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Abstract

Localized surface plasmons are charge density oscillations confined to metallic
nanoparticles. Excitation of localized surface plasmons by an electromagnetic field
at an incident wavelength where resonance occurs results in a strong light scattering
and an enhancement of the local electromagnetic fields. This paper is devoted to
the mathematical modeling of plasmonic nanoparticles. Its aim is fourfold: (1) to
mathematically define the notion of plasmonic resonance and to analyze the shift
and broadening of the plasmon resonance with changes in size and shape of the
nanoparticles; (2) to study the scattering and absorption enhancements by plasmon
resonant nanoparticles and express them in terms of the polarization tensor of the
nanoparticle; (3) to derive optimal bounds on the enhancement factors; (4) to show,
by analyzing the imaginary part of the Green function, that one can achieve super-
resolution and super-focusing using plasmonic nanoparticles. For simplicity, the
Helmholtz equation is used to model electromagnetic wave propagation.
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1. Introduction

Plasmon resonant nanoparticles have unique capabilities of enhancing the bright-
ness of light and confining strong electromagnetic fields [40]. A thriving interest
in optical studies of plasmon resonant nanoparticles is due to their recently pro-
posed use as labels in molecular biology [27]. New types of cancer diagnostic
nanoparticles are constantly being developed. Nanoparticles are also being used
in thermotherapy as nanometric heat-generators that can be activated remotely by
external electromagnetic fields [17].

According to the quasi-static approximation for small particles, the surface
plasmon resonance peak occurs when the particle’s polarizability is maximized.
Plasmon resonances in nanoparticles can be treated at the quasi-static limit as
an eigenvalue problem for the Neumann—Poincaré integral operator, which lead-
s to direct calculation of resonance values of permittivity and optimal design of
nanoparticles that resonate at specified frequencies [2,6,25,34,35]. At this limit,
they are size-independent. However, as the particle size increases, they are deter-
mined from scattering and absorption blow up and become size-dependent. This
was experimentally observed, for instance, in [26,38,41].

In [6], we have provided a rigorous mathematical framework for localized sur-
face plasmon resonances. We have considered the full Maxwell equations. Using
layer potential techniques, we have derived the quasi-static limits of the electromag-
netic fields in the presence of nanoparticles. We have proved that the quasi-static
limits are uniformly valid with respect to the nanoparticle’s bulk electron relaxation
rate. We have introduced localized plasmonic resonances as the eigenvalues of the
Neumann—Poincaré operator associated with the nanoparticle. We have described
a general model for the permittivity and permeability of nanoparticles as functions
of the frequency and rigorously justified the quasi-static approximation for surface
plasmon resonances.
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In this paper, we first prove that, as the particle size increases and crosses it-
s critical value for dipolar approximation which is justified in [6], the plasmonic
resonances become size-dependent. The resonance condition is determined from
absorption and scattering blow up and depends on the shape, size and electromag-
netic parameters of both the nanoparticle and the surrounding material. Then, we
precisely quantify the scattering absorption enhancements in plasmonic nanopar-
ticles. We derive new bounds on the enhancement factors given the volume and
electromagnetic parameters of the nanoparticles. At the quasi-static limit, we prove
that the averages over the orientation of scattering and extinction cross-sections of
a randomly oriented nanoparticle are given in terms of the imaginary part of the
polarization tensor. Moreover, we show that the polarization tensor blows up at
plasmonic resonances and derive bounds for the absorption and scattering cross-
sections. We also prove the blow-up of the first-order scattering coefficients at
plasmonic resonances. The concept of scattering coefficients was introduced in [9]
for scalar wave propagation problems and in [10] for the full Maxwell equations,
rendering a powerful and efficient tool for the classification of the nanoparticle
shapes. Using such a concept, we have explained in [3] the experimental results
reported in [16]. Finally, we consider the super-resolution phenomenon in plas-
monic nanoparticles. Super-resolution is meant to cross the barrier of diffraction
limits by reducing the focal spot size. This resolution limit applies only to light
that has propagated for a distance substantially larger than its wavelength [18,19].
Super-focusing is the counterpart of super-resolution. It is a concept for waves to
be confined to a length scale significantly smaller than the diffraction limit of the
focused waves. The super-focusing phenomenon is being intensively investigated
in the field of nanophotonics as a possible technique to focus electromagnetic radi-
ation in a region of order of a few nanometers beyond the diffraction limit of light
and thereby causing an extraordinary enhancement of the electromagnetic fields. In
[12,13], arigorous mathematical theory is developed to explain the super-resolution
phenomenon in microstructures with high contrast material around the source point.
Such microstructures act like arrays of subwavelength sensors. A key ingredient is
the calculation of the resonances and the Green function in the microstructure. By
following the methodology developed in [12,13], we show in this paper that one
can achieve super-resolution using plasmonic nanoparticles as well.

The paper is organized as follows. In Section 2 we introduce a layer poten-
tial formulation for plasmonic resonances and derive asymptotic formulas for the
plasmonic resonances and the near- and far-fields in terms of the size. In Section
3 we consider the case of multiple plasmonic nanoparticles. Section 4 is devoted
to the study of the scattering and absorption enhancements. We also clarify the
connection between the blow up of the scattering frequencies and the plasmonic
resonances. The scattering coefficients are simply the Fourier coefficients of the
scattering amplitude [9,10]. In Section 5 we investigate the behavior of the scat-
tering coefficients at the plasmonic resonances. In Section 6 we prove that using
plasmonic nanoparticles one can achieve super resolution imaging. “Appendix A”
is devoted to the derivation of asymptotic expansions with respect to the frequency
of some boundary integral operators associated with the Helmholtz equation and
a single particle. These results are generalized to the case of multiple particles in
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“Appendix B”. In “Appendix C” we provide the technical modifications needed in
order to study the shift in the plasmon resonance in the two-dimensional case. In
“Appendix D” we prove useful sum rules for the polarization tensor.

2. Layer Potential Formulation for Plasmonic Resonances

2.1. Problem formulation and some basic results

We consider the scattering problem of a time-harmonic wave incident on a
plasmonic nanoparticle. For simplicity, we use the Helmholtz equation instead of
the full Maxwell equations. The homogeneous medium is characterized by elec-
tric permittivity &, and magnetic permeability u,,, while the particle occupying
a bounded and simply connected domain D € R3 (the two-dimensional case is
treated in “Appendix C”) of class C'** for some 0 < « < 1 is characterized by
electric permittivity ¢, and magnetic permeability u., both of which may depend
on the frequency. Assume that %, < 0, Jue > 0, Jg. > 0, and define

km = o/emtm, ke = o /eciic,

and
ep = emx (R2\D) + ecx (D), tp = emx (R*\D) + e.x(D),

where x denotes the characteristic function. Let u’ (x) = e*»?"* be the incident
wave. Here, w is the frequency and d is the unit incidence direction. Throughout
this paper, we assume that €, and u,, are real and strictly positive and that Ik, > 0.

Using dimensionless quantities, we assume that the particle D has size of order
one and also that the following condition holds:

Condition 1. We assume that the numbers €y, [im, €, e are dimensionless and
are of order one. In addition, Ju. = o(1). We also assume that w is dimensionless
and is of order o(1).

It is worth emphasizing that in this section the variable w refers to the ratio
between the size of the particle and the incident wavelength. For real plasmonic
nanoparticles made of noble metals such as silver and gold, their electric permit-
tivity is only negative over a small range of frequencies in the optical regime. This
is also the frequency range in which Condition 1 holds and plasmonic resonance
occurs. For the frequencies that are beyond that range, especially those near the
origin, we shall assume that ¢, and . are constant there. This assumption avoids
complicated discussion on the dispersive property of electromagnetic parameters in
that regime, and enables us to focus on the interesting frequency range when plas-
monic resonance occurs. We also note that w = o(1) implies that the plamsmonic
nanoparticles have a size much smaller than the incident wavelength. This is the
case when plamsonic resonance occurs.
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The scattering problem can be modeled by the following Helmholtz equation:

1
V. —Vu+aw’epu=0 inR)\3D,
D
uy —u_=0 ondD,
2.1

1 Jou 1 du 2D
——| ———] =0 onadD,
MmOV + M v |_
u® :=u —u' satisfies the Sommerfeld radiation condition.

Here, d/0v denotes the normal derivative and the Sommerfeld radiation condition
can be expressed in dimension d = 2, 3, as follows:

du

_ < C|x|_(d+1)/2
d|x|

—ikyu

as |x| = oo for some constant C independent of x.

The model problem (2.1) is referred to as the transverse magnetic case. Note
that all the results of this paper hold true in the transverse electric case where ¢p
and pup are interchanged.

Let
Fi(x) = —u' (x) = =™,
1 du' ] .
Fr(x) = —— o (x) = ——kpe 9% d (),
Hm OV Hm

with v(x) being the outward normal at x € dD. Let G be the Green function for
the Helmholtz operator A + k? satisfying the Sommerfeld radiation condition. In
dimension three, G is given by

eiklx—yl
N

By using the following single-layer potential and the Neumann—Poincaré integral
operator

sg[wux):/w Glx. y. by (3)do(y). ‘e R,
0G(x, v,k
(K [ 1) = / Gy, 0) o). xeaD.
ap  O0v(x)

we can represent solution u in the following form:

(2.2)

i ki 3\ N
u(x):{“,fSD [v], xeRA\D,
sk, xeD,
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where Y, ¢ € H -3 (0 D) satisfy the following system of integral equations on 9 D
[7]:
Kin ke
Sp'lvl—Splel = F1,

L (b1a+ (K ) Y+ L (b1d — (K)ol = o, =

where /d denotes the identity operator. In the sequel, we set S = Sp.

We are interested in the scattering in the quasi-static regime, that is, for w1,
Note that for w small enough, Sf)“ is invertible [7]. We have ¢p = (S )1 ( kin [¥]—
F 1), whereas the following equation holds for i:

Ap()[y]l=f. (24)
where
Ap(@) = — (11d F(r)) + L (1 ~ (i) ) (Sky1skn 2 5)
Hm \2 b He \2
_ 1 1 ke * ke -1
f_F2+Z(21d (<) )(30) [F1] 2.6)

It is clear that

m

—<1+1>1d (1 1>* 27
B 2ium 24Le Me Mm b ’

where the notation K}, = (K%)* is used for simplicity.
We are interested in ﬁndmg Ap(w)~L. We first recall some basic facts about
the Neumann—Poincaré operator IC’Z) [7,14,29,31].

1 1 1 1
= = — | =Id * — | =-Id - K*
Ap(0) = Apo (2 +ICD) + ) (2 ICD)

Lemma 2.1. (i) The following Calderén identity holds: KpSp = SpK7,;

(ii) The operator K7, is self-adjoint in the Hilbert space H™> (0 D) equipped with
the following inner product:

(u, V) = —(u, Splv]) _ (2.8)

Bf—
BI—

with (-, ‘)_%’17 being the duality pairing between H_% (0D) and H% (0D),
which is equivalent to the original one;

(iii) Let H*(d D) be the space H_% (0 D) with the new inner product. Let (A, ¢;),
Jj =0,1,2,... be the eigenvalue and normalized eigenfunction pair of K7,
in H*(dD), then A € (—%, %] and )j — Oas j — oo;

(iv) The following trace formula holds: for any W € H*(d D),

ISply]

1 " _ )
(—51d + KD) V1= "2
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(v) The following representation formula holds: for any € H~'/?(3D),

Kplvl =) 2, 0)n ® ¢;.
j=0

It is clear that the following result holds:

Lemma 2.2. Let H(0 D) be the space H > (0 D) equipped with the following equiv-
alent inner product

w01 = ((=Sp) "l v) - 2.9)

32
Then, Sp is an isometry between H*(d D) and H(d D).

We now present other useful observations and basic results. The following
holds:

Lemma 2.3. (i) We have (—%Id + IC;‘))SBI[X (0D)] = 0 with x (D) being the
characteristic function of 9 D;

(ii) Let Ao = % Then the corresponding eigenspace has dimension one and is
spanned by the function ¢y = cSl_)l[ x (0 D)] for some constant ¢ such that
ol = 1;

(iii) Moreover, H*(0D) = H;(D) @ {upo, 1 € C}, where H{(0D) is the
zero mean subspace of H*(dD) and ¢; € H;(D) for j = 1, that is,
(@;, X(BD))_%’% = 0for j 2 1. Here, {¢}}; is the set of normalized eigen-
functions of K7,.

