMo(s, D,
=+ 3M(x, 7) - qu(x, 7) + So(x, 7), 27)
with
1 1 ,
M()(l', T) = E‘I‘mdu s (28)
1 1 P
Ml(l', T):EJ‘ZS(n—MudU, (29)
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the first two angular moments of 1 /lz. While in the regular deriva-
tion of the diffusion equation My = 1/4;, the presence of M, (r, 7)
is specific to dynamic media with anisotropic velocity distribution.

Likewise, to obtain the first-order angular moment of the
transport equation, we multiply Eq. (21) by u and integrate over u.
We obtain

R
f(n)
plr,u, v, D)I(r, o, D)udd’ du+ Si(r, 7),  (30)

Ju - ViIy(x, u, 7)udu + (r, 7)

J 1
Zs(r, u, 1)

with the source term

Si(r, 7) = N;
L(r, —u, 7)

I (r, 1) J p(r, u, u,, 7)udu. (31)

I 7) j b u, — u., Dudu

+ =
Ly(x, u, 7)

As in the usual derivation,"”* we define the (effective) anisotropy
factor as

gr,u,7) = J p(r,u, v, 7)(u-u')du, (32)

which allows us to rewrite the first term in the right-hand side of
Eq. (30) as

1 -
J~—p(r, u, ', 7)I(r, v, 7)udu’ du
Ly(r, W, 7)

(&, 7)

=12 Li(r, o/, 7)u’ du'. 33
J&(r’u,)r) A, 1) (33)

Plugging again the P1 approximation given by Eq. (26) in this rela-
tion, we obtain

~ !
led(r, o, 7)u’ du’
Ly(r, o, 7)
= ve(D)ua(r, 1)Gi(r, 7) + Gy (1, 7)q,(r, 7),  (34)
with
~ !
Gy(r, 7) = JMu' du, (35)
47ls(x, 0, 7)
G (r7) =3 JM (v @u)du’. (36)
47ls(x, W, 7)

Again, G; would not appear in the standard derivation of the diffu-
sion approximation and G, would be simply given by g/¢; I with
I being the unit second-rank tensor.

In the following, we assume that the energy velocity vg
depends weakly on the position r since it is given by the real part
of the effective refractive index n,, which can be approximated by
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the air refractive index (i.e. n, ~ 1) in a dilute medium such as an
ejecta. Therefore, we can assume V,vg(r) ~ 0 and using again the
P1 approximation, it is straightforward to show that the first term
in the left-hand side of Eq. (30) can be rewritten as

vg(r)

Ju -Vili(r, u, 7)udu = Veuy(r, 7). (37)

Finally, the first moment of the RTE, Eq. (30), leads to

VE?EI') Veug(r, 7) + Kir) q(r, 7) = Gy (r, I)ve(r)uu(r, 7)
82 (r, 7)q,(r, 7) + Sy (r, 7). (38)

This equation can be cast in a form similar to Fick’s law

qu(r, 1) = B (r, 7)| — Viug(r, 7)

+3G (r, T)uy(r, 7) + iSl(r, T):| R (39)
vg(r)

with the diffusion tensor

-1

- 82 (r, T)] . (40)

D (r,7) = VE3(r) L Il‘)
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C. Diffusion equation

The features of ejecta, such as statistical inhomogeneities,
anisotropy, and particle motion, greatly complicate the equa-
tions with the emergence of new quantities such as M;(r, 7)
and Gi(r,7) and the dependence on 7 in many of them.
Usually, the temporal decorrelation of the beam appears in the
model as an effective absorption term.”’ This effective absorp-
tion is very likely to be the dominant contribution here as well,
and in the following we choose to neglect the 7 dependence in
all parameters except in the effective absorption, i.e., the term
1/¢, — My in Eq. (27). In practice, it means replacing ¢; and p
introduced in Eqgs. (16) and (17) by, respectively, ¢; and p. The
validity of this approximation will be checked in Sec. IV by
comparison to a full treatment of the problem with the RTE.
Under this assumption, the source terms and the angular
moments of the effective scattering mean free path can be sim-
plified. We find that

