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Abstract

We provide a mathematical analysis for a metasurface constructed of plasmonic nanoparticles
mounted periodically on the surface of a microcapsule. We derive an effective transmission condi-
tion, which exhibits resonances depending on the inter-particle distance. When the microcapsule
is deformed, the resonances are shifted. We fully characterise the dependence of these resonances
on the deformation of the microcapsule, enabling the detection of strains at the microscale level.
We present numerical simulations to validate our results.
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1 Introduction
There is high value in early and real-time detection of deformation in materials. Most methods
are invasive and do not allow for in-situ evaluation. In [9], gold nanoparticles were embedded on
microcapsules subjected to uni-axial strain. Upon mechanical stress, the authors observed a change
in color of the microcapsule. These experimental results motivate a mathematical modelling of the
phenomenon. The aim of this paper is to use spectral analysis, building upon the works reported in [1]
for non-resonating particles and [5] for a one-dimensional grating in the half-space, to derive a rigorous
relation between the applied mechanical strain and the observed extinction shift.

Driven by the search of materials that achieve full control of wave propagation, the field of metama-
terials has been undergoing considerable developments in the last decades. Metamaterials are artificial
materials. Their building blocks are often locally resonant elements, whose features are an order of
magnitude smaller than the operating wavelength. The properties, geometry, and size of the subwave-
length resonant elements strongly alter the wave propagation in the structure. In this article, we show
that the microcapsules synthesised in [9] are in fact metasurfaces and that they owe their extraor-
dinary sensing properties to the periodic arrangement of resonating gold nanoparticles embedded on
their surface.