From (2.7), it is easy to see that

o
Apoly] =1 9))1e0). (2.10)
j=0
where
1 1 1 1
Tj=— —(— — —)Aj. (2.11)
2fdm 2Le Me Mm
We now derive the asymptotic expansion of the operator A(w) as @ — 0. Using
the asymptotic expansions in terms of k of the operators S¥, (SIL"))_1 and (IC]I‘))*
proved in “Appendix A”, we can obtain the following result:

Lemma 2.4. As o — 0, the operator Ap(w) : H*(dD) — H*(dD) admits the
asymptotic expansion

Ap(@) = Ap.o+ 0> Aps + 0(0?),

where

_ 1
Aps = (em — £)Kpa + M <§1d - /C;‘;) SplSpa.  (212)
C
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Proof. Recall that

Ap(w) = Mi (%Id + (K'g”)*) Ml (%Id - (/c’;;)*> (s’;;')_1 Sk (2.13)

m

By a straightforward calculation, it follows that
—1
(Sg> Sg” =1d+ a)(\/chCBD,ISD + «/Eml/LmSBISD’]) + wz(ec,ucBD,Z'SD
+4/ Scﬂcgm,U«mBD,lSD,l + gmMmSB]SD,Z) =+ O(a)3),

=1Id+ a)(\/ EmMm — +/ SCH/C)SBISD,] + U)z( (emMm — €cire)

Sp'Sp2 + ekt (Vecke — embtm) Sp'Sp.1Sp Sp.1)

+0(w?),

where Bp 1 and Bp > are defined by (A.5). Using the facts that
1 * —1
Eld_ICD SD Sp1=0
and
L — ik Lia— ) - ek k3
51 _( D) = 51 —Np ) — D,2+O( )»
the lemma immediately follows. O

We regard Ap(w) as a perturbation to the operator Ap o for small . Using
standard perturbation theory [39], we can derive the perturbed eigenvalues and their
associated eigenfunctions. For simplicity, we consider the case when A ; is a simple
eigenvalue of the operator K7,.

We let

Rji = (Ap.2l9j], ¢1) 4 (2.14)
where Ap » is defined by (2.12).

As w goes to zero, the perturbed eigenvalue and eigenfunction have the follow-
ing form:

Tj(w) = tj + @’tj2 + O(w), (2.15)
9j(@) = @ + @92+ 0(), (2.16)
where
Tj2 = Rjj, 2.17)
Rji
9i2=Y 1 9. (2.18)
7 G = 7) 3 =20
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2.2. First-order correction to plasmonic resonances and field behavior at the
plasmonic resonances

We first introduce different notions of plasmonic resonance as follows:
Definition 1. (i) We say that w is a plasmonic resonance if
|tj(w)] < 1 andis locally minimal for some j;

(i) We say that w is a quasi-static plasmonic resonance if |7;| < 1 and is locally
minimized for some j. Here, 7; is defined by (2.11);

(iii) We say that w is a first-order corrected quasi-static plasmonic resonance if
lt; + a)zrj,zl « 1 and is locally minimized for some j. Here, the correction
term t; 5 is defined by (2.17).

Note that quasi-static resonances are size independent and is therefore a zero-
order approximation of the plasmonic resonance in terms of the particle size while
the first-order corrected quasi-static plasmonic resonance depends on the size of the
nanoparticle (or equivalently on w in view of the non-dimensionalization adopted
herein).

We are interested in solving the equation Ap (w)[¢] = f when w is close to the
resonance frequencies, that is, when 7;(w) is very small for some j’s. In this case,
the major part of the solution would be the contributions of the excited resonance
modes ¢ (w). We introduce the following definition:

Definition 2. We call J C N index set of resonance if 7;’s are close to zero when
Jj € J and are bounded from below when j € J¢. More precisely, we choose a
threshold number no > 0 independent of w such that

Itjl =2 no >0 for j e JC.

Remark 2.1. Note that for j = 0, we have 79 = 1/u,,, which is of size one by
our assumption. As a result, throughout this paper, we always exclude 0 from the
index set of resonance J.

From now on, we shall use J as our index set of resonances. We assume through-
out that the following conditions hold:

Condition 2. Each eigenvalue X for j € J is a simple eigenvalue of the operator
K-
Condition 3. Let

Mt e

B 2(pm — te) '
We assume that A # 0 or equivalently, Lo 7 —ilm.

(2.19)

Condition 3, which is crucial to our analysis, implies that the set J is finite.
Otherwise, infinity resonance modes may be excited and the problem becomes
unstable. We refer to [23,24,37] for detailed discussion on this case.
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Remark 2.2. Note that in the ideal case when Ju. = 0, we know that 7; = 0 if A
defined in (2.19) is equal to A ;. This the usual definition in the quasi-static limiting
case when the wavelength is infinite. In the case I, # 0but I, = o(1), one may
neglect the imaginary part and still use the definition to find the resonance frequency.
The drawback of this definition is that the resonance frequency is independent
of the size of the particle. Now, with the asymptotic expansion (2.15), we may
find w, the resonance frequency, according to the criterion in Definition 1 (i) in a
small neighborhood of the resonant frequency of the quasi-static limiting case. The
difference of the two frequency yields the shift of resonance frequency with respect
to size of the particle.

We now define the projection P;(w) such that

Py(@)lg;(@)] = { pen JEn

In fact, we have

1
Pr@) =3 Pi@) =) -— / (& — Ap(w))'dé, (2.20)
Vi

jeJ jeJ

where y; is a Jordan curve in the complex plane enclosing only the eigenvalue
7 (w) among all the eigenvalues.

To obtain an explicit representation of P;(w), we consider the adjoint operator
Ap(w)*. By asimilar perturbation argument, we can obtain its perturbed eigenvalue
and its eigenfunction, which have the following form:

() = 7; (), (2.21)
Fi(w) = ¢j + 0’2 + o(w?). (2.22)

Using the eigenfunctions ¢; (w), we can show that

Pj@)[x] =) (x. 7). 0) (@). (2.23)

jelJ

Throughout this paper, for two Banach spaces X and Y, by L(X, Y) we denote the
set of bounded linear operators from X into Y.
We are now ready to solve the equation Ap (w)[y] = f. First, it is clear that

(f, @ (@)

¥ =Ap@)'[f1=) -+ Ap (@) [Pre(@)f1l. (2.24)
7j(w)

jeJ
The following lemma holds:

Lemma 2.5. The norm || Ap (@)™ Pje(w) | c(#+3 Dy, H*(3 DY) s uniformly bounded
in w for w sufficiently small.
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Proof. Consider the operator
Ap(@)|je : Pre(w)H* (D) — Pje(w)H*(0D).

For @ small enough, we can show that dist(c (Ap(w)|sc),0) =2 ”70 where
o (Ap(w)| ) is the discrete spectrum of Ap (w)|se. Then, it follows that

14D (@)~ (Pe@) )l = 1(Ap@)]p,c)~ (Pre(@)

1 C
— exp (—5) 1Pse (@) £1
Ul un

A

where the notation A < B means that A < C B for some constant C.
On the other hand,

Pr@)f = (£ /(@) 0i@) = Y (.0 + 0@)3. (0) + O(@))

jeJ el
= Z(f, 9j) 39 (@) + O(w).
jeJ

Thus,
[Pye(@)| = (Id = Py()]| S (1 + O(w)),
from which the desired result follows immediately. O

Second, we have the following asymptotic expansion of f given by (2.6) with
respect to w:

Lemma 2.6. Let
. 1 11
fi = —i/Empmendz <—[d W+ —(z1d — Kp)Sp'1d - (x — z)])
Mm e 2

and let 7 be the center of the domain D. In the space H*(d D), as w goes to zero,
we have

f =ofi + 0@,
in the sense that, for w small enough,
If — wfillye £ Co
for some constant C independent of w.

Proof. A direct calculation yields

1 /1 ke N\ [ okey—1
f=Fat o <§1d— (%) )(SD) [Fi]
o e e 1 [d - v(1)] + 0 (0?)

m
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1 /,1
+—((§Id —Kp)((Sp) ™" +wBp 1) + O(wz))

He
[~ (x(0D) + i et 1d - (x = D)]) + O]
6‘ikmd-z 1 . . eikmd-z 1 .
= — p <§Id — ICD> Sp [x(@D)] — o <§Id - ICD> Bp.1lx(0D)]
—wz}/8,,1u,,1e"k"’”l'Z (’uL [d-v(x)]+ ILL <%Id — IC*D> SB] [d-(x— z)])
+ 0(w?)
= —wi /e me " (Mi [d - v(0)]+ Mi (%Id - /C*;)) Splld - (x — z)])
+0(0),

where we have made use of the facts that
(%Id — IC*D> Sy Ix(@D) =0
and
Bpilx(@D)] = ¢S, [x(3D)]
for some constant c; again, see “Appendix A”. O
Finally, we are ready to state our main result in this section.

Theorem 2.1. Let D has size of order one. Under Conditions 1, 2, and 3 the scat-
tered field u* = u — u' due to a single plasmonic particle D has the following
representation in the quasi-static regime:

u* =S¥yl

where

=3 (/1.9 (@))5 0 (@) 0(),

7j(w)

= Z ket (d - v(x), i)y 9) + 0@ + O(w)

. 2
Y A—=2Lj+ O(w?)
with A being given by (2.19).

Proof. We have

y = LTBOti@ o 1pyearp,

T (w)

jeJ

_ Z o(f1,9)) 305 + 0(w?)
= 1

1 1 1 . 2
JjeJ 2pum 2 - (_c - /L_m))\] + 0(6() )

+ O(w).

22
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We now compute (f1, ;). With fi given in Lemma 2.6. We only need to
show that

1
<(§Id —Kp)Sp'd - (x = 2)]). (Pj> =(d - v(x), 9j)n (2.25)
H*

Indeed, we have

1 2\ o
(<§1d - ICD) Splld- (x — 21, go,)H

1
= —(SBI [d-(x—2)], (Eld - ’CD)SD[%'])

=

1
2

5l (= 21 8n(31d ~ Kp)ig) |

1
2

[N}

11
2°2

d-(x —

1

==(5
_ (d (x —2), ( Id—’C’B)[%])
( 880[%]‘ )

N\—

dld -
- [ %SMW
aD v

— [ (8ld = 21S0le) = ASplilid - = 1) d
~(d-ve0. ;)

where we have used the fact that Sp[¢;] is harmonic in D. This proves the desired
identity and the rest of the theorem follows immediately. O

Corollary 2.1. Assume the same conditions as in Theorem 2.1. Under the additional
condition that

min |7 ()| > o, (2.26)
jeJ

we have

ikme i (d - v(x), 9})0pj + O(@?)
w — Z ( ])H J

s (L _ 1yl
el A=dj+ (=) T2

+ O(w).

More generally, under the additional condition that

I]m? Tj(w) > o™t

for some integer m > 2, we have
ikmend 2 (d - v(x), 9})4,.0) + O(@?)

v=> 1

Ta-rtor(E - D)o e (L L),

+ O(w).
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Rescaling back to original dimensional variables, we suppose that the magnetic
permeability 1. of the nanoparticle is changing with respect to the operating angular
frequency w while that of the surrounding medium, w,,, is independent of w. Then
we can write

fe(@) = (@) +ip" (). (2.27)

Because of causality, the real and imaginary parts of 1. obey the following Kramer—
Kronig relations:

1 oo
4 /
w(w) = ——p.v. w(s)ds,
b3 oo W—S

oo (2.28)

, 1 1
w(w) = —p.v.
T o W—S

where p.v. stands for the principle value.
The magnetic permeability i (@) can be described by the Drude model; see,
for instance, [40]. We have

w”(s)ds,

)
pe(w) = 1o (1 —F— ) ; (2.29)

w? — a)(z) +it lw

where T > 0 is the nanoparticle’s bulk electron relaxation rate (t~! is the damping
coefficient), F is a filling factor, and wy is a localized plasmon resonant frequency.
When

(1 — F)(@* — @})? — Fod(@® — f) + 1720 <0,

the real part of . (w) is negative.
We suppose that D = z + § B. The quasi-static plasmonic resonance is defined
by w such that

Mm + (@) o
2(tm — pe@)
for some j, where 1 is an eigenvalue of the Neumann—Poincaré operator K7, (=
K%). It is clear that such definition is independent of the nanoparticle’s size. In
view of (2.15), the shifted plasmonic resonance is defined by

in| —— 4 1 ! A+ w82
argmin — _ i w T"z ,
2 2 e (w) Me(w) Mm / !

where 7; 5 is given by (2.17) with D replaced by B.
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3. Multiple Plasmonic Nanoparticles

3.1. Layer potential formulation in the multi-particle case

We consider the scattering of an incident time harmonic wave ' by multiple
weakly coupled plasmonic nanoparticles in three dimensions. Our motivation is
to demonstrate the principle of super-resolution in resonant media; see Section 6.
The scattering from multiple weakly coupled, non-resonant small particles can be
analyzed in the same way. However, no super-resolution can be achieved in this
case.