1 1
I t)+=——

Solr, 7) = Li(r,u,, T

T —— I (r, T
L(r, —uy, 7) o (50

L)+ I ()

CE 1)
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Si(r,7) = MJ p(r,u, —u,, 7)udu
S(r) — U, T)
L, .
&j p(r, u, u;, 7)udu
Ly(r, ug, 7)
N Lie o) -1, (1)
~ g(r)Tuz: (42)
u/
M, 7)=|————du =0, 43
1 7) ,[471:&(1', uw, 1) (43)
~ /
Gy(r, 1) = qu’ du’ =~ 0, (44)
4li(xr, 0, 7)
e §(1‘, o, 7) / / ’ g(l') =
Grr)=|3———"— ® du’ ~ I, 45
2 (6, 7) ,[ 47ls(x, 0, 7) (' ®w)du Ly(x) (45)

where g(r) is g(r,u/, 7) taken at 7 =0, which, therefore, does
not depend on uw' anymore. The diffusion tensor can also be
simplified in the form

-1

_ v ~D(r) T

B(r,r)— |: I _g(r)‘f

3 |6® 60 (46)

where, again making use of the weak absorption approxima-
tion, the diffusion constant is given by

D(r) = w (47)
with
)
b0 = (48)

the transport mean free path. We put forward that in this
setting the effective absorption length remains unmodified and
is given by

1 1
_ — ~ My(r,
Ly(r, 1) Le(r) o(r, 7)
- Kir) _%JGS(% wo)p(a, wo, u - u')

x & WYL (r g v) da dv dudu. (49)
In this formulation, the decorrelation M, appears as an extra
contribution to the intrinsic absorption 1/¢,.
With this expression of the effective absorption, the zero-order
moment of the RTE [ie., Eq. (27)] and the Fick’s law [ie., Eq.
(39)] can be rewritten in the form

Vr . qd(l', T) = — gvffri)

L o)+ ()
(y(x) ’

ug(r, 7) + (50)
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g(r)
1—g(r)
x [Ij (r, 1) = I (x, )| u..

q,(r, 7) = —D(r)V,u4(r, ) +

(51)

Combining Egs. (50) and (51), we readily obtain the following
diffusion equation for the diffuse energy density:

—V, - [D@)Veug(r, 7)] + ng(r)

all,

uy(r, 7) = S(r, 7), (52)

with the source term

g(x)

S(r, 7) )

I (5 7) + 1 (r 7) b
= b d Tés(r)b - - r{ I:I;(r’ f) B Ib (r, T)} }uz.
(53)

Equation (52) is the first important result of this work and deserves
to be commented. First, the quasi-inhomogeneous aspect of the
ejecta is encoded in the position dependence of the diffusion cons-
tant. Second, the dynamics of the particle cloud is taken into
account in the 7 dependence of the effective absorption mean free
path. The standard diffusion equation is recovered in the absence
of any r and 7 dependence of D(r) and 4,(r, 7).

D. Geometry, boundary conditions, and source term

To complete this model, we need to determine the source
term and the boundary conditions. To this end, we need to define
the geometry used to represent the ejecta.

We consider a translation invariant (infinite) scattering slab
along the transverse x and y directions, with length L along its lon-
gitudinal z-axis (see Fig. 4). This is a well-suited configuration for

ejecta generated by a planar shock. The left-hand side interface of !
this slab, located at z = z;, is assumed to be a reflective free surface ¢

traveling at velocity v,u.. The right-hand side interface is an open
interface located at z = z, and traveling at velocity v,,u, (maximum
cloud velocity). Since position z = 0 marks the initial position of
the free surface and the particle cloud at t = 0, we have
z1=vst, 2z =vut and L= (v, — v)t. (54)
This medium is illuminated by a plane wave with frequency
o and intensity I, propagating along the direction uy = —u,. This
does not correspond to the real illumination of a standard ejecta
experiment where an optical fiber is used but it has the advantage
of preserving translational invariance along x and y. Considering
perfect reflection at the free surface at position z;, the ballistic
intensities I, and I,” governed by Eq. (20) are given by