The desired optical effects are achieved by a phenomenon called surface plasmon resonance. Surface
plasmon resonance occurs when the free electrons at the surface of a metal oscillate with a maximum
amplitude. The surface plasmon resonance induces a strong absorption of the incident light by the
nanoparticles. It is determined by a number of parameters: the nature of the metal, the dielectric
properties of the background medium, the size, shape and configuration of the particles, among oth-
ers; these allow a remarkably sophisticated degree of control over the desired optical response. The
resonance is especially powerful and acute for noble metals, making gold a strong candidate for the
sensitivity sensor. Another advantage of choosing gold is that its resonance occurs in the visible range
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D, "c, µc
<latexit sha1_base64="ZbSayAlEqIlED2Y8GGfHYECcJCI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBRSmJFHRZ0IXLCvYBTQiT6aQdOjMJM5NCCV268VfcuFDErZ/gzr9x0mahrQcuHM65l3vvCRNGlXacb6u0tr6xuVXeruzs7u0f2IdHHRWnEpM2jlkseyFShFFB2ppqRnqJJIiHjHTD8U3udydEKhqLBz1NiM/RUNCIYqSNFNinHkd6hBHLbmc1b4IkSRRlxsE1j6cBDuyqU3fmgKvELUgVFGgF9pc3iHHKidCYIaX6rpNoP0NSU8zIrOKliiQIj9GQ9A0ViBPlZ/NHZvDcKAMYxdKU0HCu/p7IEFdqykPTmZ+tlr1c/M/rpzq69jMqklQTgReLopRBHcM8FTigkmDNpoYgLKm5FeIRkghrk13FhOAuv7xKOpd116m7941qs1HEUQYn4AxcABdcgSa4Ay3QBhg8gmfwCt6sJ+vFerc+Fq0lq5g5Bn9gff4AJieZ/g==</latexit><latexit sha1_base64="ZbSayAlEqIlED2Y8GGfHYECcJCI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBRSmJFHRZ0IXLCvYBTQiT6aQdOjMJM5NCCV268VfcuFDErZ/gzr9x0mahrQcuHM65l3vvCRNGlXacb6u0tr6xuVXeruzs7u0f2IdHHRWnEpM2jlkseyFShFFB2ppqRnqJJIiHjHTD8U3udydEKhqLBz1NiM/RUNCIYqSNFNinHkd6hBHLbmc1b4IkSRRlxsE1j6cBDuyqU3fmgKvELUgVFGgF9pc3iHHKidCYIaX6rpNoP0NSU8zIrOKliiQIj9GQ9A0ViBPlZ/NHZvDcKAMYxdKU0HCu/p7IEFdqykPTmZ+tlr1c/M/rpzq69jMqklQTgReLopRBHcM8FTigkmDNpoYgLKm5FeIRkghrk13FhOAuv7xKOpd116m7941qs1HEUQYn4AxcABdcgSa4Ay3QBhg8gmfwCt6sJ+vFerc+Fq0lq5g5Bn9gff4AJieZ/g==</latexit><latexit sha1_base64="ZbSayAlEqIlED2Y8GGfHYECcJCI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBRSmJFHRZ0IXLCvYBTQiT6aQdOjMJM5NCCV268VfcuFDErZ/gzr9x0mahrQcuHM65l3vvCRNGlXacb6u0tr6xuVXeruzs7u0f2IdHHRWnEpM2jlkseyFShFFB2ppqRnqJJIiHjHTD8U3udydEKhqLBz1NiM/RUNCIYqSNFNinHkd6hBHLbmc1b4IkSRRlxsE1j6cBDuyqU3fmgKvELUgVFGgF9pc3iHHKidCYIaX6rpNoP0NSU8zIrOKliiQIj9GQ9A0ViBPlZ/NHZvDcKAMYxdKU0HCu/p7IEFdqykPTmZ+tlr1c/M/rpzq69jMqklQTgReLopRBHcM8FTigkmDNpoYgLKm5FeIRkghrk13FhOAuv7xKOpd116m7941qs1HEUQYn4AxcABdcgSa4Ay3QBhg8gmfwCt6sJ+vFerc+Fq0lq5g5Bn9gff4AJieZ/g==</latexit><latexit sha1_base64="ZbSayAlEqIlED2Y8GGfHYECcJCI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBRSmJFHRZ0IXLCvYBTQiT6aQdOjMJM5NCCV268VfcuFDErZ/gzr9x0mahrQcuHM65l3vvCRNGlXacb6u0tr6xuVXeruzs7u0f2IdHHRWnEpM2jlkseyFShFFB2ppqRnqJJIiHjHTD8U3udydEKhqLBz1NiM/RUNCIYqSNFNinHkd6hBHLbmc1b4IkSRRlxsE1j6cBDuyqU3fmgKvELUgVFGgF9pc3iHHKidCYIaX6rpNoP0NSU8zIrOKliiQIj9GQ9A0ViBPlZ/NHZvDcKAMYxdKU0HCu/p7IEFdqykPTmZ+tlr1c/M/rpzq69jMqklQTgReLopRBHcM8FTigkmDNpoYgLKm5FeIRkghrk13FhOAuv7xKOpd116m7941qs1HEUQYn4AxcABdcgSa4Ay3QBhg8gmfwCt6sJ+vFerc+Fq0lq5g5Bn9gff4AJieZ/g==</latexit>