For ease of exposition, we consider the case of L particles with an identical
shape. We assume that Condition 1 holds. Moreover, in contrast to Section 2 where
the size of the particle is assumed to be of order one, we assume the following
condition in the section.

Condition 4. All the identical particles have size of order § which is a small pa-
rameter and the distances between neighboring ones are of order one.

We write D; = z; + 85, l=1,2,...,L,where D has size one and is centered
at the origin. Moreover, we denote Dy = § D as our reference nanoparticle. Denote
by

L
D= D1, ep=enx®\D)+ecx(D), pp = pmx(R\D)+ pcx(D).
=1

The scattering problem can be modeled by the following Helmholtz equation:

1
V. —Vu+w’epu=0 inR*\9D,
D
Uy —u_=0 ondD,
3.1
1 ou 1 du G-
——| ———| =0 onadD,
M OV + Mc v |_
u* = u —u' satisfies the Sommerfeld radiation condition.
Let
ui(x) — eik,71d-x
Fri(x) = —ui(x)faDl = —¢ikmdx oDy

i

u . ik d-
Fia(n) = ———@)]| = —ikne™*d v()|,, .

av D
k
and define the operator K D,.Dy by
G (x,y, k)
Kk = _— d , € dDy.
D,.p [ ¥1(x) /wp v () v(y)do(y), x I
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Analogously, we define
SkDP,D,[W](X) = faD G(x,y,k)¥(y)do(y), xe€adDy.
4

The solution u of (3.1) can be represented as follows:

L
W+ S, x e RA\D,
ulx) = =1

> S lanl. x €D,
=1

where ¢, V1 € H -3 (0 Dy) satisfy the following system of integral equations

Spl) = Sl + Y Sp p [l = Fii,
p#l

= ( 1d + (K} ))[vn +i( 1a - (K5 ) )ig)

Hm

+— Y KB sl = Fia,

" p#l
and
Fi= —u' on Dy,
1 ou
Fijop=——— ondDy.
Mm OV

3.2. First-order correction to plasmonic resonances and field behavior at
plasmonic resonances in the multi-particle case

We consider the scattering in the quasi-static regime, that is, when the incident
wavelength is much greater than one. With proper dimensionless analysis, we can
assume that w < 1. As a consequence, SIZ)" is invertible. Note that

o= (8%) " (Svl + Y088 ol - Fio).
p#l

We obtain the following equation for ;’s:

Apw)[¥] = f,
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where
ADl(U))
ADz(a))
Ap(w) = .
.ADL((D)
0  Ajw) At ()
Az 1(w) 0 e Az 1 ()
: 0 : ’
Api(w) -+ App-i(w) 0
Y fi
V) f2
1//: : s = . 5
v L
and
Ay =~ (Lra— (i )Y (sk) sk, + g
l,p(w)_z 3 —( D,) (D,) D,,,D;+E D,,Dp’

fi=Fa+ Mi sz - (iC’;;,)*) (Sp) " LFL.
The following asymptotic expansions hold:
Lemma 3.1. (i) Regarded as operators from H*(d D) into H*(3D;), we have
Ap; (@) = Ap, 0 + 0(8°w?);

(ii) Regarded as operators from H* (0 Dy) into H*(dD;), we have

1 /1 .
Ajp(w) = o <§1d - /C*D,) Sp, (Sp.1.0.1 +Spi0.2)
1
+—Kp100+ 00 + 0h.
Mm

Moreover,
1 * -1 2
Eld_ICDI OSD] ©00p,1,0,1 = 0(37),

1 _
(zld — ]CE[) OgS.D[1 OS[?,Z,O,Z = 0(53)’
Kpi00= 0.

Proof. The proof of (i) follows from Lemmas 2.4 and B.3. We now prove (ii).
Recall that
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Id Y = L -k 4+ 0@
~ Dl - 5 - Dl + ( w )7

(s5)

SZ";,D, =85.1.00+Sp.10,1+Sp102
thknSpi1 +kaSp12.0+ 0@ + 0(w?8?)

Sy = keSp!Sp 18y + 082 0?),

km
Kp,.p, = Kpi00+ 0(w*8?).

Using the identity

1
(5161 - ;c;51> Splle(Dp1 =

we can derive that

1 1 m 1 2 2
Al p(w) = ™ <21d K% >(8Dl) SD ot —Kp1.00 + OB%*0?)
1 1
- 1d — K3 )3 Sk —Kp100+ 0@%0?)
Me < by Dl Mm P
|

= < 1d — K%, >S (Sp.1,0.0 + Sp.1.0.1 +Sp.i02

1
HhnSpi1 + knSpi2.0+ 06h) + M—’Cp,l,o,o + 0%
m
1 /1 _
= —(51d —1Ch, ) Sp (Spaot +Spio2)
Me \2

1
+M—/cp,1,o,0 + 0(8%w?) + 0(8Y).

m

The rest of the lemma follows from Lemmas B.3 and B.6. 0O

Denote by H*(0D) = H*(dDy) x ... x H*(dDr), which is equipped with the
inner product

L
W, O = Y _ (W1, dDH=oDy)-

=1
With the help of Lemma 3.1, the following result is obvious:
Lemma 3.2. Regarded as an operator from H*(d D) into H*(d D), we have
A(@) = Apo + Ap,1 + 0(@’8%) + 0%,
where

ADp,.0 0 Api112 Api13
Ap,.0 Api21 O Ap.1,23
Ap,o = > , Ap1 = " "

Ap;0 Api1 -~ Apirr-1 0
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1 1 1 1
too= (g e (- )
D 2 2e He  HUm b

m
_ 1
( Id — K7 ) 1(«5},,;,,0,1 +8;.p.02) + M—ICq,p,o,o-

m

with

1
Ap.1pg = —
C

It is evident that

oo L
Apoly 1= 1. 0,0100)1- (3.2)

j=0 I=1

where
1 n 1 ( 1 1 )A (3.3)
Tj = —— - — - — . .
/ 2,um 2,“6 Me Mm ’

i1 =gjer (3.4)

with e; being the standard basis of R-.

We take A(w) as a perturbation to the operator Ap o for small w and small §.
Using a standard perturbation argument, we can derive the perturbed eigenvalues
and eigenfunctions. For simplicity, we assume that the following conditions hold:

Condition 5. Each eigenvalue X, j € J, of the operator ICBI is simple. Moreover,
we have > < 8.

In what follows, we only use the first order perturbation theory and derive the
leading order term, that is, the perturbation due to the term Ap ;. For each I, we
define an L x L matrix R; by letting

Ri.pg = (Ap.1l91.pl, 91.g) g4
= (AD,1[<pzep],¢1eq)H
= ('AD,I,pq[(Pl], (PI)H*.

Lemma 3.3. The matrix R; = (Ry, pg) p.q=1,...,.L has the following explicit expres-

,,,,,

sion:
Rl,pp =0,
: ( ) -
Ripg = —— / f x*yP o1 (x) @i (y)
PO A, apo Japy 1zp — ¢l

le|=|B]=1
do () do (y)

o am) (7 3) [ [ 7 e
- 5 e @y
dpe AT " 2) Japo Jopy lzp — 241

do (x) do (y)
=0, p#gq.
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Proof. It is clear that R; ,, = 0. For p # ¢, we have

111

Ripq = Rl Pq + Rl rq + Rl,pq’

where

1 /1
I -1
Ripg = ((zld Kb,)Sp,Sq.p0.1l01l, (01)
1

e H*OD))
1
R!! =—( “1d — K5 )S5LS : ) ,
lpa = (2 Dp) p,Sa.p.02letls @1 6D
1
11
Rl,pq = M_m(’(:q,p,o,()[(pl]a (pl)H*(aDl)-

We first consider R/ , . By the identity

1 i 1 1
(51d - ICDP) Sp,lei] = Sp, <§Id - ICDp) [or] = (Aj — E) o1,

we obtain

1 /1
1 _ _—((z % -1
Rl py = = (514 = K,)S5, poslonl. Snlen) ,

1 1
= Z <)"j - E) (Sq,p,o,l[(Pl], SD[ [(ﬂl])Lz(3D1)~

Using the explicit representation of S, 50,1 and the fact that (x (9 D), ¢1) 2y D)) =
0 for j # 0, we further conclude that '

1
Rl,Pl] == 0.

Similarly, we have

1 1
R] Pq = (A'j - z) (Sq,p,O,Z[Qol], SD] [wl])Lz(aDl)’

e
w2 2 L
e jal=1p1=1 7 #D0 79D
T T do(x)d
Came o™ G q|3)<pl<x)<pl(y) o () do ()
3 +8
= 17 ( ) / / P ()ei(y)
T e 9Dy JaDy 1Zp — 2 ll

le|=|B]=1
do (x) do ()

1
+ (Xj - ) f / ——— X" e (y)
47{“6 lal=1 aDg JdDy |Z]7 - Zq|

do(x)do(y).
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Finally, note that

1
K [¢g)] = ————a-v(x AV (x
q,p,0,01¥1 47T|Zp_Zq|3 (x) = 47T|Z _Zq|3 Z mVm (X)),

where an = ((y = 2g)m- @1) 12y p, ) and @ = (a1, a, a3)"
By identity (2.25), we have

1
111
Ripg = _M—(’Cq,p,o,o[f/’z], wl)H*(aDl)
m

1

_ _m(a V() @)y )

1 1
= ((21d K5,)Sp D, Ya - (x —zp)), §01)

4rlzp — Zq|3:“m H*(3Dy)

1 1
= —W )“j - 5 (a : (x - ZP)’ (pl)Lz(aDp)

47T|Zp _Zq

1 1
T T4z, — 2P, T2 : do (x) do (v).
47T|ZP _Zq|3.um ()L] 2) /BDO /;Dox Yo (x)g(y)do (x) do (y)

This completes the proof of the lemma. O

We now have an explicit formula for the matrix R;. It is clear that R; is sym-
metric, but not self-adjoint. For ease of presentation, we assume the following
condition:

Condition 6. R; has L-distinct eigenvalues.

We remark that Condition 6 is not essential for our analysis. Without this con-
dition, the perturbation argument is still applicable, but the results may be quite
complicated. We refer to [30] for a complete description of the perturbation theory.

Lett;;and Xj; = (Xj11, -+, Xju)T. 1 =1,2,..., L, be the eigenvalues
and normalized eigenvectors of the matrix R;. Here, T denotes the transpose. We
remark that each X ;; may be complex valued and may not be orthogonal to other
eigenvectors.

Under perturbation, each t; is split into the following L eigenvalues of A(w):

Ti1(@) =T + 11 + 0 + 0(w?8?). (3.5)

The associated perturbed eigenfunctions have the form

L
9i1@) =Y Xj1pep0j + 06" + 0(w8). (3.6)
p=l1
We are interested in solving the equation Ap(w)[y] = f when w is close to

the resonance frequencies, that is, when 7; (@) are very small for some j’s. In this
case, the major part of the solution would be based on the excited resonance modes
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@j,1(w). For this purpose, we introduce the index set of resonance J as we did in
the previous section for a single particle case.

We define
Pr@pin(@) = [ TS
In fact,
Pr@) =} Pi@) =) —— /(s; Ap(@) ™" d, (3.7)

jeJ jG]

where y; is a Jordan curve in the complex plane enclosing only the eigenvalues
7ji(w) forl =1,2,..., L among all the eigenvalues.

