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Matrix imaging as a tool for high-resolution
monitoring of deep volcanic plumbing

systems with seismic noise

M| Check for updates

Elsa Giraudat', Arnaud Burtin ® 2, Arthur Le Ber ® ', Mathias Fink ® ', Jean-Christophe Komorowski®? &
Alexandre Aubry®'

Volcanic eruptions necessitate precise monitoring of magma pressure and inflation for improved
forecasting. Understanding deep magma storage is crucial for hazard assessment, yet imaging these
systems is challenging due to complex heterogeneities that disrupt standard seismic migration
techniques. Here we map the magmatic and hydrothermal system of the La Soufriére volcano in
Guadeloupe by analyzing seismic noise data from a sparse geophone array under a matrix formalism.
Seismic noise interferometry provides a reflection matrix containing the signature of echoes from deep
heterogeneities. Using wave correlations resistant to disorder, matrix imaging successfully
unscrambles wave distortions, revealing La Soufriére’s internal structure down to 10 km with 100 m
resolution. This method surpasses the diffraction limit imposed by geophone array aperture, providing
crucial data for modeling and high-resolution monitoring. We see matrix imaging as a revolutionary
tool for understanding volcanic systems and enhancing observatories’ abilities to monitor dynamics

and forecast eruptions.

In everyday life, a multitude of sensors surround us to monitor our envir-
onment. In wave physics, those sensors can be active and work together to
control the wave-field at will whether it be for focusing' or communication”
purposes. For imaging, the problem is often ill-posed because of the medium
complexity and/or the sensor array sparsity. This is particularly the case in
seismology, where the topography of the site under investigation can be so
irregular that it is prohibitive to deploy a large and dense network of
geophones.

This paper addresses the issue of seismic imaging in complex areas
such as volcanoes or fault zones based on data recorded by a sparse array
of seismometers. The goal is to provide high spatial resolution and in-
depth imaging of such critical areas that are of paramount importance
for Earth sciences. To that aim, we will build on a matrix imaging
approach imported from other fields than geophysics, such as medical
ultrasonics™ and optical microscopy™ that were designed for scales
ranging from a few centimeters for ultrasonic waves to a few hundred of
nanometers for light. In contrast with concurrent seismic methods such
as full waveform inversion’, the strength of matrix imaging lies in the
fact that: (i) it does not rely on a sophisticated wave velocity model
whose knowledge is often limited and uncertain in geophysics; (ii) it is
robust with respect to data quality which is a frequent issue in
seismology.

Matrix imaging relies on the array response matrix that contains the set
of impulse responses between each seismometer. Although a geophone is
purely passive, cross-correlation of seismic noise received at two stations is
known to converge toward the Green’s function between receiving
stations®’, as if one of them had been used as source, thus paving the way to
passive matrix imaging'*'*. As surface waves dominate ambient noise, most
past studies on the topic aimed at extracting surface wave properties from
ambient noise correlation functions (NCFs)". However, they also contain
the contribution of body waves reflected by deep structures™ and fluid
reservoirs'.

As a proof-of-concept, we here exploit seismic noise recorded by a
sparse geophone network deployed at the surface of the La Soufriére volcano
of Guadeloupe'*'°. The covariance matrix of this seismic noise provides the
reflection matrix that contains all the available information on the under-
ground reflectivity. A numerical focusing process often referred to as
redatuming in seismology'’, can then be applied to provide a confocal image
of the subsoil reflectivity'’. This image in reflection is directly proportional
to the axial fluctuations of the acoustic impedance associated with length
scales smaller than the wavelength'. It is therefore an extremely relevant
observable for highlighting the presence of fluid-rock interfaces. However,
the quality of the confocal image is drastically degraded by: (i) the mismatch
between the wave velocity model and its true distribution that gives rise to a
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foggy image; (ii) the sparsity and finite size of the geophone network that
limit its resolution. The former problem is solved by compensating wave
distortions from the Earth's surface, thereby revealing a helical conduit in
the upper part of the volcano. The sparsity issue is addressed by an iterative
phase reversal process driven from the k-space'* that resolves the deep
reflectors with a transverse resolution of the order of a half-wavelength
(~100 m), thereby breaking the free space diffraction limit usually limited by
the array aperture. This is in contrast with a previous study on the Erebus
volcano'’ that provided a reflectivity image of its main structures (lava lake,
magma chambers) but at a poor lateral resolution; no compensation for
wave distortions was performed. Here, the inner structure of the volcano is
revealed up to a depth of 10 km. It shows sub-horizontal bodies linked by
thinner sub-vertical structures that match the current state-of-the-art
conceptual and data-derived view of transcrustal magmatic systems. Such a
mush-based model applies to numerous volcanic systems and has indeed
been theorized for La Soufriere of Guadeloupe™ .