⌦, "m, µm
<latexit sha1_base64="Nf33WjWWuck0KjjgjjrUeLHztng=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgED6UkUtBjwYs3K9gPaELYbKft0t0k7G4KJRS8+Fe8eFDEq3/Cm//GbZuDtj4YeLw3w8y8MOFMacf5tgpr6xubW8Xt0s7u3v6BfXjUUnEqKTRpzGPZCYkCziJoaqY5dBIJRIQc2uHoZua3xyAVi6MHPUnAF2QQsT6jRBspsE+8OwEDUvHGREKiGDeiqHgiDURgl52qMwdeJW5OyihHI7C/vF5MUwGRppwo1XWdRPsZkZpRDtOSlypICB2RAXQNjYgA5WfzH6b43Cg93I+lqUjjufp7IiNCqYkITacgeqiWvZn4n9dNdf/az1iUpBoiuljUTznWMZ4FgntMAtV8YgihkplbMR0SSag2sZVMCO7yy6ukdVl1nap7XyvXa3kcRXSKztAFctEVqqNb1EBNRNEjekav6M16sl6sd+tj0Vqw8plj9AfW5w8CIJez</latexit><latexit sha1_base64="Nf33WjWWuck0KjjgjjrUeLHztng=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgED6UkUtBjwYs3K9gPaELYbKft0t0k7G4KJRS8+Fe8eFDEq3/Cm//GbZuDtj4YeLw3w8y8MOFMacf5tgpr6xubW8Xt0s7u3v6BfXjUUnEqKTRpzGPZCYkCziJoaqY5dBIJRIQc2uHoZua3xyAVi6MHPUnAF2QQsT6jRBspsE+8OwEDUvHGREKiGDeiqHgiDURgl52qMwdeJW5OyihHI7C/vF5MUwGRppwo1XWdRPsZkZpRDtOSlypICB2RAXQNjYgA5WfzH6b43Cg93I+lqUjjufp7IiNCqYkITacgeqiWvZn4n9dNdf/az1iUpBoiuljUTznWMZ4FgntMAtV8YgihkplbMR0SSag2sZVMCO7yy6ukdVl1nap7XyvXa3kcRXSKztAFctEVqqNb1EBNRNEjekav6M16sl6sd+tj0Vqw8plj9AfW5w8CIJez</latexit><latexit sha1_base64="Nf33WjWWuck0KjjgjjrUeLHztng=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgED6UkUtBjwYs3K9gPaELYbKft0t0k7G4KJRS8+Fe8eFDEq3/Cm//GbZuDtj4YeLw3w8y8MOFMacf5tgpr6xubW8Xt0s7u3v6BfXjUUnEqKTRpzGPZCYkCziJoaqY5dBIJRIQc2uHoZua3xyAVi6MHPUnAF2QQsT6jRBspsE+8OwEDUvHGREKiGDeiqHgiDURgl52qMwdeJW5OyihHI7C/vF5MUwGRppwo1XWdRPsZkZpRDtOSlypICB2RAXQNjYgA5WfzH6b43Cg93I+lqUjjufp7IiNCqYkITacgeqiWvZn4n9dNdf/az1iUpBoiuljUTznWMZ4FgntMAtV8YgihkplbMR0SSag2sZVMCO7yy6ukdVl1nap7XyvXa3kcRXSKztAFctEVqqNb1EBNRNEjekav6M16sl6sd+tj0Vqw8plj9AfW5w8CIJez</latexit><latexit sha1_base64="Nf33WjWWuck0KjjgjjrUeLHztng=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgED6UkUtBjwYs3K9gPaELYbKft0t0k7G4KJRS8+Fe8eFDEq3/Cm//GbZuDtj4YeLw3w8y8MOFMacf5tgpr6xubW8Xt0s7u3v6BfXjUUnEqKTRpzGPZCYkCziJoaqY5dBIJRIQc2uHoZua3xyAVi6MHPUnAF2QQsT6jRBspsE+8OwEDUvHGREKiGDeiqHgiDURgl52qMwdeJW5OyihHI7C/vF5MUwGRppwo1XWdRPsZkZpRDtOSlypICB2RAXQNjYgA5WfzH6b43Cg93I+lqUjjufp7IiNCqYkITacgeqiWvZn4n9dNdf/az1iUpBoiuljUTznWMZ4FgntMAtV8YgihkplbMR0SSag2sZVMCO7yy6ukdVl1nap7XyvXa3kcRXSKztAFctEVqqNb1EBNRNEjekav6M16sl6sd+tj0Vqw8plj9AfW5w8CIJez</latexit>