To obtain an explicit representation of Pj(w), we consider the adjoint operator
Ap(w)*. By asimilar perturbation argument, we can obtain its perturbed eigenvalue
and eigenfunctions. Note that the adjoint matrix R = R has eigenvalues 7; ; and

corresponding eigenfunctions X ;; j.i- Then the elgenvalues and eigenfunctions of
Ap(w)* have the form

Tii() =1 + T + 0(8H + 0(0*8%),
Gi1(@) = Fji+ 06" + 0(?8?),

where

L
Gii=) Xj1pep0;
p=1

with )A(‘j,lﬁp being a multiple of X/ .
We normalize @ ; in a way such that the following holds:

(@j.p» @j.g)H*@D) = Spg-
which is also equivalent to the condition
— T~
Xjp Xjgq=3pq-

Then, we can show that the following result holds:

Lemma 3.4. In the space H*(d D), as w goes to zero, we have
2.3
f=wfo+ 0(w52),

where fo = (fo.1,.--, fo,L)T with

four = —i/emptme (id )+ — ( Id = Kp )S b ld - (x — z)]>

Mm He
— 0(5).
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Proof. We first show that

3 1
llwll 7+ pg) = 52+m||14||H*(35), el @ Dg) = 52+m||M||H(35)

for any homogeneous function u such that u(§x) = §™u(x). Indeed, we have

. _3 « . 5
@) @) = 8"u(x). Since [Ny o5, = 82 lullropy) (see “Appendix B7),
we obtain

3 3
litllpeape) = 82 1130005 = 87" lutllpgs o )

which proves our first claim. The second claim follows in a similar way. Using this
result, by an argument similar to the proof of Lemma 2.6, we arrive at the desired
asymptotic result. O

Denoteby Z = (Z1, ..., Z),where Z; = ikmeikmd'zf . We are ready to present
our main result in this section.

Theorem 3.1. Under Conditions 1, 2, 3, 4 and 6, the scattered field by L plasmonic
particles in the quasi-static regime has the following representation:

u* = Sy,
where

(f, @j.1(@)) 301 (@)
Tj1(w)

+ Ap (@) (Pje(@) f)

<
1
M=~

~
-
Il
—

€

~.

2

jeJ 1

= 3
(d - v(x), 9)) 10D ZX )1 )1 + O(@?82)

-1
T A=+ (t — MLm) T+ 0% + 0(82w?)

Mh

T 0(s?).

Proof. The proof is similar to that of Theorem 2.1. O
As a consequence, we have

Corollary 3.1. With the same notation as in Theorem 3.1 and under the additional
condition that

min |7 ;(w)| 3> w787,
jeJ

for some integer p and q, and
tj,l(w) =Tjlpq T O(wq8p)7

we have

T 0(ws?).

L = 93
d-v(x), ) H*op)ZX 1 9j1 + O(w 82)
=22

T:
jed I=1 Jilipq
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4. Scattering and Absorption Enhancements

In this section we analyze the scattering and absorption enhancements. We
prove that, at the quasi-static limit, the averages over the orientation of scattering
and extinction cross-sections of a randomly oriented nanoparticle are given by
(4.10) and (4.11), where M given by (4.7) is the polarization tensor associated with
the nanoparticle D and the magnetic contrast w.(®)/ . In view of (4.15), the
polarization tensor M blows up at the plasmonic resonances, which yields scattering
and absorption enhancements. A bound on the extinction cross-section is derived
in (4.17). As shown in (4.20) and (4.22), it can be sharpened for nanoparticles of
elliptical or ellipsoidal shapes.

4.1. Far-field expansion

For simplicity, we assume throughout this section that D contains the origin.
We first prove the following representation for the scattering amplitude:

ikpyd-x

Proposition 4.1. Let u' = e with d being a unit vector. Let x € R> be such

that |x| > 1/w. Then, we have

eikm‘xl X 1
W) = —— A <—, d) +0 <—2> 4.1)
x| x| x|
with
X 1 —ik L.y
Ao | —1d ) =—— e "EEY(y)do(y) (4.2)
x| 4r Jop

being the scattering amplitude and  being defined by (2.3).

Proof. We recall that the scattered field u* can be represented as follows:

W (x) = Sy )
1 eikm |X*y|

=—— ——Y(y)do (y).
4 Jop |x — |

Xy 1
—y| = l—-—+4+0|—),
= 'x'< T <|x|2>)
it follows that

ikm x| ox .
w(x) = =5 eI () (1 + (Tx|2y)> do (y) + 0 (i> ,

4 |x| Jap |x|?

From

which yields the desired result. O
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4.2. Energy flow

The following definitions are from [22]. We include them here for the sake of
completeness. The analogous quantity of the Poynting vector in scalar wave theory
is the energy flux vector; see [22]. We recall that for a real monochromatic field

Ux, 1) = % [u(x)e—"w’] ,

the averaged value of the energy flux vector, taken over an interval which is long
compared to the period of the oscillations, is given by

F(x)=—iClu(x)Vu(x) —u(x)Vu(x)],

where C is a positive constant depending on the polarization mode. In the transverse
electric case, C = w/u,;, while in the transverse magnetic case C = w/¢&,,. Assume
that the particle is contained in the ball By of radius R and center the origin. We
now consider the outward flow of energy through the sphere d B to be

W:/ F(x)-v(x)do(x),
dBp

where v(x) is the outward normal at x € d Bg.
As the total field can be written as U = u® 4 u', the flow can be decomposed
into three parts as follows

W=W +W +W,
where
W= —iC/ [E(x)w"(x) — uf(x)vﬁ(x)] v(x)do(x),
JBR

W = —iC/ [ () Vi’ (x) — u® () Vi (0)] - v(x) do (x),
dBR

W — —iC/ [E(x)vuf(x) — W)V (x) — i () VIE (x) +W(x)vuf(x)]
JBR
-v(x)do(x).

It is straightforward to check that W, Wi W@ and W in the above definitions are
independent of the radius R as long as the particle is contained in Bg. In the case
where u' is a plane wave, we can see that W' = 0:

Wi

—iC/ [E(x)w"(x)—ui(x)vﬁ(x)] do (x),
dBp

_lC/ I:e—ikmd-xikmdeikmd-x + eikmd~kade—ik,-,,d-x] . U(.x) dG(x),
dBR

= 2Ckpd - / v(x)do (x),
dBg

=0.
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In a non-absorbing medium with a non-absorbing scatterer, VV is equal to zero
because the electromagnetic energy would be conserved by the scattering process.
However, if the scatterer is an absorbing body, the conservation of energy gives the
rate of absorption as

W = -W.
Therefore, we have
W+ W =-W.

Here, W is called the extinction rate. It is the rate at which the energy is removed
by the scatterer from the illuminating plane wave, and it is the sum of the rate of
absorption and the rate at which energy is scattered.

4.3. Extinction, absorption, and scattering cross-sections and the optical theorem

Denote by U' the quantity U’ (x) = |u’ (x)Vu! (x) — ui (x)Vui (x)|. In the case
of a plane wave illumination, U’ (x) is independent of x and is given by U’ = 2k,,.

Definition 3. The scattering cross-section Q°, the absorption cross-section Q¢ and
the extinction cross-section are defined by

W we W

s _ r_
QY—W, Q' = T o =i

Note that these quantities are independent of x for a plane wave illumination.

Theorem 4.1 (Optical theorem). If u' (x) = e*ndx \where d is a unit direction,
then

ext __ NS a __ 4_7'[(\\
0 =0+ 0 = ;= [Ax(d. D], 4.3)

m

0 = / |Aso (X, d)|* do (%) (4.4)
SZ

with A being the scattering amplitude defined by (4.2).

Proof. The Sommerfeld radiation condition gives, for any x € d Bg,

Vu®(x) - v(x) ~ ikpu®(x). 4.5)

(i)
x|

which yields (4.4). We now compute the extinction rate. We have

Hence, from (4.1), we get

Diky, 2

1w (X)Vus (x) - v(x) — s (x)Vub (x) - v(x) ~ _W

)

Vul (x) - v(x) = ikpd - v(x)eFmd>, (4.6)
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Therefore, using 4.5 and 4.6, it follows that

W (X)Vus (x) - v(x) — u® () Vel (x) - v(x)

¢k (x|=d-x) eikn (x|=d-x) x
~ (ikm—————d -V + iky—————) Acc (—, d)
|x| x| x|

ikmeikmlxlfdv(x)

=—(d-v(x)+1)Aoo(i,d>.
[x] | x|

For x € 0 Bg, we can write
W (X)Vi (x) - v(x) — u® () Vaed (x) - v(x)
Ky e~k RV (=)

R

d-v(x) + 1) As (i d).

x|’

We now use Jones’ lemma (see, for instance, [22, Chapter 13.3]) to write the
following asymptotic expansion as R — oo:

% - g(v(x))e—ikmd-u(x) do(x) ~ 2k_j: (g(d)e—ik,,,R _ Q(—d)e”‘mR) ’

to obtain
/ [J(x)vw(x) — uS(x)vE(x)] v(x) ~ —47As(d,d) as R — oo.
3Bg
Therefore,

W' =—idnC[Ax(d) — Axc(d)] = 87CI[Ax(d)].

Since

W) Vi (x) — u"(x)vﬁ(x)( = 2k,
we get the result. O

4.4. The quasi-static limit

We start by recalling the small volume expansion for the far-field. Let A be
defined by (2.19) and let

M(x, D) = / (M d — K5) ™ [v]x do (x) %))
aD

be the polarization tensor. The asymptotic expansion that follows holds. It can be
proved by exactly the same arguments as those in [6].
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Proposition 4.2. Assume that D = § B + z. As § goes to zero the scattered field u®
can be written as follows:

m

ut (x) = —k2 (j—‘ - 1) ID|G(x, 2, ky)u' (2) — V.G(x, 2, k) - M(X, D)Vu' ()

84
¢ (Wo(ﬁg))) (4.8)

for x away from D. Here, dist(A, o (K}))) denotes min |. — A ;| with A ; being the
eigenvalues of K7,.

We denote the first term in the right hand side of (4.8) by u and the second term
by u. It is clear that u} represent monopole radiation and u3 the dipole radiation.
We explicitly compute the scattering amplitude A in (4.1). Take u' (x) = ekmdx
and assume again for simplicity that z = 0. Note that

etkmlx| X X
5 = —iky \iky— — —= | - M(A, D)d.
MZ(X) 47'r|x|l m (l m|x| |x|2> ( )

In the far-field region, that is for |x| > é,

etkmlxl 7 5 1
ud(x) = —k? (- “M(x, D)d> +0 (—) )

"z |x| \ x| x|

On the other hand,

nltl /o
() = k2 (8—‘—1>.|D|.

"4m|x| \em

Throughout the paper, we are interested in the case when the frequency is near the
plasmonic resonant frequency, then the polarization tensor M (A, D) blow up and
hence the magnitude of the dipole part 3 is much greater than that of the monopole
part u}. Therefore, the leading term in the scattered field (4.8) is given by the dipole
part, that is

5 etknlxl / x
u' (x) ~ —k;, — M, D)d ). (4.9)
4 x| \ |x]

In the next proposition we write the extinction and scattering cross-sections in
terms of the polarization tensor.

Proposition 4.3. Near plasmonic resonant frequency, the leading-order term (as §
goes to zero) of the average over the orientation of the extinction cross-section of
a randomly oriented nanoparticle is given by

Ak

0, = J[TrM (1, D)1, (4.10)
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where Tr denotes the trace of a matrix. The leading-order term of the average
over the orientation scattering cross-section of a randomly oriented nanoparticle
is given by
k4
S — 2™ TrM (A, D)|*. 4.11)
O

m

Proof. Remark from (4.9) that the scattering amplitude A in the case of a plane
wave illumination is given by

X k2 X
Ao ﬁ’d Z__ﬁ M\, D)d. (4.12)
X
Using Theorem 4.1, we can see that for a given orientation
Q0" = —4nk,3[d - M(A, D)d].