I, (z, 1) = I exp {— JZY le/) dz’] , (55)
I;(z, 7) = I, (z)exp( — 2ik,v,T) exp [— r % dz’} . (56)

We note here that I, does not decorrelate in time, and we can
drop the 7 dependency, while I} decorrelates due to the motion of
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FIG. 4. Translation invariant and infinite along x-axis and y-axis scattering slab of
length L along its longitudinal z-axis. This slab is illuminated from the right by a
plane wave of intensity ly and frequency @, propagating in the direction
Uy = —u,. The front of the particle cloud is moving at velocity v, and constitutes
the right interface. The boundary condition for the diffuse energy density at this
interface is given by the usual extrapolation length zo, = (2/3)¢(z;). The left
interface is the reflective free surface moving at velocity vs. The position z = 0
marks the initial position of the free surface and the particle cloud at t = 0.

the free surface. Then, the source term of the diffusion equation
becomes

L@+ df g o
S(z, 1) = @) & \1- 5@ [Ib (z,7) — 1, (z)] R
(57)
which finally leads to the diffusion equation
I @ Lo 0| + D e =s@ . )
0z 0z lo(z, T

The final step concerns boundary conditions for the diffuse
energy density u,. Determining the relevant boundary conditions is
not an easy task since #; does not hold any information on direc-
tion. The problem can be tackled in different ways. One possibility
consists in solving the Milne problem.‘gz’33 Here, we choose to stick
to the P1 approximation,'* which gives similar results.

Let us start with the boundary condition at the interface at
z = z,. The fact that there is no incoming diffuse light means that
in terms of specific intensity

J Li(zr, u, T)u - u, du = 0. (59)
uu, <0
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Plugging in this expression the P1 approximation and noting that
Eq. (51) becomes

0
Qe 7) 0 = D)5 tale )+ 1 8c)

% I:I;—(Z, T) — Ib_(z)]

(60)

in the slab geometry, we find that

0 @[ ()~ (2)]
uq(z, 7) + Z0r ui(z =z, 7) = Ve[l — g(@)]
(61)

with zp, = (2/3)¢:(z,). We recover here the usual boundary condi-
tion for an open interface,”'* where z, is known as the extrapola-
tion length.
Considering perfect reflection on the free surface at z = z;, we

find the relation

Ii(zi, w, 7) = L[z, u — 2(u - wy)u, tlexp[ — 2ik,vs(u - u)z] (62)
on the diffuse specific intensity for u-u, > 0. The first angular
moment of the relation leads to an equality of the radiative flux
given by

J Ii(z;, w, 7)u-u,du = — J Lilzi, u —2(u - u)u, 7]
uu, >0 uu, >0

x exp[ — 2ik,vs(u - u)7][u — 2(u - w)w,] - u, du. (63)

Again, plugging the P1 approximation and making use of Eq. (60)
leads to

3 0
- B + Eb(r)] &ud(z =2z,7)

- {E + %b(r)] ﬁi’)g(zm 1 (2) = 1 (20)]
where
a(r) = iﬁexp( — 2ik,v,7)
- iﬁ sinc(k,vyt)exp( — ik v,1), (65)
(@) = i, exp( = 2ik.a) - ’:(VT)T . (66)

We note that when 7 =0 or equivalently v; = 0, we simply have
a=1/2 and b=1/3. From Eq. (60), we find that
q4(zi, 7 =0) - u; = 0, which is consistent with the expected result
for perfect reflection (no radiative flux).
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E. Collected flux in reflection

In order to describe real PDV spectrograms using the diffu-
sion equation, we first need to express the flux collected by a PDV
probe as a function of the ballistic intensity I,” and of the diffuse
energy density.