⌦, "m, µm
<latexit sha1_base64="Nf33WjWWuck0KjjgjjrUeLHztng=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgED6UkUtBjwYs3K9gPaELYbKft0t0k7G4KJRS8+Fe8eFDEq3/Cm//GbZuDtj4YeLw3w8y8MOFMacf5tgpr6xubW8Xt0s7u3v6BfXjUUnEqKTRpzGPZCYkCziJoaqY5dBIJRIQc2uHoZua3xyAVi6MHPUnAF2QQsT6jRBspsE+8OwEDUvHGREKiGDeiqHgiDURgl52qMwdeJW5OyihHI7C/vF5MUwGRppwo1XWdRPsZkZpRDtOSlypICB2RAXQNjYgA5WfzH6b43Cg93I+lqUjjufp7IiNCqYkITacgeqiWvZn4n9dNdf/az1iUpBoiuljUTznWMZ4FgntMAtV8YgihkplbMR0SSag2sZVMCO7yy6ukdVl1nap7XyvXa3kcRXSKztAFctEVqqNb1EBNRNEjekav6M16sl6sd+tj0Vqw8plj9AfW5w8CIJez</latexit><latexit sha1_base64="Nf33WjWWuck0KjjgjjrUeLHztng=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgED6UkUtBjwYs3K9gPaELYbKft0t0k7G4KJRS8+Fe8eFDEq3/Cm//GbZuDtj4YeLw3w8y8MOFMacf5tgpr6xubW8Xt0s7u3v6BfXjUUnEqKTRpzGPZCYkCziJoaqY5dBIJRIQc2uHoZua3xyAVi6MHPUnAF2QQsT6jRBspsE+8OwEDUvHGREKiGDeiqHgiDURgl52qMwdeJW5OyihHI7C/vF5MUwGRppwo1XWdRPsZkZpRDtOSlypICB2RAXQNjYgA5WfzH6b43Cg93I+lqUjjufp7IiNCqYkITacgeqiWvZn4n9dNdf/az1iUpBoiuljUTznWMZ4FgntMAtV8YgihkplbMR0SSag2sZVMCO7yy6ukdVl1nap7XyvXa3kcRXSKztAFctEVqqNb1EBNRNEjekav6M16sl6sd+tj0Vqw8plj9AfW5w8CIJez</latexit><latexit sha1_base64="Nf33WjWWuck0KjjgjjrUeLHztng=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgED6UkUtBjwYs3K9gPaELYbKft0t0k7G4KJRS8+Fe8eFDEq3/Cm//GbZuDtj4YeLw3w8y8MOFMacf5tgpr6xubW8Xt0s7u3v6BfXjUUnEqKTRpzGPZCYkCziJoaqY5dBIJRIQc2uHoZua3xyAVi6MHPUnAF2QQsT6jRBspsE+8OwEDUvHGREKiGDeiqHgiDURgl52qMwdeJW5OyihHI7C/vF5MUwGRppwo1XWdRPsZkZpRDtOSlypICB2RAXQNjYgA5WfzH6b43Cg93I+lqUjjufp7IiNCqYkITacgeqiWvZn4n9dNdf/az1iUpBoiuljUTznWMZ4FgntMAtV8YgihkplbMR0SSag2sZVMCO7yy6ukdVl1nap7XyvXa3kcRXSKztAFctEVqqNb1EBNRNEjekav6M16sl6sd+tj0Vqw8plj9AfW5w8CIJez</latexit><latexit sha1_base64="Nf33WjWWuck0KjjgjjrUeLHztng=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgED6UkUtBjwYs3K9gPaELYbKft0t0k7G4KJRS8+Fe8eFDEq3/Cm//GbZuDtj4YeLw3w8y8MOFMacf5tgpr6xubW8Xt0s7u3v6BfXjUUnEqKTRpzGPZCYkCziJoaqY5dBIJRIQc2uHoZua3xyAVi6MHPUnAF2QQsT6jRBspsE+8OwEDUvHGREKiGDeiqHgiDURgl52qMwdeJW5OyihHI7C/vF5MUwGRppwo1XWdRPsZkZpRDtOSlypICB2RAXQNjYgA5WfzH6b43Cg93I+lqUjjufp7IiNCqYkITacgeqiWvZn4n9dNdf/az1iUpBoiuljUTznWMZ4FgntMAtV8YgihkplbMR0SSag2sZVMCO7yy6ukdVl1nap7XyvXa3kcRXSKztAFctEVqqNb1EBNRNEjekav6M16sl6sd+tj0Vqw8plj9AfW5w8CIJez</latexit>