Therefore, if we integrate Q¢*' over all illuminations we find that
Qf,j" = —kpS [/ d-M(, D)ddo*(d)} .
SZ

Since IM (A, D) is symmetric, it can be written as SM (A, D) = PN (1) P where
P is unitary and N is diagonal and real. Then, by the change of variables d = P’x
and using spherical coordinates, it follows that

ext = _k, |:/2x.N()L)xdG(X)1|,
S

and therefore,

. 471km
0ot = - [TIN(W)] = —

., D)]. (4.13)

Now, we e compute the averaged scattering cross-section. Let RM (A, D) = P'N Q) P
where P is unitary and N is diagonal and real. We have

08 = 16”2 //Sz Ix - M(x, D)d|? do(x)do(d),

— 16772[//52 o |~ N()»)d| do (%) do (d)
+ffg2><sz |x . N(A)d| do (%) do‘(d)jl'

Then a straightforward computation in spherical coordinates gives
k4

Q) = = ITtM (3, D),
O

m
which completes the proof. O

From Theorem 4.1, we obtain that the averaged absorption cross-section is
given by

Atk ky
§

oy, = , D)1 — ™ TtM (x, D)|*.
o

Therefore, under the condition (2.26), Q¢ blows up at plasmonic resonances.
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4.5. An upper bound for the averaged extinction cross-section
The goal of this section is to derive an upper bound for the modulus of the

averaged extinction cross-section Q%' of a randomly oriented nanoparticle. Recall
that the entries M, (A, D) of the polarization tensor M (A, D) are given by

My (x, D) :=/ xt (M = K5) " v l(x) do (x). (4.14)
oD

For a C'** domain D in R?, K7, is compact and self-adjoint in H* (defined in
Lemma 2.1 for d = 3 and in Lemma C.1 for d = 2). Thus, we can write

it N 01 ® 9
(WId = K7) wf]—j;o .

with (1}, ¢;) being the eigenvalues and eigenvectors of K7, in H* (see Lemma
2.1). Hence, the entries of the polarization tensor M can be decomposed as

e al(j)
\m
MimGe D) =} 5 o (4.15)
Jj=l1
where 0‘1(,]2; = (v, (pj)H*(goj,xl)_%ﬁ%. Note that (v, x(aD))_%’% = 0. So,

considering the fact that o = 1/2, we have (v,,, ¢9)7¢+ = 0 and so, “1((2 =0.
The following lemmas are useful for us:

Lemma 4.1. We have

Proof. For d = 3, we have

1 —1,1
(9. x)_y 1 = ((5 — 1)) l(gld - ,C*D)[q)j]’xl),l !
2°2
-1 Sple;]
- 1/2—Aj( v ‘—’xl>—%,%
ox
:/ a—lSD[goj]da—/ (AXISD[%]—XIASD[‘PJD dx
ap OV D
(L @)
C12—2

where we used the fact that §D[<p ;1 is harmonic in D. The same result holds for
d = 2 if we change Sp by Sp (see “Appendix C”). Since |A;| < 1/2 for j 2 1,
we obtain the result. O
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Lemma 4.2. Let
) )
i

Min(h, D) =) "
j=1 /

be the (I, m)-entry of the polarization tensor M associated with a C'* domain
D & RY. Then, the following properties hold:

(i)
Za(” = 81.m|DI:
(id)
oo
Gy d=2)
D ki ey = ——ID;
j=1 =1
(iii)

00 d _4) d
DoY) = = —ID| +Z/ IVSplu]P dx.
j=1 =1 =1 D

Proof. The proof can be found in “Appendix D”. O

Let . = A" 4+ i)”. We have

R B S VY //|Zl 10‘(/)
|J(TI'(M()\, D)))| = ;m

(4.16)
For d = 2 the spectrum o (K7},)\{1/2} is symmetric. For d = 3 this is no

longer true. Nevertheless, for our purposes, we can assume that o (K;))\{1/2} is

symmetric by defining 0‘1( /1) = 0if A; is not in the original spectrum.

Without loss of generality we assume for ease of notation that Conditions 2 and
3 hold. Then we define the bijection p : N* — N¥ such that 4,(j) = —X; and we
can write

N LS~ V1B o 1D
ST MG, DY) = 5 (Z it > RSP
j=1 j=1

] & W24+ 072+ )L%)(/g(j) + BNy 2A’Aj(ﬂ(-7) — BNy

2 et (()\/ _ )”j)z + }»//2)(()\/ + }»j)z + )\//2) ’

where 8; = Z o).
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From Lemma 4.1 it follows that

(A2 422+ A?)(/g(j) + BNy 4 2)»/)\1-(,8(1') — PN
(()»/ _ )Lj)z + A//Z)((x/ + )Lj)z + )L//Z)

v

0.

Moreover,

W2+ + )\3)(13(1') + BPUy 4 ZA’Aj(,B(j) — BN
(O =22+ 1) (W +2))2 4+ 172)
_ A2+ 272+ A?)(ﬂ(j) + ey 4 ZA’kj(ﬂ(j) — BlPli)y
= A2 (402 + 02)
22
PrCITEA

+ O(

Hence,
[X(Te(M (2, D)))|
_ A & (12 +A’/2+A§)(ﬂ(1) + BPlN) +2A’(Ajﬂ(j) +Ap(j)ﬂ(ﬂ(j)))

= 72 2 12
2 N2 (402 + 272)

)\.//2
+0 (4)\/2 _,_)\//2) :

Using Lemma 4.2 we obtain

Theorem 4.2. Let M (A, D) be the polarization tensor associated with a C L do-
main D @ RY with A = 1 + iA” such that |"| < 1 and |\'| < 1/2. Then,
[3(Tr(M (., D))
d|)||D| 1
= )L//2 + 4)L/2 |)\.//|()\.”2 + 4)\/2)

d
d—4 d—2
(d)J%DI—i—%IDH—E /;)IVSD[VI]|2dx+2)\/%|D|)
=1

A//2
+0 <4X/2 + X”2> :

The bound in the above theorem depends not only on the volume of the particle
but also on its geometry. Nevertheless, we remark that, since |4 ;| < %,

o0 d

2 ) d|D|
ij o < T
j=1 1=l

Hence, we can find a geometry independent, but not optimal, bound.
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Corollary 4.1. We have

1 (d—2)
ITeMO, D)) £ —— (d|D|(V? 22 D
MG D] = s (D162 4 ) + )
d|)"||D| "2
+)\/’2+4A’2 +0 4)»/24-)»”2 : (4-17)

4.5.1. Bound for ellipses If D is an ellipse whose semi-axes are on the x;- and
x2- axes and of length a and b, respectively, then its polarization tensor takes the
form [7]

1la—b 0
e
M\, D) = |D| . (4.18)
0 -
)\“r‘ 2a+b

On the other hand, it is known that in H*(d D) [31]

1 —b\’
o (Kip\(1/2) = { (a+b>, j=1,2,...}.

Then, from (4.15), we also have

) )
o Z S

o0
J J
)\’__( ) /: )\_l(a_b)
M()», D) _ a+b o a+b

) ()
)j

Ao Z RX)
—b
and V(A;) = {i € Nsuch that K}, [¢;] = Ajg;}. It is clear now

M2

~.
Il
—_
—_

WK

~.
Il

1 J 1 (a—
1)‘_§(u+b> Flk—i(ZJr

LetA; = =

that
Yoall= Y W=l Y o= Y =0 @19
ieV(r1) ieV(=i1) i€V(rj) i€V(-1;)

for j = 2 and

> ain=

ieV(xj)

for j = 1.



630 HABIB AMMARI, PIERRE MILLIEN, MATIAS RU1Z & HAI ZHANG

25
— Bound
-—-a/b=2
---a/b=4

Averaged extinction

0 2 3 4 5

Wavelength of the incoming plane wave 1077

Fig. 1. Optimal bound for ellipses.

In view of (4.19), we have

g . LG _ 43280 4 A2(BU) 4 BUY
()L/ _ )Lj)Z + )»”2 ()L/ + )Lj)z + )L//2 - X/’2(4)L/2 + )L//2)

)»”2
+0 (4)»’2 _{_)\//2) .

Hence,

2 2 280 428U 4 gl e
IS(Tr(M (A, D)))| < 21 > / 2+ 2(/3 2+ﬁ : ( : 2) '
2 4 WEEN 4 02) AT A

Note that for for any ellipse D of semi-axes of lengtha and b, I(Tr(M (A, 5))) =
I(Tr(M (1, D))). Then using Lemma 4.2 we obtain the following result:

Corollary 4.2. For any ellipse D of semi-axes of length a and b, we have

S(Tr(M(\, D)))| < |Di4r> 2"11D] 0] " 4.20
|“S( ( ( ’ ))I = |A4//|(A.,/2+4)\./2)+)\.//2+4)\,/2+ 4A/2+A//2 - (4 )

Figure 1 shows (4.20) and the average extinction of two ellipses of semi-axis a
and b, where the ratio a/b = 2 and a/b = 4, respectively.
We can see from (4.16), Lemma 4.1 and the first sum rule in Lemma 4.2 that for

an arbitrary shape B, |J(Tr(M (A, B)))| is a convex combination of % for
J
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Aj € o (K3)\{1/2}. Since ellipses put all the weight of this convex combination in
+r = %%, we have for any ellipse D and any shape B such that |B| = | D],

IS(Tr(M (1*, B))| < |3(Tre(M (1*, D))

with 2% = £1420 + i)

Thus, bound (4.20) applies for any arbitrary shape B in dimension two. This
implies that, for a given material and a given desired resonance frequency w*, the
optimal shape for the extinction resonance (in the quasi-static limit) is an ellipse of
semi-axis a and b such that ' (w*) = i%%.

4.5.2. Bound for ellipsoids Let D be an ellipsoid given by

X a3
St+t5+5=L (4.21)
P1 P> P3

The following holds [7]:
Lemma 4.3. Let D be the ellipsoid defined by (4.21). Then, for x € D,
Splvil(x) = six;, 1=1,2,3,

where

o
1
5 = _P11?22P3 / ds.
O (49} +)WE+ (P + )

Then we have
3
Z/ IVSplvillPdx = (s7 + s3 + s3)|D|.
1=17P

For arotated ellipsoid D=RD W~ith ‘R being arotation matrix, we have M (A, 5) =
RM (2, D)RT and so Tr(M (x, D)) = Tr(M (i, D)). Therefore, for any ellipsoid
D of semi-axes of length p1, p» and p3, we have

Corollary 4.3. For any ellipsoid D of semi-axes of length py, p> and p3, we have

J(Te(M (1, D)) < DI(3W2 + 4 = 3+ (i +55 +59)  312"|1D]

|)»”|()»//2 _{_4)&2) )\//2 +4)J2
k//2
+0 <—4/v2 " W) : (4.22)

where for j = 1,2, 3,

oo
1
5= _P11;2P3 / ds.
0 (p?+s)\/(p%+s)(p§+s)(p§+s)
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5. Link with the Scattering Coefficients

Our aim in this section is to exhibit the mechanism underlying plasmonic res-
onances in terms of the scattering coefficients corresponding to the nanoparticle.
The concept of scattering coefficients was first introduced in [9]. It plays a key
role in constructing cloaking structures. It was extended in [10] to the full Maxwell
equations. The scattering coefficients are simply the Fourier coefficients of the scat-
tering amplitude Ao. In Theorem 5.1 we provide an asymptotic expansion of the
scattering amplitude in terms of the scattering coefficients of order 1. Our formula
shows that, under physical conditions, the scattering coefficients of orders £1 are
the only scattering coefficients inducing the scattering cross-section enhancement.
For simplicity we only consider here the two-dimensional case.

5.1. The notion of scattering coefficients

From Graf’s addition formula [7] and (2.2) the following asymptotic formula
holds as |x| — oo

00 = (=)@ === 3 D e e /o DllnlyDe "y () da ).

nez

where x = (|x|, 8y) in polar coordinates, H,gl) is the Hankel function of the first
kind and Qrder n, Jn is the Bessel function of order n and 1/ is the solution to (2.4).
For u' (x) = ¢!*m?* we have

W) =" amu) I () x e,
meZ

where a,, (u') = " (T0), By the superposition principle, we get

Y= an)Ym,

mez

where 1, is solution to (2.4) replacing f by

Fo = Em 4 L (gu - (ic’g)*> (%) " [F]

e
with
F{™ () = = (ki x D™,
197 (k mbx
Fz(m)(x) — m (Km|x])e .
Hm v
We have

() = (u —u)(x) = —2 > HO nlx)e™% > Wye™ (3700,

nez mez
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where
Wam = / TnCem|yDe™" Yy (v) do (). (5.1)
aD

The coefficients W, are called the scattering coefficients.
Lemma 5.1. In the space H*(d D), as w goes to zero, we have

fO = 0w,

FE = of ) + 0@,
f"=0@"), Iml>1,

where
</ 1 . 1 1 ~ .
f(il) ::FM _eli9v+_ Z1ld — K* 871 |x|eliex )
! 2 Km e \2 b)=p

Proof. Recall that Jo(x) = 1 + O(x2). By virtue of the fact that
1 * —1

(51d ~ (k) ) (Sk) @D = 0w,

we arrive at the estimate for f© (see “Appendix C”). Moreover,
X 3
Jr1(x) = iz + O0(x7),
together with the fact that
1 * —1 1 ~
<§Id — () ) (sk) = (Eld - IC*D> S5+ 0@ logw),

gives the expansion of &1 in terms of w (see “Appendix C”).
Finally, J,,(x) = O(x™) immediately yields the desired estimate for . O

From Theorem C.1, it is easy to see that

+ Ap (@) (Pye(@) f). (5.2)

e (M550 (@)
Y = JZ, @

Hence, from the definition of the scattering coefficients,

(£, 55 (@) (0@, nthinlxDe)

Wam = Z 22

jeJ 7j(®)

+ /a DGlnlyDe ™ 0@ do () (5.3)

Since

1 ex \ Iml
0 e mD (M)
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as m — 00, we have

|f(m)| - clml

= |m|lm|'

Using the Cauchy-Schwarz inequality and Lemma 5.1, we obtain the following
result:

Proposition 5.1. For |n|, |m| > 0, we have

0 (w|”|+|m\) Clnl+im|

|Wl’ln'l| § .
minjey [7j(w)| || |m|m]

for a positive constant C independent of w.