Results
Canonical reflection matrix
Figure 1 shows the virtual network of 76 geophones whose distribution has
been dictated by the topography of the volcano. It spans over a lateral
extension d);=1300m and a vertical range d,=500m. The impulse
response R(g; g, ) between each pair of stations (i, j) (located at positions g;
and gj, respectively) is estimated by cross-correlation of ambient seismic
noise’ (“Methods”). To avoid the detrimental effect of fumaroles which are
extremely localized noise sources (Supplementary Note 2), only the anti-
causal component of the NCFs has been considered to estimate the impulse
response between each geophone (Supplementary Note 3). The set of
impulse responses is stored in a time-dependent response matrix R(f).
This canonical reflection matrix is powerful since it enables a post-
processing projection of seismic data into different mathematical bases. The
reflection matrix can be investigated into the plane wave basis (or k-space)
or any plane in the real space that sits between the Earth's surface (u) and the
expected focal plane (p) at a given time-of-flight t. To project the seismic
data in these latter bases, a wave velocity model is nevertheless required.

Wave velocity modeling

As we consider only the vertical component of the impulse responses,
collected echoes are assumed to be mainly associated with P-waves'’. Thus,
we adopt in the following a homogeneous P-wave velocity model. More
precisely, for each depth, we define a homogeneous velocity distribution
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whose value is calculated on the basis of the four-layer large-scale velocity
model™ (Fig. 1¢). This value ranges from ¢, = 2000 m.s~" at shallow depth to
co=4300 m.s ™" at depth z = 10 km below the surface. The detailed evolution
of the wave velocity model co(z) with respect to depth is given in Fig. 1c. The
assumed background velocity model is rough but is, as we will see, sufficient
to image the volcano by leveraging the matrix approach.

Confocal redatuming

In a first step, the velocity model is used to back-propagate in-depth the
recorded echoes gathered in the canonical reflection matrix R in order to
retrieve local reflectivity information at each depth of interest. Back-
propagation is commonly achieved by applying appropriate time delays at
emission and at reception to migrate echoes in post-processing. Such
focusing operations are frequently used in imaging and are in particular
known as redatuming in seismic exploration”. The matrix formalism offers
a convenient framework to easily perform such beamforming in post-
processing, especially in the frequency domain where these operations are
described using simple matrix products'®'>** (“Methods”, Eq. (4)).

The result is a focused reflection matrix R,,(2) = [R(pous Pin 2)] at each
depth z (“Methods”, Eq. (5)) that contains the inter-element impulse
responses between a set of virtual sources at r;, = (pi,, z) and virtual receivers
at Yoy = (Pour 2) mapping the inner structure of the volcano (Fig. 1b). Note
that those responses are time-gated around the expected ballistic time
(t ~2z/cy) and thus frequency-averaged over the whole bandwidth. The
diagonal elements of R,,,(2) are associated with coincident input and output
focusing points (pi, = Pou see “Methods”). After compensation of wave
attenuation with depth (“Methods”, Eq. (11)), a 3D confocal image of the
volcano is obtained (Fig. 2a) with horizontal cross-sections shown for dif-
ferent depths in Fig. 2b : (i) z= 1.6 km i.e., where the most abundant seis-
micity occurs at La Soufriére; (ii) z=6.9 km ie,, at the level of the magma
reservoir whose depth range is expected between 5.6 and 8.5 km®; (iii)
z=9.1km i.e., beyond the magma reservoir.

Whether it be on the transverse or the vertical view (see Supplementary
Movies 1, 2, and 3), some scattering structures seem to emerge at different
locations in Fig. 2a, b but the overall structure appears to be fully blurred,
suggesting a high level of aberrations. Such a raw confocal image is indeed very
sensitive to aberrations and its interpretation should be extremely cautious.

Assessing focusing quality
The focusing quality can actually be assessed by considering the off-diagonal
elements of R,,(2) (pin # Pout) that provide an estimator of the point spread
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Fig. 1 | Passive imaging of La Soufriére volcano. a Map of the 76 geophones
installed above La Soufriére (Guadeloupe, France). Both permanent stations (red)
and temporary nodal array (orange) are used. Map data: Google, CNES, Airbus,
2023. b Covariance matrix of seismic noise acquired during 2 months is post-
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processed to obtain the impulse responses between a set of virtual geophones
identified by their position riy/out = (Pin/out» ) and mapping the inside of the volcano.
¢ 1D-velocity model* used for the seismic data redatuming process.
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Fig. 2 | Confocal redatuming. a Vertical slice of the
3D confocal image along the South-North direction.
This image is shown after depth compensation of
seismic wave attenuation (section S5). b, ¢ Hor-
izontal slices (b) and associated reflection point
spread functions (c) at depths z = 1.6 km, 6.9 km,
and 9.1 km below the summit. The spatial extension
0p, (Eq. (1)) of the theoretical diffraction-limited
focal spot is denoted as a white circle.
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Fig. 3 | Memory effect. a Conventional memory effect: a plane wave coming from
depth gives rise to a distorted wave-front at the Earth's surface due to wave velocity
heterogeneities lying close to the Earth's surface (aberrating layer). If the incident
plane wave direction is tilted, the same transmitted wave field is obtained but tilted
by the same angle as the incident plane wave. b Tilt memory effect: If we now
consider point-like sources at a given depth, an angular memory effect can be

tilt memory effect

shift memory effect

observed through a thin aberrating layer: The transmitted wavefronts display similar
wave distortions but are tilted with respect to each other by an amount dictated by
the position of point-like sources. ¢ Shift memory effect: In a multi-layered medium,
the transmitted wavefronts display similar wave distortions but, this time, laterally
shifted with respect to each other.