x2
<latexit sha1_base64="m5mZuPvvZnnclRqjugsyLlv0R+4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t3VK416HkcRzuAcLsGDK2jALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAI/o2T</latexit><latexit sha1_base64="m5mZuPvvZnnclRqjugsyLlv0R+4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t3VK416HkcRzuAcLsGDK2jALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAI/o2T</latexit><latexit sha1_base64="m5mZuPvvZnnclRqjugsyLlv0R+4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t3VK416HkcRzuAcLsGDK2jALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAI/o2T</latexit><latexit sha1_base64="m5mZuPvvZnnclRqjugsyLlv0R+4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY8FLx4r2g9oQ9lsJ+3SzSbsbsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJzdzvPKLSPJYPZpqgH9GR5CFn1Fjp/mlQG5QrbtVdgKwTLycVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny1OnZELqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwms/4zJJDUq2XBSmgpiYzP8mQ66QGTG1hDLF7a2EjamizNh0SjYEb/XlddKuVT236t3VK416HkcRzuAcLsGDK2jALTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAI/o2T</latexit>

x1
<latexit sha1_base64="cKTOuITBPEIHLWwtMqhBL4Jnvbc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Db1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmlfVT236t3VKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwd6jZI=</latexit><latexit sha1_base64="cKTOuITBPEIHLWwtMqhBL4Jnvbc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Db1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmlfVT236t3VKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwd6jZI=</latexit><latexit sha1_base64="cKTOuITBPEIHLWwtMqhBL4Jnvbc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Db1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmlfVT236t3VKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwd6jZI=</latexit><latexit sha1_base64="cKTOuITBPEIHLWwtMqhBL4Jnvbc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbuZ+55FrI2L1gNOE+xEdKREKRtFK908Db1CuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmlfVT236t3VKo1aHkcRzuAcLsGDOjTgFprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwd6jZI=</latexit>

Figure 1 – Not-to-scale schematic of the microcapsule before and after deformation.

of the electromagnetic spectrum [380 − 740nm], making the changes visible to the naked eye. In [9],
the microcapsules have dimensions 4− 30µm, and the nanoparticles have mean diameters 40 nm ±25
nm; the resonators are indeed subwavelength. In [4, 6, 7], the plasmonic resonances of a single particle
are characterised in terms of the spectrum to some integral operator, known as the Neumann-Poincaré
operator.

In this paper, we mathematically formulate the scattering problem and derive an effective trans-
mission condition using layer potential techniques (see Definition B.1). We show that the absorption
properties of the metasurface are associated with the eigenvalues of a periodic Neumann-Poincaré type
operator. The thinness of the layer allows us to employ homogenisation techniques and effectively re-
place the plasmonic particles by an approximate transmission condition. In contrast with quasi-static
plasmonic resonances of single nanoparticles, the quasi-static plasmonic resonances of periodically ar-
ranged nanoparticles depend on their size and configuration. We exploit well-known results on the
periodic Green function and on the spectrum of its associated Neumann-Poincaré operator to fully
characterise the resonances in terms of the structure’s periodicity.

For simplicity, we reduce the problem to two dimensions where the microcapsule is a disk in the
R2-plane and the nanoparticles are equally spaced disks mounted on its perimeter, see Figure 1. We
assume that the nanoparticles stay equally spaced on the elongated ellipse. We model the propagation
of light with the scalar wave equation and illuminate with a plane wave.

The rest of the paper is structured as follows: We begin in section 2 by formulating the problem
setting; in section 3 we solve a hierarchy of equations from which we derive the effective transmission
condition; next, we fully characterise the transmission condition in terms of the periodicity in section
4, and validate it against numerical simulations; we conclude in section 5 with a discussion of our
results, generalization to three dimensions, and other future directions.

2 Problem setting
We consider a particle D occupying a smooth bounded domain in R2, of class C1,α for some α > 0,
characterised by electric permittivity εc and magnetic permeability µc, both of which may depend on
ω, the frequency of the incoming wave. The particle D has a characteristic size δ small compared
to the operating wavelength. For ease of notation, we will write δ � 1 in what follows instead of
the correct homogeneous approximation δω/c � 1, where c is the speed of light in the medium. The
background medium is characterised by its electric permittivity εm and its magnetic permeability µm.
Throughout this paper, we assume that εm and µm are real and positive and that km is of order one.
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d