5.2. The leading-order term in the expansion of the scattering amplitude
In the following, we analyze the first-order scattering coefficients.

Lemma 5.2. Assume that Conditions 1 and 2 hold. Then,

19) 2
=329 o),

7j(w)

jeJ
oY (,% - t)(eﬂg”, 9@ + O logw) 5
Vi = ,; @) + O (w).

Proof. The expression of g follows from (5.2) and Lemma 5.1. Changing Sp
~ 1 ~ . .

by Sp in Theorem 2.1 gives ((Eld — K*D)Sgl[lxlelex], (Pj)H* = —(e'?, O H*

Using now Lemma 5.1 in (5.2) yields the expression of {1;. O

Recall that in two dimensions,

(w) ! + ! (1 l))\+0(21 )
Ti(w) = — ———— )2 w” log w),
/ 2pum  2pc He  Mm /

where A ; is an eigenvalue of K}, and A9 = 1/2. Recall also that for 0 € J we need
7; — 0 and so p,;;, — oo, which is a limiting case that we can ignore. In practice,
Pj(@)[po(w)] = 0. We also have (¢;, x(aD))f% 1= 0 for j # 0.

It follows then from the above lemmas and the expression (5.3) of the scattering
coefficients that

O (w* log w)

Woo = ———— 4 O(w),
w300

0’1
Wo+1 = Z% + O(w),
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0 ()
Wi = E + 0(w?).
— 7;(w)
jedJ
Note that Wi141 has a special structure. Indeed, from Lemma 5.2 and equation
(5.3), we have

Wit
BB (L= D) g nkn D) (5 ), + 0 logw)
7Y 7j(w)
+0(w?),
~ + :I:w”’ﬂ#(ﬁ - ,}l)((p, |x|e¥"9X)7%’%(ei"9“, 9)sp + O(@* logw)
7Y 7j(w)
+0(),

Oy +i6, . 2
k2 + (g, [x|e%) 1 1 (€57, 9)) 4 + O (@ logw) o
=-m —= 5 ,
Y A —Aj+ O(w”logw)

where A is defined by (2.19). Now, assume that min ¢ [T (@)| > w? log w. Then,

io +i6
2 + £ (). 1xeT) 11 (e 9)py
W. = 22 om]. 5.4
ikl = jEEJ Py +0() (5.4)

Define the contracted polarization tensors by
Mol D)= [ 16 r = )7 e ™ 106) doro.
aD

It is clear that

Ny +(, D) = My 1(A, D) — Mao(A, D) +i2M12(A, D),
Ny (A, D) = My1(A, D) + Ma2(A, D),
N_ +(k, D) = My 1(A, D) + M > (%, D),
N_ _(k, D) = My 1(A, D) — M 2(A, D) —i2M (%, D),

where M; (A, D) is the (I, m)—entry of the polarization tensor given by (4.7).
Finally, considering the above we can state the following result.

Theorem 5.1. Let Ay be the scattering amplitude in the far-field defined in (4.2)
for the incoming plane wave u' (x) = €4 Assume Conditions 1 and 2 and

min [7;(w)| > w? log w.
jeJ
Then, A admits the following asymptotic expansion

T
Ao (i) = Wid + 0,

x| x|
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where

Wy = W_it + Wi —2Wqy i(Wioi — W_py)
Wi = Won)  —Wop = Wi —2Wy )

Here, Wy, are the scattering coefficients defined by (5.1).
Proof. From (4.12), we have

T
Ao <i> =22 Mo, D).

|x| x|

Since K}, is compact and self-adjoint in *, we have

o (§0j7 |x|eii0x)7l l(eiie‘,’ 0 )H*
Ni+(h, D) = =2
++(2, D) Z Py
Jj=1
+i6 +i6,
(), 1x1e™%) 1 1 (e, ¢))
= +0(1)
‘ A—Aj
jeJ
We have then from (5.4) that
i, 2
—TN+,+()», D) = W_i1 + O(o%),
2

km _ 2
—TNJr,—()», D) = —-W;1 + O(w),

k2
—TmNﬁ(A, D) = —Wj1 + O(0?),

k2
—N__(h, D) = Wi_ + O(0).

4
In view of
1
My = 5 (Ny+ +N__+2N; ),
1
My =y (=Ni+ = No - 2Ny ),
M = _Tl (N4+ = N--),

we get the result. O
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6. Super-Resolution (Super-Focusing) by Using Plasmonic Particles

It is known that the resolution limit (or the diffraction limit) in a general in-
homogeneous space is determined by the imaginary part of the Green function in
the associated space [1]. By modifying the homogeneous spaces with subwave-
length resonators, we can introduce propagating subwavelength resonance modes
to the space which encode subwavelength information in a neighborhood of the
space embedded by the subwavelenghth resonators, thus yielding a Green’s func-
tion whose imaginary part exhibits subwavelength peaks and therefore breaks the
resolution limit (or diffraction limit) in the homogeneous space. The principle has
been mathematically demonstrated in [12]. Here, using the fact that plasmonic
particles are ideal subwavelength resonators, we consider the possibility of super-
resolution (super-focusing) by using a system of identical plasmonic particles. The
results in this section can be viewed as a consequence of the results in Section 3.
The mechanism of super-resolution in the case considered in this section is due to
propagating subwavelength resonant modes that are generated by weakly coupled
plasmonic particles. For non-resonant small particles, no subwavelength resonance
can be excited and hence no super-resolution can be achieved. The analysis here is
for a point source and can be easily extended by a convolution argument to general
sources.

6.1. Asymptotic expansion of the scattered field

In order to illustrate the superfocusing phenomenon, we set
. eikm|x_x0|
u' (x) = G(x, x0, kpp) = ———.
47 |x — xo|
Lemma 6.1. In the space H*(0 D), as w goes to zero, we have
3 5
f=fo+ Ows2)+ 0(82),

where fo = (fo.1. ..., fo.r)! with

1
P Gl =P
1 1 /1
(;T(Z’ —x0) - V(x) + — <§1d - IC*D,) Sp) [z —x0) - (x — zz)])

=0(s?).

Proof. The proof is similar to that of Lemma 2.6. Recall that
11 , =
fi=Fizt o~ (51~ (K5 ) (Sp) TFLAL.
c

‘We can show that

1 ou! 1
Flp=———=—————(—%) v(x)+ 0 (8
M OV A7 fm |21 — X0

(S}

)
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+O(w3) in H*(3Dy).

Besides,

eikmlzi—xol

[N
N—"

. 1
W @ls, = XOD) + @ =) (=) + 0 (5

_47T|Z[—XO| 47|
+O(w3) in HBD)).

Using the identity (%Id — KB,)SB,I[X (0D;)] = 0, we obtain that

o (314 () ) (s5) o
1

1 —
B 4|z — xolPu (ild a IC*DZ) SDzl [(z1 = x0) - (x —z1)].

This completes the proof of the lemma. O

We now derive an asymptotic expansion of the scattered field in an intermediate
regime which is neither too close to the plasmonic particles nor too far away. More
precisely, letting C be a fixed, sufficiently large positive number, we consider the
domain

. 1
Dsc = {x € RY min |x —z] 2 C8, max |x—zl< —}.
1<ISL 1<ISL Ck

Lemma 6.2. Let y; € H*(0D;) and let v(x) = S;‘)[[wl](x). Then we have for
x € Dsr.c,

1 . X —27
v(x) = G(x,zz,k)< - lk) / Yy (y)do(y)
|x — 2] 3Dy

|x — z]

+0(5%)||W1||H*(901)+G(X,Zl,k) /30 Vi(y)do(y).
0

Moreover, the following estimates hold:
3,
v(x) = 0(82) if / Yi(y)do(y) =0,
dDg

v(x) = 0(87) sz ¥i(y) do (y) # 0.
dDg

Proof. We only consider the case when / = 1. The other case follows similarly or
by coordinate translation. We have

v(x) = Splylx) = /aD G(x,y, k)Y (y)do(y)
0

eiklr—yl

= —/a o vda(y).

Do 4 |x =yl
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Since
Gx.y. k) =G0, + Y M Py Y 26000 8”’G(x 0.0 o

le=1]| m=>2 le=m|

and

G (x, 0,k iklxl 7 1 o
x08 __¢ (——ik)i=G(x,o,k)<——ik>x—

ay* 4o |x| \ x| |x| |x| x|’

we obtain the required identity for the case [ = 1. The estimate follows from the
fact that

o 2ler|+1
1 lrcomy = 0 (677 ).
This completes the proof of the lemma. O

Denote by

Sjatr.0) = Gz == [ g do .
lx —zi1= Jap,

Si(x, k) = G(X,ZI,k)/ @o(y)do(y),
dDg

3 ((z1 = x0) - v(x), ‘Pj)H*(aDo)'

H:i(x) = ———
R

It is clear that the following size estimates hold:
Sji(x, k) = 06%), Sitx, k) = 0(?),
3 .
Hj(xo) = 0(82) forj #0, Ho,(xo) =0.

Theorem 6.1. Under Conditions 1, 2, 3, 4 and 6, the Green function I (x, xq, ki)
in the presence of L plasmonic particles has the following representation in the
quasi-static regime: for x € Ds i, c,

F()C,X(), km) = G(X,XO, km)

+ZXL: Hj ()X j1.pX 1,474 (6 km) + O(6%) + 0(w8?)
1

D A= +(— — M‘—m) T+ 0% + 0(82w?)

+0(8).

Proof. With u‘(x) = G(x, xo, k), we have

Y=Y auei+ Y aoz¢01+0<8%)

jel1<ISL 1SISL

where

I\-)\Ll\

)

a0 = (£.§1.0m60) = (fo. §0me0m) + 0@8?) + 0 (8
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1 1 ~ 3 5
= <— - —> X1, pHj p(xo) + O(@d2) + O (87) ,
He Mm
~ H
ao; = (f, @0.)H*@Dp) = O (52).

By Lemma 6.2,

Syl = Y Sp[Xjnpeiep] ()= D" Xj1pSple;1(x)

1SpsL 1<p<L
= Z Xjt,pSjp(x, km) + O (8%) +0 (a)(S%) .
1SpsSL

On the other hand, for j = 0, we have
ko 1
Splpoilx) = 0 (87).
T00(@) = 0+ 0@ + 0 (820)2) — o).
Therefore, we can deduce that

=Sy =Y Y auSyleil+ Y. auSy e+ 0@,

jeJ 1<ISL 1SISL
b > 3 4
Yy — (w)( = o ) i 0 it p Xt Sia (5 ) + 0(@5%) 4+ 0(6Y)
jesi=1 ) "
+0(8%),

B ZXL: Hi )X 1.pX 1.4, (%, k) + O(@8%) + 0(8%)
TS r-n+ (- )+ 06 + 062

m

+ 0.

6.2. Asymptotic expansion of the imaginary part of the Green function

As a consequence of Theorem 6.1, we obtain the following result on the imag-
inary part of the Green function:

Theorem 6.2. Assume the same conditions as in Theorem 6.1. Under the additional
assumption that

1 1 - 4 2.2
A=Ai+|{——— i1 > 07 + 0" w),
He  Mm

1 1\! 1 1\!
Nr—2;+——— Tj1 <3 A=Aj+|——— Tl
' He  Mm ’ He  Mm '

foreachl and j € J, we have

ST (x, X0, ki) = G (x, X0, k) + O(87) +
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L
IDIEL (H,,p(xo))?j,,,,,xj,l,qu,q(x, 0) + O(ws®) + 0(34))
jeJ I=1

1
A—Aj+ (P%( - L)_I‘L'j,[

o~

XAS

where x, xo € Ds k. c.

Note that %t (Hj,p(xo)ij,l,pijl,qu,q(x, 0)) = O(8*). Under the conditions
in Theorem 6.2, if we have additionally that

1

3 1 1)1 =0<5i3>
=+ (=) T

for some plasmonic frequency w, then the term in the expansion of IT"(x, xg, k)
which is due to resonance has size one and exhibits subwavelength peak with width
of order one. This breaks the diffraction limit 1/k,, in the free space. We also note
that the term JIG(x, xg, ky) has size O(w). Thus, we can conclude that super-
resolution (super-focusing) can indeed be achieved by using a system of plasmonic
particles.