In terms of the specific intensity, the flux collected by the
probe is

D,(1) =S, [I;r(z,, 7) + J Li(z, u, 7)(u - u,) du|, (67)

6p

where S, is the surface of the probe and 6, is the angle of collec-
tion. Using the P1 approximation given by Eq. (26) and the defini-
tion of the numerical aperture NA = n, sin 8, with #, being the
real part of the effective refractive index, the flux collected by the
probe can be rewritten as

vg NA?
Op(1) = S,1 (21, 1)+ S~ ta(zr, 7)
1 NA2\ */?
T (1 —7) (4D wl (68)

r

Using Egs. (60) and (61) to write the flux as a function of the
diffuse energy density, we obtain

(I)p(T) = SPIZ—(Z” 7)

}ud(z,, 7). (69)

Since the specific intensity is assumed to be almost isotropic, we
clearly see that the 6, dependence of the collected flux factorizes.
In the following, the expressions of both ®,(z) and the spectrogram
S(Q2) will be useful. From Egs. (4) and (15), we see that the expres-
sion of the spectrogram takes the form

S(€2) oc J@P(T)COS(QT) dr. (70)

In this section, we have derived a diffusion equation relevant
for the description of light propagation in ejecta, accounting for the
statistical inhomogeneities and the motion of the scatterers. We
have completed this model by adding appropriate boundary condi-
tions and defining the collected flux. The next step is now to test
the validity of the diffusion model against full RTE simulations,
which is the objective of Sec. IV.

IV. POTENTIAL AND LIMITATION OF THE DIFFUSION
MODEL

This section is dedicated to comparing the results obtained by
a numerical resolution of the RTE and the solution of the diffusive
model. The main idea is to start with a simple situation in which
the physical parameters are chosen such that the solution of the
diffusion approximation is expected to match the full numerical

ARTICLE pubs.aip.org/aip/jap

solution of the RTE. Then, one by one, we will increase the com-
plexity by adding different ejecta characteristics to reach a situation
corresponding to a real ejecta. This process will allow us to check
step by step the validity of the diffusion model.

In the following, the numerical resolution of the RTE is per-
formed using a Monte Carlo scheme, as presented in Ref. 10. Note
that this scheme can be adapted to either compute the specific
intensity in the 7-domain [i.e., I(r, u, 7)] or in the w-domain [i.e.,
I(r, u, @)] directly without requiring a Fourier transform, which is
more computationally efficient. The diffusion model given by
Eq. (58) together with the boundary conditions given by Eqs.(61)
and (64) is solved using a finite-difference scheme. Once the
diffuse energy density u4(z, 7) has been computed, the flux col-
lected by the probe, the spectrogram, and other derived quantities
can be obtained directly. As an order of magnitude, the computa-
tion of a spectrogram using the Monte Carlo scheme requires
about 1 x 10® photons and takes about 8 h on a computing cluster
using 24 48-core Intel Xeon Gold 5220R, each clocked at 2.2 GHz,
while the solution of the diffusion equation takes only 1h on a
regular laptop using a 4-core Intel Core i7-8665U CPU clocked at
1.90 GHz. This clearly illustrates the interest of using a diffusion
model whenever it is relevant.

A. Statistically homogeneous medium with isotropic
velocity distribution

We first consider the simple case of a statistically homoge-
neous particle cloud, the number density of which is given by

M
= 71
P =L (71)
where M; is the total ejected surface mass and m, = 4/3mpg,a3 is
the mass of a single particle, with pg, being the volume density of
tin. We recall that L is the cloud thickness (see Fig. 4). We also

choose an isotropic Gaussian velocity distribution

1 vP*

i(v) = ——exp( — - ). 72
1) = exp( 2(;3) (72)
We finally consider a mono disperse medium such that the particle
size distribution is given by

h(a) = 6(a — ao), (73)
where ao is the radius of the particles. In this setting, the size-
velocity distribution is simply

f(z, a,v) = h(a)j(v). (74)

Additionally, we neglect the role of the free surface and assume
open boundary conditions at both z; and z, taking the form

9 2¢1 (2
ua(z, ) — 2015 -ua(z = 2, 7) = gb7(1)

vg(l—g) (75)
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20, (z)

ve(l—g)’ (76)

0
ua(z, ©) + 20, - Uiz = 2, 7) =

0z

with zo; = 2o, = (2/3)¢;. We note that I; =0 in the absence of
the free surface.