�
<latexit sha1_base64="uhsZv7VK1YrWrh1NJcA9A2wEy5k=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0mkoMeCF48V7Ac0oWw2m3bp5oPdSaGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvyKTQ6DjfVmVre2d3r7pfOzg8Oj6xT8+6Os0V4x2WylT1A6q5FAnvoEDJ+5niNA4k7wWT+4Xfm3KlRZo84SzjfkxHiYgEo2ikoW17kaKsCOeFF3KJdD60607DWYJsErckdSjRHtpfXpiyPOYJMkm1HrhOhn5BFQom+bzm5ZpnlE3oiA8MTWjMtV8sL5+TK6OEJEqVqQTJUv09UdBY61kcmM6Y4livewvxP2+QY3TnFyLJcuQJWy2KckkwJYsYSCgUZyhnhlCmhLmVsDE1UaAJq2ZCcNdf3iTdm4brNNzHZr3VLOOowgVcwjW4cAsteIA2dIDBFJ7hFd6swnqx3q2PVWvFKmfO4Q+szx8mE5Pv</latexit><latexit sha1_base64="uhsZv7VK1YrWrh1NJcA9A2wEy5k=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0mkoMeCF48V7Ac0oWw2m3bp5oPdSaGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvyKTQ6DjfVmVre2d3r7pfOzg8Oj6xT8+6Os0V4x2WylT1A6q5FAnvoEDJ+5niNA4k7wWT+4Xfm3KlRZo84SzjfkxHiYgEo2ikoW17kaKsCOeFF3KJdD60607DWYJsErckdSjRHtpfXpiyPOYJMkm1HrhOhn5BFQom+bzm5ZpnlE3oiA8MTWjMtV8sL5+TK6OEJEqVqQTJUv09UdBY61kcmM6Y4livewvxP2+QY3TnFyLJcuQJWy2KckkwJYsYSCgUZyhnhlCmhLmVsDE1UaAJq2ZCcNdf3iTdm4brNNzHZr3VLOOowgVcwjW4cAsteIA2dIDBFJ7hFd6swnqx3q2PVWvFKmfO4Q+szx8mE5Pv</latexit><latexit sha1_base64="uhsZv7VK1YrWrh1NJcA9A2wEy5k=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0mkoMeCF48V7Ac0oWw2m3bp5oPdSaGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvyKTQ6DjfVmVre2d3r7pfOzg8Oj6xT8+6Os0V4x2WylT1A6q5FAnvoEDJ+5niNA4k7wWT+4Xfm3KlRZo84SzjfkxHiYgEo2ikoW17kaKsCOeFF3KJdD60607DWYJsErckdSjRHtpfXpiyPOYJMkm1HrhOhn5BFQom+bzm5ZpnlE3oiA8MTWjMtV8sL5+TK6OEJEqVqQTJUv09UdBY61kcmM6Y4livewvxP2+QY3TnFyLJcuQJWy2KckkwJYsYSCgUZyhnhlCmhLmVsDE1UaAJq2ZCcNdf3iTdm4brNNzHZr3VLOOowgVcwjW4cAsteIA2dIDBFJ7hFd6swnqx3q2PVWvFKmfO4Q+szx8mE5Pv</latexit><latexit sha1_base64="uhsZv7VK1YrWrh1NJcA9A2wEy5k=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0mkoMeCF48V7Ac0oWw2m3bp5oPdSaGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvyKTQ6DjfVmVre2d3r7pfOzg8Oj6xT8+6Os0V4x2WylT1A6q5FAnvoEDJ+5niNA4k7wWT+4Xfm3KlRZo84SzjfkxHiYgEo2ikoW17kaKsCOeFF3KJdD60607DWYJsErckdSjRHtpfXpiyPOYJMkm1HrhOhn5BFQom+bzm5ZpnlE3oiA8MTWjMtV8sL5+TK6OEJEqVqQTJUv09UdBY61kcmM6Y4livewvxP2+QY3TnFyLJcuQJWy2KckkwJYsYSCgUZyhnhlCmhLmVsDE1UaAJq2ZCcNdf3iTdm4brNNzHZr3VLOOowgVcwjW4cAsteIA2dIDBFJ7hFd6swnqx3q2PVWvFKmfO4Q+szx8mE5Pv</latexit>

