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THE EFFECTIVE POTENTIAL 1/u

We define u as the solution of:

Ĥu = − ~2

2m
∆u+ V u = 1 . (1)

Inspired by Agmon’s work [1, 2], any function V satisfy-
ing

〈ψ|Ĥ|ψ〉 ≥ 〈ψ|V̂ |ψ〉 , (2)

for any quantum state ψ can be used to define a distance
whose exponential governs the decay of the eigenfunction
in the places where the potential V is larger than the
state energy E (the “barriers” of V ). We give here a
sketch of the proof showing that W = 1/u, where u is
as in Eq. 1, satisfies this inequality. To do so, we write

ψ = uϕ, which yields:

〈ψ|Ĥ|ψ〉 = 〈uϕ| p̂2 + V̂ |uϕ〉 = 〈uϕ| p̂2 (uϕ) + V uϕ〉
= 〈uϕ | ϕ p̂2u+ u p̂2ϕ+ 2p̂u p̂ϕ+ V uϕ〉
= 〈uϕ | ϕ+ u p̂2ϕ+ 2 p̂u p̂ϕ〉

= 〈uϕ| 1
u
uϕ〉+ 〈uϕ| 1

u

(
u2 p̂2ϕ+ 2u p̂u p̂ϕ

)
〉

= 〈ψ|Ŵ |ψ〉+ 〈ϕ|p̂
(
u2p̂ϕ

)
〉

= 〈ψ|Ŵ |ψ〉+ 〈p̂ϕ|û2|p̂ϕ〉

= 〈ψ|Ŵ |ψ〉+

〈
u p̂

ψ

u

∣∣∣∣u p̂ψu
〉
≥ 〈ψ|Ŵ |ψ〉 .

This proves that 1/u can be used as an effective confin-
ing potential to build an Agmon distance governing the
exponential decay of the wavefunctions.
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