function in reflection (RPSF) as a function of the relative position
Ap = pout — Pin (“Methods”). Figure 2¢ displays the evolution of RPSF for
different depths and highlights a drastic spreading of the back-scattered
energy over off-diagonal elements of R,,,(z). This is a direct manifestation of
the gap between the wave velocity model and its true distribution in the
volcano. Note that an imperfect convergence of the NCFs towards the
Green’s functions can also lead to an additional incoherent background on
the RPSF (Supplementary Note 1). At this stage, it is difficult to discriminate
between these different phenomena but we will see that the roughness of the
wave velocity model is the main issue in the present case.

In absence of aberration, all the back-scattered energy would be con-
tained in a diffraction-limited confocal spot (white circle in Fig. 2c) whose
size is governed by the angle 6, = tan™! (dH /2z) under which the geo-
phone array is seen by the focusing point:

8p, =A/(2sin8,). 1)

In Fig. 2¢, the focused wave field spans over a much larger area than this ideal
focal spot and strong side lobes appear around the main central lobe,
indicating that images suffer from a high level of aberration.

Overcoming aberrations

To isolate and compensate for these aberration effects, we build upon a
physical phenomenon referred to as the memory effect in wave physics™.
The memory effect ensures that a pattern of random phase shifts imparted

to a plane wave-front by an aberrating layer (wave velocity heterogeneity)
keeps its general “shape” but is “tilted” if the orientation of the incoming
plane wave is also tilted (Fig. 3a). This implies that the distorted wave-front
coming from a point-like source inside the medium will be tilted if the
source is laterally shifted (Fig. 3b). In the present case, we do not have any
real source inside the volcano but virtual sources produced by the reda-
tuming process. In a similar way, a shift of the virtual source will imply a tilt
of the reflected wave-front at the Earth's surface as sketched by Fig. 4a.

To exploit this tilt memory effect, our strategy is thus the following
(“Methods”): (i) project the reflection matrix between the focused basis (r)
and the Earth surface basis (u) (Fig. 4a); (ii) highlight the angular correla-
tions of the reflected wave-field by building a dual-basis matrix (the dis-
tortion matrix D) that connects any input focal point in the medium with
the distortion exhibited at the Earth surface by the corresponding reflected
wavefront (Fig. 4b); (iii) take advantage of the angular correlations between
those wave distortions to accurately estimate the aberration phase trans-
mittance in the Earth surface basis through an iterative phase reversal
algorithm (Fig. 4c); (iv) phase conjugate the resulting transmittance to tailor
adaptive focusing laws that shall compensate for the volcano’s hetero-
geneities (Fig. 4d).

Vertical and horizontal cross-sections of the resulting confocal
image are displayed in Figs. 4e and f, respectively. The comparison with
the initial image demonstrates the benefit of the correction process,
especially at shallow depths (z < 4 km) where the twisted conduit of the
volcano is revealed. The comparison of the original and the corrected
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Fig. 4 | Exploiting memory effect for overcoming aberrations. a Schematic view of
back-scattered wave-fronts in the Earth surface basis (u) generated by virtual sources
(ri,) at a given depth z. b The extraction of wave distortions amounts to an angular
de-scan of each input focal spot. ¢ Iterative phase reversal applied to the D-matrix at
each depth provides an aberration transmittance whose phase is here shown at
depths z= 1.6 km, 6.9 km, and 9.1 km and whose modulus is encoded as a trans-
parency mask. Black dots indicate the lateral position of geophones. d Phase
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conjugation and tilt of such aberration phase laws enable an adaptive focusing
process on each point of the subsoil. e Vertical slice of the 3-D confocal image
obtained by means of these optimized focusing laws. This image is shown after a
depth compensation of seismic wave attenuation (section S5). f Corresponding
horizontal slices at depths z = 1.6 km, 6.9 km, and 9.1 km. g, h Modulus (g) and (h),
phase of the resulting RPSFs at the same depths. The spatial extension dp,, (Eq. (1)) of
the theoretical diffraction-limited focal spot is denoted as a white circle.
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Fig. 5 | Overcoming diffraction by operating the focusing process from the
k-space. a The distorted wave field in the k-space amounts to a lateral de-scan of each
reflected echo. Under the Fraunhofer approximation, the far-field projection of each
focal spot is limited by the de-scanned geophone network aperture. b In the present
case, Fresnel diffraction gives rise to a modulation of each focal spot by a parabolic