Making ¢, given in Eq. (49) explicit using the velocity distri-
bution given in Eq. (72) leads to

1 1 2z
i@ L ZJeXP [—ooke (1 — w)|plag, ) du, — (77)
where u =u- u. We see that at long correlation times,
lim; 10 1/£,(7) = 1/£,. The integral over y is computed numeri-
cally, and this configuration will be used as a reference in the
following.
We first focus on the transmitted flux ¢,(7), since the diffu-
sion equation is known to be more accurate in transmission. In the
diffusion approximation, its expression is given by

(1) = —Vz—Eud(zl, ) +1; (2). (78)

In practice, the ballistic component is negligible since the optical
thickness is large. ¢,(7) is plotted in Fig. 5(a) and the correspond-
ing spectrogram

S:(Q) oc J ¢, (1)(cos Qr) dr (79)

is plotted in Fig. 6(a) with the set of parameters ay = 1um,
M; =20mg/cm?, o, = 1000 m/s, v; = 2250m/s, v,, = 4500m/s,
and n, = 1. The plots are represented at time t = 10us such that
L =2.25cm. This corresponds to optical thicknesses b, = 45 and
by = L/¢; = 23. As a rule of thumb, we assume that b; > 10 is
needed for the diffusion approximation to be valid, which is largely
satisfied here. Additionally, we have g = 0.46. As observed in
Figs. 5(a) and 6(a), a good agreement is obtained between the RTE
numerical computation and the diffusion model both in the time
domain and in the frequency domain (spectrogram).

These results in a simple configuration and in transmission
confirm, in particular, that the effective absorption term in the dif-
fusion model correctly renders the decorrelation due to motion of
the scatterers. They also confirm that it is not necessary to retain a
7 dependency in the other parameters of the diffusion equation.

We now consider a situation in which the flux is collected in
reflection by the probe ¢, and the results are plotted in Figs. 5(b)
and 6(b). We clearly see some important deviations especially at
long correlation times and low frequencies. This discrepancy is due
to a known limitation of the diffusion equation that it is much less
accurate in reflection.”® Indeed, in this geometry, short paths with
few scattering events can have a strong impact and are not well
accounted for in the diffusion approximation. More precisely, the
diffusion approximation overestimates the weight of short paths and
a solution for improvement is to reduce their weight. Since short
paths decorrelate less than long paths, their influence is mostly
visible at long correlation times 7. We, therefore, choose to simply
use a second-order Taylor expansion of the effective absorption term

ARTICLE pubs.aip.org/aip/jap

1/ 2,(7) in terms of 7, in order to increase the effect of the effective
absorption term at large 7, without affecting the short correlation
time behavior. To proceed, we use the expression

1 1 1

~—+— o2k (1 —g).

AR (50

In practice, single backscattering events happening exactly at z = z,
have a null effective path length and are, therefore, not dealt with by
the previous correction. To mitigate this artifact, the source term in
Eq. (53) is replaced by a Dirac source term at z; satisfying

J\ZDJ dZ .
P2 44(2) ’

S(z, 7) = 1y6(z — z,).

(81)

such that
(82)

The results obtained with the diffusion equation modified
with the effective absorption term in Eq. (80) and the modified
source term in Eq. (81) are also plotted in Figs. 5(b) and 6(b).
Clearly, a better agreement is obtained and we will use this
improved diffusion model in the following.

B. Free-surface boundary condition

Having checked the validity of the diffusion model in an open
geometry, we can now include the free surface by making use of
the boundary condition given in Eq. (64). With this boundary con-
dition, it is interesting to compute the reflected flux and compare
the result with that obtained in the previous configuration with an
open boundary and with the same set of parameters. Results are
presented in Figs. 5(c) and 6(c). We clearly see that the free surface

does not affect the reflected flux. This is a consequence of the large
optical thickness of the ejecta considered here. Indeed, few photons ¢

propagate over the entire medium and reach the free surface. The
presence of the free surface has a negligible impact on the results.