7. Concluding Remarks

In this paper, based on perturbation arguments, we studied the scattering by
plasmonic nanoparticles when the frequency is close to a resonant frequency. We
have shown that plasmon resonant nanoparticles provide a possible way not only
of super-resolved imaging but also of scattering and absorption enhancements.

‘We have derived the shift and broadening of the plasmon resonance with changes
in size. We have also consider the case of multiple nanoparticles under the weak
interaction assumption. The localization algorithms developed in [7,8,20] can be
extended to the problem of imaging plasmonic nanoparticles. We have precise-
ly quantified the scattering and absorption cross-section enhancements and gave
optimal bounds on the enhancement factors. We have also linked the plasmonic
resonances to the scattering coefficients and showed that the leading-order term
of the scattering amplitude can be expressed in terms of the £-one order of the
scattering coefficients.

The generalization to the full Maxwell equations of the methods and results of
the paper is under consideration and will be reported elsewhere. Another challeng-
ing problem will be to optimize the super-focusing phenomenon in terms of the
organization of the nanoparticles. This will also be the subject of a forthcoming
publication.
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Appendix A: Asymptotic Expansion of the Integral Operators: Single
Particle

In this section, we derive asymptotic expansions with respect to k of some
boundary integral operators defined on the boundary of a bounded and simply
connected smooth domain D in dimension three whose size is of order one.

We first consider the single layer potential

Splylx) = /ap Gx,y, &)y (y)do(y), xedD,

where
eik\x—y\
Gx,y,k)=———
4 |x — y|
is the Green function of Helmholtz equation in R3, subject to the Sommerfeld
radiation condition. Note that

o0 . i . o . i
(ik|x — yD)’ 1 ik (ik|lx — y))/~!
Gy b =-3 " - _ k5 G =y
— jldm|x — y| 4r|x —y| 4w 4 J!
Jj=0 j=1
We get
> .
Sh=38p+Y K Sp;. (A.1)
j=1
where

. . _ /'_1
So i =~ [ EE= ) doy)

In particular, we have
SpalPlx) = —4’— / ¥ (y)do(y), (A2)
T JyD

1
Spalylx) = —4—[ lx — yl¥(y)do(y). (A.3)
T JaD
Lemma A.L. ||Sp, ;|| £(H* D), H(o D)) is uniformly bounded with respect to j. More-
over, the series in (A.1) is convergent in L(H* (0 D), H(dD)).

Proof. It is clear that

ISD,jll 220Dy, 1 9Dy = Cs

where C is independent of j. On the other hand, a similar estimate also holds for
the operator Sp, ;I follows that

ISp.jl ccu-16p).120D)) = C-

Thus, we can conclude that ||Sp ;| is uniformly bounded by

L(H™2 (D). H2 (3D))
1

using interpolation theory. By the equivalence of norms in the H~2(dD) and

H? (0 D), the lemma follows immediately. O
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Note that Sp is invertible in dimension three, so is Sg for small k. By formally
writing
SH ' =8, +kBp1 +kBpar+..., (A4)

and using the identity (8;"))’] Sk = Id, we can derive that

Bpi=-8,'8p.18p"s Bpa=-8,'8p28," +85'8p18,'8p.18,"
(A.S5)
We can also derive the other lower-order terms Bp ;.

Lemma A.2. The series in (A.4) converges in L(H (9 D), H* (3 D)) for sufficiently
small k.

Proof. The proof can be deduced from the identity
-1
K\ -1 = -1
(sh) = 1a+s5' Y Ksns| S5
j=1
0

We now consider the expansion for the boundary integral operator (IC”‘D)*. We
have

(Kb) = Kh + kK1 +KKpa+.... (A.6)

where

. 8 . _ j_l
Kp Y1 = -1 fw %w) do(y)
G-

o e =y = ) v )Y () do ().
T aD

In particular, we have

1 x—y)-vx)
Kpi1=0, Kpalylx) = —/ y—lﬁ(y) do (y). (A.7)
4 Jap  Ix =yl
Lemma A.3. The norm ||Kp. ;| £¢H* D). 1+ opy) IS uniformly bounded for j = 1.
Moreover, the series in (A.6) is convergent in L(H*(0D), H*(dD)).

Appendix B: Asymptotic Expansion of the Integral Operators: Multiple
Particles

In this section, we consider the three-dimensional case. We assume that the
particles have size of order § which is a small number and the distance between
them is of order one. We write D; = z; +85, j=1,2,..., M, where D has size
one and is centered at the origin. Our goal is to derive estimates for various boundary
integral operators considered in the paper that are defined on small particles in terms



644 HABIB AMMARI, PIERRE MILLIEN, MATIAS RU1Z & HAI ZHANG

of their size. For this purpose, we denote by Dy = 8 D. For each function f defined
on d Dy, we define a corresponding function on D by

n(fHx) = f(6x).
We first state some useful results.

Lemma B.1. The following scaling properties hold:
(i) I 2@ =8 1 I2@py);

(i) I llnopy = 571 I f 1@ Do)

(iii) I pea5) = 82 I 2+ o0)-

Proof. The proof of (i) is straightforward and we only need to prove (ii) and (iii).
To prove (iii), we have

(0 f )
1 B opey = /3 " fﬂfxf_ 2 do (4o ()
53/ f MDENNE) (o o
oD Jab  AmIxX =]

= 81N o5,
whence (iii) follows. To prove (ii), recall that

| f @Dy = ||51301f||H*(3D0)~
Letu = Sy [f]. Then f = Spy[u]. We can show that

n(f) =8Sp(n)).
As a result, we have
(Nl = 5I|35(n(u))||H(35) = 8170 3+ 55,
=5~ ulls@po) = 8~ 21 om0+

which proves (ii). O

Lemma B.2. Let X and Y be bounded and simply connected smooth domains in
R3. Assume 0 € X,Y and X = 8X, Y = 8Y. Let R and R be two boundary
integral operators from D'(3Y) to D'(dX) and D'(dY) to D'(3X), respectively.
Here, D' denotes the Schwartz space. Assume that both operators have the same
Schwartz kernel R with the following homogeneous scaling property

R(6x,8y) =8"R(x,y).
Then,
Ny
IR 2 av), 1 @x)) = 8 +m||R||£(H*(317),H*(3§)),
] N
IRl 2= ov). Hox) =8 T IRI £ 07) 13 %)) -
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Proof. The result follows from Lemma B.1 and the identity
R=8""n"T1oRon.

O

We first consider the operators Sf)j and (IC'i)j)*. The following asymptotic
expansions hold:

Lemma B.3. (i) Regarded as operators from H*(d D) into H(dD;), we have
553/. = Sp, +kSp;.1 +k*Sp; 2+ 0(k8?),

where SDj =0(1) andSDj,m = 0(8™),
(ii) Regarded as operators from H(dD;) into H*(dD;), we have

—1
(5’;,/,) = Sp! +kBp, 1 +K2Bp 2 + 008,

where 85; =0(1) andBDj,m = 0(8™);
(iii) Regarded as operators from H*(dD;) into H*(dD;), we have
k)" 2,52
(’CD,) =Kp, +120(),
where K7, = O(1).
J
Proof. The proof immediately follows from Lemmas B.2, A.1 and A.3. O

We now consider the operator Sg}_’ p,- By definition,

ng,D,[lﬁ](X) = /a Gy, by (y)do(y), xedDy.

J

Using the expansion

Gx,y, k) =Y K" Qu(x,y),

m=0

where
" — !

4

)

Om(x,y) =—

we can derive that

k _ mceg.
SDJ',D[ - Z k S],l,m,

m=0
where

Sjtml¥](x) = /31)- Om(x, Y)Y (y)do(y).
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‘We can further write

Sjim = Z Sjtmns

n=0
where S; ., is defined by
Sj Lman[¥1(x)
glal+1Bl ., 5
/ > a,ﬂ, gy O 2D =) (= 2) Y () do ).
Di' a1 +181=n
In particular, we have
1
Siro0l¥vlx) = —m(W Xx@Dj) y-1123p;). 112D X (D1
(z1 —zj)* o
S0 Y1) = lazzl il o (= KO v amy
+((&y — z))%, W)X(Dl)),
1 9%Qo(z, 2)) o p
Sjr02lW1(x) = |a+2m:|=z TB axeayr & T W0 =2 () do (),

Sjalylx) = _ﬁ(w’X(aDj))H—1/2(aDJ-),H1/2(3DJ-)X(Dl)a
Sj,l,Z,O[I/f](x) = %|Zl - Zj|(1/f, X(aDj))Hfl/Z(aDj),Hl/Z(aDj)X(Dl)'
The following estimate holds:
Lemma B.4. We have ||S; 1 m.nll 200y Hopy S O™,

Proof. After a translation of coordinates, the stated estimate immediately follows
from Lemma B.2. 0O

Similarly, for the operator jckom DDy defined as

[Y](x) = /Mmd() oD
DDzwx b, 0v(0) Y(y)do(y), xedDy,
we have
Kb,y = D K" D Kjdanan:
m=0 n=0
where
1 9"Kn (21, 2 .
Kjm 1) = / > ax,,(glyf’)(x—z»ﬂ(y—zn (x =)

Dj jal+1p1=n
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V)Y () do(y)
with
i"m — Dlx —y|"~

4mwm!

Km(xv y) = -

In particular, we have

1
Kjr00l(x) = m[(x — ) (W KODD) o 1D,
~(0 =2 V) o b))
@1 = 2)) VO W XOD)D) yorpopy mrapy BD
Kii1ml¥] =0 forallm. (B.2)

Lemma B.5. We have ”K:j,l,m,n ”ﬁ(H*(aDj),H*(aD[)) = 0(5n+2)
Proof. Note that

0"K (21,2
K tmanl¥100) = / > i CLZD (2Pl — 2 - 2

Dj\aj+ip1= 8x/38y"‘
V(X)W(y)dd(y),
1 0"Kn(zi.2j) g
/D/ loe|+|Bl= nOt!,B! 3x/33ya e ZJ) v Z])
V(X)W(y)da(y)
anKm(leZj) — oNB(y o .
/3Dj a-i%; n(XV,B' dxP oy =)y = 2% @ = z))
V(@)Y (y)do(y).

After a translation of coordinates, we can apply Lemma B.2 to each one of the three
terms above to conclude that KC; ; ,, , = 0(8™3) + 0(8"?). This completes the
proof of the lemma. 0O

To summarize, we have proven the following results:
Lemma B.6. (i) Regarded as an operator from H*(dD;) into H(dD;) we have,
Shy.py = Sj00 + 8101 + 802 +kSji1 + K Sj 100 + 06h + 04?7
Moreover,
Sitmn = 0@,
(ii) Regarded as an operator from H*(d D) into H*(d D), we have

Kb, p, = K100+ OK8?).

Moreover,

Kjroo= 0.
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Appendix C: Adaptation of Results to the Two-Dimensional Case

In this section we adapt the layer potential formulation to plasmonic resonances
in two dimensions. We only consider the single particle case. For the multiple
particle case, a similar analysis holds.

Recall that in R? the single-layer potential Sp : H~'/2(dD) — H'Y?(9D) is
not, in general, invertible nor injective. Hence, —(u, Sp[v]) _ 11 does not define
an inner product and the symmetrization technique described in Lemma 2.1 is no
longer valid.

To overcome this difficulty, a substitute of Sp can be introduced as in [14] by

3 Splyl if (Y, x(@D))_1 1 =0,
Splyl = { . 222 (C.1)
x (0D) if ¥ = ¢p,
where ¢ is the unique (in the case of a single particle) eigenfunction of K}, as-
sociated with eigenvalue 1/2 such that (¢q, x (0 D))_ 11= 1. Note that, from the
jump relations of the layer potentials, Sp[go] is constant.