phase law. The diffraction pattern of each reflector then corresponds to Fresnel rings
that cover the whole diffraction disk of radius k. For sake of clarity, only the
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contribution of a central reflector is displayed. ¢ Iterative phase reversal applied to
D extracts those diffraction patterns here shown at depths z = 1.6 km, 6.9 km, and
9.1 km. d Vertical slice of the resulting image (same view as in Figs. 2a and 4d). This
image is shown after depth compensation of seismic wave attenuation (“Methods”,
Eq.(11)). e, f Corresponding horizontal slices (e) and RPSFs (f) at the same depths as
in (c). The spatial extension dp,, (Eq. (1)) of the aperture-limited focal spot is denoted
as a white circle.

RPSFs (Figs. 2c and 4g) confirms that the focusing quality is significantly
improved in this depth range: Whereas the original RPSF (top panel in
Fig. 2b) spreads far beyond the diffraction-limited focal spot, the
transverse extension of the corrected RPSF is drastically reduced.
However, the gain in image and focusing quality is more modest at larger
depths (Fig. 4e, f). The RPSFs still exhibit secondary lobes, a manifes-
tation of residual aberrations (Fig. 4g). Moreover, the spatial extension of
the central lobe is limited by the geophone network aperture (Eq. (1)). As
a consequence, the deep plumbing system of the volcano, in particular
the deepest regions of the transcrustal magmatic system and its magma
storage zones beyond 5 km depth, cannot be resolved.

Beating diffraction

Strikingly, an analysis of wave distortions from the k-space will allow us to
break this fundamental limit. In the plane wave basis, each distorted wave
field corresponds to the diffracted patterns of each laterally de-scanned
output focal spot”. In a far-field approximation, the contribution of each
scatterer would emerge onto limited parts of the k-space because of the finite
size of the geophone array (see Fig. 5a and Supplementary Note 9). However,
the focal spots also exhibit a parabolic phase law scaling as
exp(jky||Ap||*/2), resulting from the curvature of focused wavefronts (see
Fig. 4h and “Methods”). Projected in the k-space, the associated transfer
function is thus a superposition of Fresnel rings associated with each
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reflector. The support of those Fresnel rings is not limited by the geophone
network aperture (k, sin 8,) but covers the whole diffraction disk of radius
ko (Fig. 5b). Iterative phase reversal applied to the D-matrix expressed in the
k-spaceleads to a focusing law (Fig. 5¢) that realigns the phase of each spatial
frequency component such that the focal spot size reduces to the diffraction
limit §py ~ A/2 (Supplementary Note 10). It leads to a new confocal image
whose several cross-sections are displayed in Fig. 5d and e. In particular, a
complex multi-lens melt reservoir is revealed by Fig. 5d beyond a depth of
5 km. The comparison with the previous image (Fig. 4e and f) highlights the
spectacular gain in terms of contrast and resolution provided by a k-space
analysis of the D-matrix. This observation is confirmed by the new RPSFs
displayed in Fig. 5f. Compared to their previous version (Fig. 4g), the diffuse
background has been suppressed by a compensation of residual axial wave
distortions™ exhibiting a shift memory effect”® (Fig. 3c). More importantly,
the RPSF extension is now of the order of A/2 ~100m over the whole
considered depth range, thereby beating the usual aperture-limited reso-
lution (Eq. (1)) displayed by conventional imaging methods.

One necessary condition for this striking performance is the sparsity of
the volcano reflectivity with only a few reflectors emerging at each depth
(Fig. 5e). As the signature of each reflector is independent, we are able to
focus simultaneously on each scatterer provided that they are not too
numerous. More precisely, the contrast of the confocal image will typically
scale as the ratio between the number of independent geophones and the
number of reflectors lying at each depth. This explanation shed a new light
onto the high-resolution image of the San Jacinto Fault Zone provided by
matrix imaging in a previous study''. While super-resolution was initially
accounted for by physical phenomena such as multiple scattering or wave
channeling, medium sparsity and wave-front curvatures most likely explain
the striking performance of matrix imaging in that seismic configuration as
well. The phenomenon described above is therefore not just a curiosity of La
Soufriére; it can actually be exploited in many other seismic situations.