C. Size distribution and inhomogeneity in the number
density

We now focus on the influence of the particle size distribution
and of the inhomogeneity in the particle number density of the
ejecta. We start by considering a truncated lognormal size distribu-
tion for the particle sizes given by

_K _ In’(a/ap) . )
h(a) = { ac Z”exp[ 202 ]’ ifa e [amlm amax}, (83)

0, otherwise,
where K is a normalization constant given by
-1
NSO LSS [ ) S
V2 V2

with erf being the Gauss error function. Thus, the average particle
mass is given by m, = (4/3)7p, [ h(a)a® da, where the integral
over a is computed numerically.
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FIG. 5. Flux for different situations as a function of the correlation time z. The RTE calculations are in blue, and the diffusion equation results are in red. (a) Total transmis-
sion for the statistically homogeneous medium with isotropic velocity distribution and open boundaries for both interfaces. (b) Same as (a) but for the flux collected by the
probe in reflection. The computation using the modified effective absorption term in the diffusion equation is represented by a dotted line. (c) Same as (b) still with open
boundaries (solid lines) or taking into account the free surface (dotted lines). (d) Same as (c) but with the free surface and a statistically homogeneous lognormal particle
size distribution and an inhomogeneous particle number density. (¢) Same as (d) but with an inhomogeneous isotropic velocity distribution. (f) Same as () but with an
inhomogeneous anisotropic velocity distribution.
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We also consider an inhomogeneous particle number density.
This inhomogeneity in real ejecta is caused by the velocity differ-
ence between the slow particles at the back and the fast ones at the
front, slow particles being more numerous. It is common to
describe this inhomogeneity using mass-velocity distribution M(v)
taking the form of an exponential distribution.” Since we are con-
sidering a single shock in vacuum, we have v = z/t for any particle.
Therefore, M(v) does depend on z/t directly and reads

M(?) _ {MS exp(—ﬁé), if z € [z, 2],

0, otherwise,

(85)

where M is the surface mass and the parameter 3 giving the slope
of the distribution. The particle number density then takes the
usual form

_ BMG/1)

myvst

o(2) (86)

Note that M(v) is used at this stage only to derive the expression of
the inhomogeneous particle number density and does not affect
the velocity distribution. Accounting for both the particle size dis-

tribution and the inhomogeneity in particle density, the effective
absorption term takes the form

1 1 1 5.5,
oo W@ @78

The results are plotted in Figs. 5(d) and 6(d) for the same
parameters as in the previous simulations and o =0.5,
ap = 0.66um, amin = 0.1um, dm.x = 2um, M, = 20mg/cm?, and
B = 10. With these parameters, we solve for the optical thicknesses
by =42 and b; = fl/ft(z) dz =23 and for the anisotropy factor
g=10.47.

We observe that the diffusion equation still gives accurate
results compared to the RTE. In particular, position-dependent
parameters in the diffusion model do not break its validity, provid-
ing that the optical thickness remains large enough for the diffu-
sion approximation itself to be valid.

(87)

D. Fixed velocity modulus

In a single shock ejecta, at a given position, the particle veloc-
ity is known precisely. To improve the description of the ejecta and
include this property, we shift from a homogeneous isotropic
Gaussian velocity distribution to an inhomogeneous isotropic
velocity distribution with fixed modulus. In terms of statistical dis-
tributions for the particle size and velocity, this means that we now
take

f(z, a,v) = h(a)j(z, v), (88)
. 1
]@w=5@5ﬂM—md, (89)
(@) = v+ v — ). (90)
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In this setting, the effective absorption mean free path becomes

v
Uiz 1) Le2)

X sinc [er/Z(l — u)vp(z)‘c} dady.

Performing the Taylor expansion near 7 = 0, this expression sim-
plifies into

—ZMXthWMmewﬂmwmm

o1

1 1 1 %@ ,,
_ = Lk -2
la(z, T) éu(z)+€s(z) 3 7 -

(92)

The results are plotted in Figs. 5(¢) and 6(e) for the same
parameters as in the previous simulations. We clearly observe a dis-
crepancy between the full RTE calculation and the diffusion
approximation. In particular, oscillations are visible for the RTE
model in the 7-domain. These oscillations correspond to the single
scattering contribution to @, simply given by sinc(€7t) in the sim-
plified case v,, = v; (i.e., all particles have the same velocity). Since
single scattering events are not well captured by the diffusion
approximation, these oscillations are not visible in the diffusion
model. This also leads to the appearance of a break in slope around
Q = 4k, v, for the spectrogram.