The operator Sp : H-2D) e HI/E(BD) is invertible. Moreover, the
following Calderdn identity holds: KpSp = Sp IC’I"). With this, define

(u, V) = —(u, gD[U])_%,%-
Thanks to the invertibility and positivity of —8p, this defines an inner product for
which K7, is self-adjoint and H* is equivalent to H~'/2_ Then, if D is C'%, we
have the following results:
Lemma C.1. Let D be a C"* bounded simply connected domain of R? and let S, D
be the operator defined in C.1. Then,

(i) The operator K7, is compact self-adjoint in the Hilbert space H*(dD) e-
quipped with the inner product defined by

(u, V)3 = —(u, Splv]) 11 (C.2)

2°2

with (-, ')7%’% being the duality pairing between H=Y2D) and H1/2(8D),
which is equivalent to the original one;

(ii) Let (Aj, ¢;), j =0, 1,2, ..., be the eigenvalue and normalized eigenfunction
pair of K7, with Ay = % Then, Aj € (—%, %] and .j — Qas j — oo,

(iii) H* (D) = H5(D) @ {upo, u € C}, where H{(dD) is the zero mean
subspace of H*(9D);

(iv) The following representation formula holds: for any ¥ € H~'/2(3 D),

pvl=D W ) ® ¢;.
j=0

Lemma C.2. Let H(d D) be the space H? (0 D) equipped with the following equiv-
alent inner product ~
(. vy = (=8p [ulv)_y 1. (C3)

Then, gp is an isometry between H*(d D) and H(d D).
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Remark C.1. Note that S;'[x(8D)] = ¢o and (—31d + K}) = (=11d +
KE)PHgv where Pyy; is the orthogonal projection onto HG(@D). In particular,

we have (—37d + Ki)Sp'x(@D)] = 0.

Let us now consider the single-layer potential for the Helmholtz equation in R?

Splylx) = /BD Gx,y, k)y(y)do(y), xe€dD,

where G(x, y, k) = —ng”(ku — y) and H{" is the Hankel function of first
kind and order 0. We have

i 1 = :
— 3 Ho (klx = yD) = 5 loglx =yl + 7+ Y _(bjlogklx =yl + ¢ (klx =y,
j=1

where
! (logk +y —log2) Loy eyt
7w =—2(o —log2)——, b; = . ,
K= g VOB TV TR T O T i (j1)2
. J
i 1
i = —bj —log2 — — — -1,
;=i [y —tog2- T -y
n=
and y is the Euler constant. Thus, we get
o o
5 j 1 i o2
Sh=385+ Y (K 108k) S, + YK SE,. (C4)
j=1 j=1

where
S 10 = Splv]() + /3 wde,
Spw1e) = /a ) bilx — yI* ¢ (y) do (y),

Sp ) = /aD v — y1% (b log [x — ¥l + /) (3) do (y).

1 2
Lemma C.3. The norms ”S(D,)] ”,C(H*(aD),H(E)D)) and ”S(D,)] ”L('H*(E)D),'H(aD)) are
uniformly bounded with respect to j. Moreover, the series in (C.4) is convergent in
L(H*@@D), H(dD)).

Proof. The proof is similar to that of Lemma A.1. O

Observe that

(Sp = 8p) [¥1 = (Sp — Sp) [Prz[¥1+ (¥, @0)r- 0]
= (¥, o)H+ (Spleo]l — x(0D)) .
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Then it follows that

SEIv1 = Splwl + (W, o)1 (Splgol — x(3D)) + 1 fa Vot W go)pego do
= Splv] + Nilvl,

where
Yrlv] = (¥, wo)r+ (Spleol — x (D) + ) . (C.5)

Therefore, we arrive at

Lemma C.4. For k small enough 3}') : H*(0D) — H(dD) is invertible.

Proof. Yy is clearly a compact operator. Since Si@ is invertible, the invertibility of
S’l‘) is equivalent to that of S;")Sl_)1 =1d + TkSl_)l. By the Fredholm alternative

we only need to prove the injectivity of Id + Tkg'Bl.

Since V v € H!/2, Tkg‘[)l[v] e C, for (Id—i—TkgBl) [v] = 0, we need
v = §D[oz(po] =a eC.

We have
(Id + Tkggl) [Splagol] = a(Splgol + ) =0 iff Splgol = —7c ora = 0.

Since we can always find a small enough k such that Sp[pg] # —tk, we need
«a = 0. This yields the stated result. O

Lemma C.5. For k small enough, the operator S]L‘-, : H*(0D) — H(dD) is invert-
ible.

Proof. The operator S”[‘) — SA'f) is a compact operator. Because glz-) is invertible for
k small enough, by the Fredholm alternative only the injectivity of Sg is necessary.
From the uniqueness of a solution to the Helmholtz equation we get the result. O

We can write (C.4) as

where Gy = k% log kSg’)1 + szg’)l + O (k* log k). From the two lemmas above we
get the identity

A -1 4
Sk = (1a+ShH7'a) S

Itis clear that || (3][‘,)_1 Il £¢H(5 D). H* (9 py) is bounded in k. Thus, for k small enough,
we can formally write

S =S = SH TG GSH T + 0k log k).
We have the identity

~ ~ 1\ ~
Sh'=(8'$h) &'
———
A—I
k
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Here,

A =1d — (-, 0)1=(Spleol + x (@D) + ) ¢o.
Then,

Spleol + x(0D) + w

A7 =1d = (¢, go)pe
k 0 Spleol +

and therefore,

ol w1 e (Sp' 1, po)we
Sk 1 =S 1 _ S l[.]’ . + D

( D) D ( D (pO)H (20} SD[@O] T
Finally, we get

(S~ = Lp + U — K logkLpSy L
—k? (LpSE\ Lo — logkUeSH) L + LpSH) )
+0(k*log~' k)
(S5 11, po)we
Spleol + T

We now consider the expansion for the boundary integral operator (IC]I"))*. We
have

withLp = PH;:S'VBI andU = — @o. Wenote thatlfy, = O (log™! k).

Kby =Kp+Y (k2f log k) K9+ 3 kK (C.6)
j=I j=1
where

M _ Olx — yI?

ki = [ 525t n0)deo),
9 —vI%i(b:1 —y|+c;

5w = [ (e =y bjlogle =1 +e)) ) gy,

’ aD v(x)

1 2
Lemma C.6. The norms ”K(D,)] Hﬁ(’H*(aD),H*(BD)) and ”K:(D,)J ”E(H*(aD),H*(aD))
are uniformly bounded for j 2> 1. Moreover, the series in (C.6) is convergent
in L(H*(@D), H*(9D)).

Proof. The proof is similar to that of Lemma A.1. O
Recalling (2.5) and (2.6), we can show that the following result holds:
Lemma C.7. Regarding Ap(w) as an operator from H* (9 D) to H*(d D), we have
Ap(®) = Ap o + o*(logw)Ap 1 + O(w?),

where

1 1 1 1
Ao =5+ 5 ) 14+ (o = =) K,
2im 2 Mm Me b
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1 1 /1 ~ 1.
Ap1 = IC(D’)1 (smld — sC’PH3> + M_ <§Id _ ,q)) SDISE),)I
c
(/’ngmld - /’chclp’}—(g) .

Proof. We have

(Sf)‘)_1 =Lp+ U, — w*(log w)ec,uCEDSl()lg)lﬁu + 0(w?)
Sy = 8p + Ti, + 0 log w)emtmSy’, + 0(@?).

is defined by (C.5). Hence,

m

Also, LTk, = Pr:(Sp) ™' T, = 0, where Yy

(Sp) 'Sy
= 'PH’(; + Z/lk(,gp + Uy, Y, + a)z(log ) (8m/1,m,CDSg’)1 — SC/,LC[,DS(DI’)IEDS;D)
+0(w?)
= Pz + U Sp + Up, Tk, + o log wEDSI()l?l (empmId — ecpicPyz)
+0(w?).

From Remark C.1, it follows that
l *
Eld - Kp | Uk, =0.

Since 11d — (KK%)* = (11d — K}) — K2 1ogkK'))| + O (k?), we get the desired
result. O

Under Conditions 2 and 3, the perturbed eigenvalues and eigenfunctions of
Ap(w) have the form

7j(©) = 1 + 0’ (logw)Tj 1 + O (), (C.7)
¢j(@) = ¢j + 0’ (logw)pj1 + O (@), (C8)
where
1= Rjj. €9
Q1= Rit o, (C.10)
77 G = )0 = 2)
and

Rjir = (Aple;l, @)+

It is clear that Lemma 2.5 holds in the two-dimensional case. We also have the
following asymptotic expansion for f in terms of w:
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Lemma C.8. In the space H*(d D), as w goes to zero, we have
f=ofi+ 0@,

where

fi = —ie* 2 feptim (Mi [d - v(x)]+ Mi (%Id - K}S) Sp'd - (x - z)])

(4

and z is the center of the domain D.

Finally, the following result holds:

Theorem C.1. Under Conditions 1,2, and 3, the scattered field by a single plasmon-
ic particle, u®* = u — u', has in the quasi-static limit the following representation:

u* = Syl

where

ikpe*nd(d - v(x), 9;)0.0; + O’ logw)
Y= Z ( J)H ! + O (w)

— 2
it A—Lj+ O(w*logw)
with A being defined by (2.19).

Proof. We have

v = LTO0i@ | pan gy

jeJ 7j()

-y - fl, 9j)3:0) + 0@’ (log w)) o)
= : .

jel 2um 2,LLL (,TL. - ;Tm))‘f + O(w?log w)

Since d - (x — z) is a harmonic function, changing Sp by S, p in Theorem 2.1 yields

(374~ Ki)Sp'ld - =)l gy), . =~ vx), e
Then the proof is complete. O

Corollary C.1. Assume the same conditions as in Theorem 2.1. Then, under the
additional condition

min [7;(w)| > a)z,
jeJ

we have

ikme* 4 (d - v(x), 9;)o.@i + O log w)
y=3 ( 01) ) 2 o).

42 1y
= A )\'] To Ing(,u(r Hm) T]'l
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Appendix D: Sum Rules for the Polarization Tensor

Let f be a holomorphic function defined in an open set U C C containing the
oo

spectrum of K ;. Then, we can write f(z) = Z ajzj forevery z € U.
j=0
Definition 4. Let
fCh) = Z aj(Kp)

where (K%)/ := K} 0 K}y 0.0 K}, .

j times

Lemma D.1. We have

FED) =) FONC ).

Proof. We have
1) ) o .
i=0 =0 j=1

<Z X’,) G @)H9;

i=0

™2 T‘Mg

f()L )Gy (P/)H*(P/

j=1
O
From Lemma D.1, we can deduce that
| asechimie) doto = Z foad). (®.1)
D

Equation (D.1) yields the summation rules for the entries of the polarization tensor.

In order to prove that Za(’) = 8;.m| D], we take (1) = 1in (D.1) to get
j=1

Za(ﬂ / Xivm (x) do(x) = &1, |D|.

Next, we prove that

00 d
Son el =570l
j=1 1=l
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Taking f (1) = X in (D.1), we obtain

d
S, Zal(]l) -3 fa ) do ),
j=1  i= I=1

1 0S8
/ xKHv() do(x) = f X (EW) plul) ()) do (x),
aD oD

:@Jr/ x,aSD[”’]‘ (x) do (x). (D.2)
2 9D 8\) —

Integrating by parts we arrive at

/ xlw‘ (x)do (x) =/ el(x)'VSD[vl](x)dx+/ x;ASplv](x)dx.
aD v - D D

Since the single-layer potential is harmonic on D,

/ xlw‘ (x)da(x):/ el(x)~</ Vﬂ"(x,x’)w(x’)do(x’)) dx
aD v 1= D aD

Summing on i and using VI (x, x’) = =V, T'(x, x"), we get
- aSpv]
Z/ Py " (x)da(x):—/ (/ v(x’)-Vx/F(x,x’)da(x’)> dx
— Jop v - p \Jap
—f Dpl1](x) dx,
D
—|D|, (D.3)

where Dp is the double-layer potential. Hence, summing equation (D.2) for i =
1,...,d, we get the result.
Finally, we show that

[ee) d ] d—4 d
D) = |D|+Z/ IVSplull? dx.
J=1 =1 = /D

Taking £ (1) = A2 in (D.1) yields

Z Z/ x1(Kp )2 [v1(x) do(x)

—Z / Kyl 1) do(x)

S
Z/ Kbl yz]—da+2/ Kply] D[”’]|_
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d
:(d—2)|D|_Zf EM‘ do
4 =1 302 ov -

I
2 dSp[vi]
D
+3 [ pot| 2 ao
6]
From (D.3) it follows that
. __ID
1=——.
2
Since x; is harmonic, we have x; = Dp[y;](x)|= — Sp[v;](x) on d D, and thus,

: 0Splu]
p=Y" [ ot somnie) 22| odow,
=1 aD av -

d
dSplv]
—|D| + Splvi]————| do,
lgl: oD b ov ‘7

d
=—|D|+Zf VSl dx.
1=1YD

Replacing 11 and I, by their expressions gives the desired result.
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