Unveiling the plumbing system of La Soufriére

Figure 6 shows two perpendicular views of La Soufriere down to a depth of
10.5 km below the summit (see also Supplementary Movies 1, 2, and 3).
Based on an analysis of the P-wave reflected wave field, it displays the iso-
surfaces of the confocal image obtained at the end of the matrix imaging
process. As outlined above, the upper part of the volcano, from a depth of
5 km up to the surface, exhibits the clear signature of a tortuous conduit that
finds its way through the host rock forming the upper part of the volcano.
On the contrary, its deep structure, between ca. 5 and 8.5 km depth, induces
a more diffuse scattering that is compatible with the existence of a vertical
succession of several sub-horizontal and irregular globular coalescing
structures. Those elements are superimposed over a distance of a few
kilometers and linked together by narrow sub-vertical diffuse structures.
The sub-horizontal structures extend laterally over a distance of about 8 km.
We interpret them as sub-horizontal lenses containing an unknown volume

of potentially eruptive magma. The presence of the superimposed magma
storage zones is also highlighted by the depth-dependence of unnormalized
scattering signal displayed in Supplementary Fig. 12. The magma storage
system (z = 5-8.5 km) exhibits a weaker reflectivity probably due the pre-
sence of extended magma volumes. The enhancement of the confocal signal
above the outer carapace of the magma storage zone (z = 3.5-5 km) may be
induced by gases and/or liquid and/or supercritical hydrothermal and
magmatic fluids that are present in the pores of the host rock along special
zones of elevated porosity-permeability. The increase of reflectivity observed
at the bottom of the magma storage system (z = 8.5-10 km) is probably due
to a strong back-reflection at the eruptible melt/host rock interface. The 3D
view of the internal structure of La Soufriére volcano displayed in Fig. 6 thus
constitutes a remarkable advance beyond the current state-of-the-art
because it confirms, for the first time, with great detail and striking similarity
the typical structure of transcrustal magmatic systems below volcanoes that
has been predicted by previous conceptual and petrological models™** and
that can be observed in the field in old dissected magmatic systems.

Transcrustal magmatic systems consist of vertically-arranged piles of
lenses of magmatic mushes more or less ductile (intricate network of crystals
and interstitial melt fraction), eruptible melt, and magmatic fluids that
extend laterally. This model of a magmatic plumbing system has been
described at many other volcanoes™ . The internal image of the volcano
revealed by Fig. 6 strikingly matches the complex structure described by
recent studies on La Soufriére of Guadeloupe™”.

Last but not least, the seismic confocal image of La Soufriére shows that
the main magmatic plumbing systems extend from about 5 km below the
surface to a depth of at about 8.5km, values in agreement with those
determined by independent petrological studies” that showed that, for the
last magmatic eruption of La Soufriére in 1530 CE, the top of the magma
storage zone was located between 5.6 and 7km and the base could not
exceed 8.5 km.

Discussion
Passive seismic matrix imaging reveals, for the first time, high-resolution
features of the magma storage zone, its geometry and dimensions, its
complex layered structure, its relative connectedness with other regions of
the multi-layer transcrustal magmatic system, and the size and geometry of
the upper final eruptive conduit. The impedance contrast in this complex
image also offers the potential, upon further analysis, to distinguish zones of
mush from those of eruptible melt, their relative volume, their position in
the system. Hence, it can lead to the estimation of parameters such as
pressure, temperature, volatile saturation, density contrast, and the con-
nectivity to the surface in evolving magmatic systems, parameters that drive
volcanic eruptions.

The strength of this new imaging method lies in its robustness with
respect to sparsity of the geophone array, inaccuracy of the wave velocity
model, presence of spurious arrivals in the NCFs (Supplementary Note 4),

Fig. 6 | Three-dimensional view of the first 10 km
of the hydrothermal and magmatic system of La
Soufriére. a, b Isosurface plots of the three-
dimensional image of the volcano viewed from East
and North, respectively. The isosurface is fixed to be
—15dB. ¢, d Corresponding zooms on the first 3 km
depth. The isosurface is fixed to be —10 dB. This
image is shown after a depth compensation of seis-
mic wave attenuation (“Methods”, Eq. (11)).

a
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and their imperfect convergence towards the Green’s functions (Supple-
mentary Note 1). Despite the seemingly random feature of the computed
NCFs (Supplementary Note 3), matrix imaging provides a coherent image
of the internal structure of the volcano at an unprecedented resolution to the
best of our knowledge. This robustness with respect to data quality and
migration model inaccuracy is a great asset with respect to more compu-
tationally intensive methods such as full waveform inversion.

In the future, matrix imaging will be combined with time-lapse ability
resulting from reiteration surveys at active unresting volcanoes and can be
coupled with multi-parameter data analysis from other classic monitoring
networks. Matrix imaging can therefore become a revolutionary game
changer in the way scientists understand and model volcanic systems and
how volcano observatories monitor their evolving dynamics to forecast their
potential for hazardous eruptive activity that threatens the lives of 800
million people living within 100 km from a dangerous volcano™.

Methods

Acquisition of seismic data

The seismic data used in this study consists of a temporary nodal array of 65
geophones'® and 6 permanent stations' operated by the OVSG-IPGP
(Volcanologic and Seismologic Observatory of Guadeloupe). The geophone
sensors were Zland 3C Gen2 (Fairfieldnodal) with a natural frequency of
5 Hz, recording at 500 samples per second and along 3 orthogonal directions
(Vertical, North, and East). The 6 OVSG seismic stations are 3 components
broadband sensors, all having a flat response in the [1-50] Hz frequency
band. The seismic records are sampled at 100 Hz. For this study, only
vertical components are used. The temporary nodal array was deployed
from mid-November 2017 to mid-January 2018 during 2 sessions in order
to download seismic data and recharge batteries. Since we moved the
location of 5 geophones between both acquisition sessions, we ended with a
virtual network of 76 sites (Fig. 1a), for which we can apply the computation
of seismic NCFs.