E. Anisotropic velocity

The last property to be included in order to model a realistic
ejecta is the anisotropy in the particle velocity. Indeed, for a planar
shock, the velocity must be along u,, the direction of ejection. This
last condition is captured by a velocity distribution of the form

jv,z) = 5[v — vp(z)uz].
In these conditions, the effective absorption reads

11
bz, 1) Le(2)

—27p(2) J h(a)o(a, wo)p(a, wo, 1) (94)

xsinc [kr V20— u)vp(z)r] dady, (95)
which gives the following Taylor expansion around 7 = 0
2
1 1 1 v ,,
_ = 4 — PRy (96)
hzn Lo 4@ 3 ¢

We note that the angular velocity distribution has no effect on the
effective absorption term since an integration is performed over all
propagation directions u and u’ in Eq. (49). In other words, the dif-
fusion model is not sensitive to the velocity anisotropy.

The results are plotted in Figs. 5(f) and 6(f). While the diffu-
sive model gives the same results, the RTE gives very different vari-
ations compared to the previous case. The reason is simple: the
diffusion approximation is unable to take proper account of the
angular distribution of velocities. However, the latter has a signifi-
cant weighting in the low-order scattering events, which in turn

(93) ¢
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FIG. 6. Spectrogram for different situations as a function of the normalized frequency Q/Qs, where Qs = 2k;vs. The RTE calculations are in blue, and the diffusion equa-
tion results are in red. (a) Total transmission for the statistically homogeneous medium with isotropic velocity distribution and open boundaries for both interfaces. (b) Same
as (a) but for the flux collected by the probe in reflection. The computation using the modified effective absorption term in the diffusion equation is represented by a dotted
line. (c) Same as (b) still with open boundaries (solid lines) or taking into account the free surface (dotted lines). (d) Same as (c) but with the free surface and a statistically
homogeneous lognormal particle size distribution and an inhomogeneous particle number density. (e) Same as (d) but with an inhomogeneous isotropic velocity distribu-
tion. (f) Same as (e) but with an inhomogeneous anisotropic velocity distribution.
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have a significant weighting in the reflection spectrogram. The dif-
fusive model is, thus, unable to predict the correct behavior of the
spectrogram in situations in which the anisotropy in the velocity
distribution is substantial.

V. CONCLUSION

In summary, we have derived a model that describes light
transport in dynamic media in the diffusive regime (i.e., where the
transport optical thickness is large). We have shown how a model
based on the diffusion approximation and accounting for the speci-
ficities of an ejecta can be derived. This model gives valuable
results compared to the RTE in many scenarios ranging from a
statistically homogeneous and isotropic medium to an ejecta like
configuration, in terms of both field-field time correlation function
and spectrograms. At last, we have seen that the model fails to
recover the results from the RTE for an isotropic velocity distribu-
tion with fixed modulus or even worse when the anisotropy of the
ejecta velocity distribution cannot be neglected. This is a typical
bias of the diffusion approximation, which assumes isotropic prop-
erties of the medium and light propagation. For standard planar
shocks, the RTE, therefore, remains the reference model.

Nonetheless, while we have centered this work around planar
shocks, the diffusion model showed to be very useful in scenarios
where the ejecta has a quasi-spherical symmetry. This geometry
applies, for instance, to the remarkably interesting work of
Saunders et al. in Ref. 35 where the interaction of two microjets
produces a non-planar ejecta. Additionally, a significant advantage
of the diffusion model is its low computational cost compared to
the RTE. This makes it a potentially useful tool for the analysis of
PDV spectrograms in practical applications.

Finally, we believe that the idea of developing a simpler trans-
port theory for light propagation in ejecta remains relevant and
potentially useful in a broad range of practical applications.
Approaches based on Delta-Eddington phase functions or a
Fokker-Plank form of the RTE'*° are possibles lines to follow in
future works.
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