Noise correlation processing

The procedure to compute the seismic NCF mainly follows the stages
detailed by Bensen et al.”*. Here, we summarize each step that we apply
on seismic recordings whether it was a temporary geophone or a per-
manent seismic sensor. (1) We detrend each hourly vertical seismic
record and removed the mean. (2) We deconvolve the instrument
response to homogenize the seismic signals and we apply a band-pass
filter between 1 Hz and 20 Hz. (3) We resample the seismic record to a
unique sample frequency of 100 Hz. (4) We apply a spectral and tem-
poral normalization by proceeding to a spectral whitening followed by a
1-bit normalization to only keep the sign of the seismic signal. (5) We
end with the computation of the NCF by cross-correlating hourly seis-
mic records at each station pair for time delays ranging from —30 to
+305s. To increase the signal-to-noise ratio of an NCF, we apply some
quality checks and a waveform summation by first averaging the
24 hourly NCFs in a daily one, for which we discard hourly segments that
were not coherent with the raw daily average (correlation coefficient
threshold of 0.5). Finally, the average over each daily NCF estimated
during the 2 months of nodal array deployment, I (gj, g 1), provides an
estimation of the impulse response R(gj, g, t) between each couple of
geophones i and j by only considering the anti-causal component to
avoid the detrimental effect of fumaroles (Supplementary Note 3):
R(g;> g t) = I'(g), gi» — t) with ¢ spanning from 0 to +30 s. The set of the
estimated 2850 vertical impulse responses forms the canonical reflection
matrix Rge(f) = [R(g), g5 )].

Broadband focused reflection matrix

To build the focused reflection matrix a temporal Fourier transform is first
applied to Rg,(f) to get the set of monochromatic canonical reflection
matrices Ry, (f) over the desired frequency bandwidth [10-20] Hz. The
monochromatic matrices are then propagated at emission and at reception
towards a focal plane at depth z using the corresponding free-space Green

propagator Go(z, f) whose coefficients write:
e—ilnf

4m [l p— gy I+ 12— g,

lp—g; I +lz—g.I* /co(2)

GO(P7 g> va) = (2)

Go(z, f) describes the causal 3-D propagation of waves between any
geophone g= (g, g,» £&) = (g» &) and any focusing point p = (x, y) in the
focused basis at depth z in a supposed homogeneous medium with a wave
velocity ¢o(z). The evolution of the wave velocity co(z) with respect to depth is
provided in Fig. 1c. Within the framework of matrix imaging, the projection
of igg(f ) at each depth z is described by the following matrix product:

R,,(z.f) = Gj(z.f) * Reg(f) X Gi(2. ) 3)

or in terms of matrix coefficients:

E(Pouwpirﬂ Z’f) = Z Gg(poutT Sout> Z’f) Zi(gomv guﬂf)G;(pm* 8in> Z7f) (4)

Bout 8in

where the symbols *, 1, and x stand for phase conjugate, transpose con-
jugate, and matrix product respectively. It leads to the set of monochromatic
focused reflection matrices R,,,(z, f) = [R(Poy; Pin, 2, f)]. Physically, each
coefficient of R, (2, f) contains the inter-element impulse response between
avirtual source located at r;,, = (p;,, z) and a virtual detector at ro, = (Pous 2)
(see Fig. 1b).

In order to enhance this axial resolution, a broadband focused reflec-
tion matrix Ry, can be derived at each depth by coherently summing the
monochromatic matrices over the frequency bandwidth:

oo
RPP(Z) = /]P df Rpp(zvf) (5)

with f* = fy £ Af2, fy = 15 Hz, and Af =10 Hz. The operation amounts to a
ballistic time gating of singly-scattered echoes at times ¢ ~ 2z/cy(z). Thanks
to this operation, the axial dimension of virtual geophones is greatly reduced
and only limited by the frequency bandwidth Af: 8z ~ co(2)/Af. In the single
scattering regime, the coefficients of R,,(z) can be theoretically expressed as
follows™:

R(pout: Pins 2) = / dpH(p, poys 2)¥(p, 2)H(p, p;y, 2) (6)

where y(p, z) is the medium reflectivity at depth z. H(p, pin/our 2) corre-
sponds to the point-spread-function (PSF), that is to say, the spatial
amplitude distribution of the focal spot around the focusing point r;,/oy. Its
support defines the characteristic size of each virtual source at ri, = (pin, 2)
and detector at rou = (Poun 2)-

Under the Fresnel approximation, the transmit PSF H is the product of
a parabolic phase law that results from the curvature of focused wave fronts
and a focusing function F (Supplementary Note 6):

1 k P — Pin/ou
H(Pvpin/ouwz) = ;exp |:_li (” PHZ_ I pi“/outllz)]F( AZ/ t)
(7)

The focusing function F results from the convolution between the network
PSF O that accounts for diffraction and an aberration PSF A that results
from the mismatch between the wave velocity model and the true wave
velocity distribution in the volcano (Supplementary Note 6):

F P — Pinjout —0®A P — Pin/out .z (8)
Az Az

where the symbol ® stands for the convolution product.
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Table 1 | Extinction length

Depth range Extinction length
0-0.5 km 1665 m
0.5-1.9km 310m
1.9-3.8km 765m
3.8-10.5 km 3070 m

Estimation of the extinction length £, from the depth decay of the confocal intensity displayed in
Supplementary Fig. 9.

Confocal Imaging
The confocal image of the medium can be easily retrieved from the focused
reflection matrix at each depth zby considering the diagonal elements which

VerifY Pc= Pin = Pout*
Z(pe:2) = R(p.; p., 2) )

At each depth z, each line of the confocal image results from the convolution
between sample reflectivity y and the confocal PSF H* (Egs. (6) and (9)):

T(p, o) = / dpH(p.p,. 2)Y(p. 2) (10)

The confocal image is displayed in Fig. 2a but note that a time gain com-
pensation has been priorly applied to get a homogeneous contrast over the
whole depth range, as described below.

Depth gain compensation of the confocal image

The raw confocal image actually exhibits a strong amplitude drop with
depth (Supplementary Fig. 9). This attenuation is due to the decay of energy
experienced by seismic waves while they propagate. Without compensation,
this attenuation strongly degrades the contrast of the confocal image at large
depths. The depth attenuation of the confocal signal can be caused by several
factors such as geometrical spreading, scattering, and absorption (intrinsic
or inelastic attenuation)™*’. In the present case, the geometrical spreading of
waves is compensated, at least partially, by the focusing process performed
both at input and output of the reflection matrix. The attenuation of the
confocal image is thus mainly due to scattering and absorption. In a sta-
tistically homogeneous disordered medium, the mean intensity, (|I(p, 21,
shall scale as exp(—2z//,,). Cex; is the extinction length that combines the
scattering and absorption losses as follows: £, = £, + £, with £, the
scattering mean free path, and ¢,, the absorption length.

To retrieve such an exponential decay, the random-like fluctuations of
the confocal image due to lateral reflectivity variations should be priorly
smoothed out by averaging. The resulting mean confocal intensity,
(I(p, 2)|?) i displayed in log-scale as a function of effective depth z in
Supplementary Fig. 9. It highlights four depth ranges with distinct decay
rates. For each depth range, the decrease of the mean confocal intensity is
fitted by an exponential curve whose decay provides an estimation of ey
reported in Table 1.

The overall fitting curve, exp[—p(z)], displayed in Supplementary
Fig. 9, can be used to normalize at each depth the confocal images shown in
the manuscript, such that:

Iy(p, 2) = explB(2)/2]Z(p, 2), (11)

with 7 y(p, z), the normalized confocal image displayed in Fig. 2a.

Reflection point spread function

Interestingly, the focused reflection matrix can provide a local assessment of
the focusing quality. Lambert et al.”® showed that the amplitude distribution
along each antidiagonal of R,,,(z) provides a key quantity that we will refer to

as the reflection point-spread function (RPSF):

RPSF(Ap, p,,z) = R(p, — Ap,p. + Ap, 2) (12)
Along an antidiagonal of R,,,(2), all couple of points on a given antidiagonal
share the same midpoint p. = (pou + pin)/2 but with a varying relative
position Ap = (poue — Pin)/2. In the vicinity of an isolated scatterer at (p;, 2),
the RSPF is a direct indicator of the local focusing quality (Supplementary
Note 7):

_ ko 2\ (2P Ap
RSPF(AP7P57‘Z)_GXP(Z; ” AP” )F(E F _E .

Therefore, the energy spreading in the vicinity of each scatterer position
shall enable one to probe the spatial extension of the transmit PSF. As the
scatterer positions are a priori unknown, the RPSF is, in practice, probed by
considering the antidiagonal whose common mid-point exhibits the
maximum confocal signal.

(13)

Compensation of aberrations

As highlighted above, the focused basis is the adequate framework for
imaging and quantification of focusing quality. However, the reflection
matrix shall be investigated into a dual basis to analyse and compensate for
aberrations.

The relevant basis for aberration correction depends on the nature of
the medium heterogeneities. In a statistically random medium, the most
adequate correction plane lies at z/3, a plane where the tilt and shift memory
effect can be combined to maximize isoplanicity*®. For a medium displaying
wave velocity heterogeneities localized in depth, the best correction plane is
the one conjugated with this aberrating layer. In the present case, we are in
the latter situation with wave velocity heterogeneities arising close to the
Earth's surface.

Therefore, the most adequate basis is here a plane lying on the Earth
surface, i.e., at the depth origin z = 0 defined by the average elevation of
the seismic stations g;. This plane is described by the coordinate vector u.
The broadband matrix can be projected in the Earth’s surface basis, first
at its output, to yield the dual reflection matrix Ryp(2) = [R(Uouss Pins 2)]-
This projection can be performed by performing the following matrix
product:

R,,(2) = GJ (z.fo) X Ry, (2) (14)
where the symbol T stands for matrix transpose. An angular de-scan of the
input focusing points as sketched in Fig. 4b can be performed by computing
the Hadamard product between Ry, and its ideal counterpart Gy(2):

D,,(2) = Gi(z.f,) Ry, (2) (15)

Each column of the resulting distortion matrix, Dy,(2) = [D(Uoue> Pins 2)],
maps the phase-distortions with respect to the ideal wave-front that would
be obtained for a point-like source at (pyy,, 2).

An estimator W,, of the aberration transmittance is then extracted
through an iterative phase reversal (IPR) process applied to the correlation
matrix C, = D, X D} » (see below). The phase conjugate of the estimator
W, is then used as a focusing law to compensate (partially) for wave dis-
tortions. An updated focused reflection matrix is obtained through the
following relation:

R,,(2) = G{(2,£,) X[Go(2.f,) e W*(2) oD, (2] (16)

The whole process is then iterated to improve the estimation of the aber-
ration transmittance by alternating aberration correction at input and
output®. In practice, two iterations of the aberration correction process were
enough to converge in the present case.
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At the end of the process, a novel confocal image is obtained by con-
sidering the diagonal elements of the updated focused reflection matrix
[Fig. 4e and f]. The fine compensation of wave distortions is highlighted by
the RSPF (Eq. (12)) deduced from the updated focused R-matrix (Fig. 4g).
As expected theoretically, compensation of aberrations in the geophone
basis enables the recovery of a resolution only limited by the geophone
aperture. As shown by Fig. 4e, this is nevertheless not sufficient to have a
contrasted image of the volcano in depth.

Compensation of diffraction

To go beyond and beat diffraction, the parabolic phase law exhibited by the
RPSF (Fig. 4h) can be exploited (Supplementary Note 7). To that aim, the R-
matrix shall be investigated between the focused basis and the k-space. The
focused reflection matrix is thus projected in the plane wave basis, first at
output, such that:

Ry, (2) = Ty X R, (2), (17)
with Ty, the Fourier transform operator
To(ky,p) = exp(—ikH.p). (18)

Then, a new distortion matrix can be built in the plane wave basis by
comparing each reflected wave field, R(kou pin> 2), in the k space with its
reference counterpart, To(Koue pin)> that would be obtained for a point-like
guide star at (py,, 2):
ka(z) = Rkp(z) o Ty(z) (19)

From this matrix Dy, a diffraction transmittance Wy (Fig. 5c) can be
extracted by applying the IPR process to the correlation matrix Cy =
Dy, x Dltp (see below).

The phase conjugate of Wy is then used as a focusing law to compensate
for wave diffraction (Supplementary Note 9). An updated focused reflection
matrix is obtained through the following relation:

R,y (2) = T [T o Wi(@) o Dy, (2) (20)

The whole process is then repeated at input to compensate for the diffraction
phenomena undergone by the down-going wave fields. At the end of the
process, a novel confocal image is obtained by considering the diagonal
elements of the updated focused reflection matrix [Fig. 5d and e]. The
beating of diffraction is highlighted by the RSPF (Eq. (12)) deduced from the
updated focused R-matrix (Fig. 5f). The resolution reaches the ultimate
diffraction limit (~A/2) and is no longer limited by the geophone network
aperture (white circle in Fig. 5f).

Iterative phase reversal

The IPR algorithm is a computational process that provides an estimator of
the aberration and/or diffraction transmittance at each depth z extracted
from the correlation matrices computed at the Earth surface (C,,) and in the
plane wave basis (Cyg.), respectively. Mathematically, the algorithm is based
on the following recursive relation:

WD = exp(iarg { C XW;”)}) (21)
with x=u or k, the coordinate vector in the correction basis. Ws‘o) =
[1---1]" is chosen arbitrarily as a unit wave-front. The resulting wave-front
at the end of the IPR process, W, = lim,,_, . W, provides an estimator of
the aberration transmittance in the Earth basis (Supplementary Note 8) and
of the diffraction transmittance in the plane wave basis (Supplemen-
tary Note 9).

Data availability

Seismic data used in this manuscript has been deposited at the Data
collection of the seismological and volcanological observatory of
Guadeloupe'*'®. The seismic noise correlation data generated in this study
are available at Zenodo* (https://zenodo.org/record/10066910).

Code availability
The codes used to post-process the noise correlation data are available at
Zenodo" (https://zenodo.org/record/10066910).
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