1
<latexit sha1_base64="QHzsrV+yTF5n8m/WTSsCnVjJDBA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyxuWK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr1SqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz92Z4yn</latexit><latexit sha1_base64="QHzsrV+yTF5n8m/WTSsCnVjJDBA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyxuWK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr1SqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz92Z4yn</latexit><latexit sha1_base64="QHzsrV+yTF5n8m/WTSsCnVjJDBA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyxuWK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr1SqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz92Z4yn</latexit><latexit sha1_base64="QHzsrV+yTF5n8m/WTSsCnVjJDBA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyxuWK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr1SqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz92Z4yn</latexit>

(a)
<latexit sha1_base64="jHe0FbkNZSh6joiOM/jeOegh9/w=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBahXkoiBT0WvHisYD+gKWWznbRLN5uwOxFL6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28Sp5tDisYx1N2AGpFDQQoESuokGFgUSOsHkdu53HkEbEasHnCbQj9hIiVBwhlbyqz7CEwZhxmaXg3LFrbkL0HXi5aRCcjQH5S9/GPM0AoVcMmN6nptgP2MaBZcwK/mpgYTxCRtBz1LFIjD9bHHzjF5YZUjDWNtSSBfq74mMRcZMo8B2RgzHZtWbi/95vRTDm34mVJIiKL5cFKaSYkznAdCh0MBRTi1hXAt7K+VjphlHG1PJhuCtvrxO2lc1z6159/VKo57HUSRn5JxUiUeuSYPckSZpEU4S8kxeyZuTOi/Ou/OxbC04+cwp+QPn8wfKX5F3</latexit><latexit sha1_base64="jHe0FbkNZSh6joiOM/jeOegh9/w=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBahXkoiBT0WvHisYD+gKWWznbRLN5uwOxFL6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28Sp5tDisYx1N2AGpFDQQoESuokGFgUSOsHkdu53HkEbEasHnCbQj9hIiVBwhlbyqz7CEwZhxmaXg3LFrbkL0HXi5aRCcjQH5S9/GPM0AoVcMmN6nptgP2MaBZcwK/mpgYTxCRtBz1LFIjD9bHHzjF5YZUjDWNtSSBfq74mMRcZMo8B2RgzHZtWbi/95vRTDm34mVJIiKL5cFKaSYkznAdCh0MBRTi1hXAt7K+VjphlHG1PJhuCtvrxO2lc1z6159/VKo57HUSRn5JxUiUeuSYPckSZpEU4S8kxeyZuTOi/Ou/OxbC04+cwp+QPn8wfKX5F3</latexit><latexit sha1_base64="jHe0FbkNZSh6joiOM/jeOegh9/w=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBahXkoiBT0WvHisYD+gKWWznbRLN5uwOxFL6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28Sp5tDisYx1N2AGpFDQQoESuokGFgUSOsHkdu53HkEbEasHnCbQj9hIiVBwhlbyqz7CEwZhxmaXg3LFrbkL0HXi5aRCcjQH5S9/GPM0AoVcMmN6nptgP2MaBZcwK/mpgYTxCRtBz1LFIjD9bHHzjF5YZUjDWNtSSBfq74mMRcZMo8B2RgzHZtWbi/95vRTDm34mVJIiKL5cFKaSYkznAdCh0MBRTi1hXAt7K+VjphlHG1PJhuCtvrxO2lc1z6159/VKo57HUSRn5JxUiUeuSYPckSZpEU4S8kxeyZuTOi/Ou/OxbC04+cwp+QPn8wfKX5F3</latexit><latexit sha1_base64="jHe0FbkNZSh6joiOM/jeOegh9/w=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBahXkoiBT0WvHisYD+gKWWznbRLN5uwOxFL6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28Sp5tDisYx1N2AGpFDQQoESuokGFgUSOsHkdu53HkEbEasHnCbQj9hIiVBwhlbyqz7CEwZhxmaXg3LFrbkL0HXi5aRCcjQH5S9/GPM0AoVcMmN6nptgP2MaBZcwK/mpgYTxCRtBz1LFIjD9bHHzjF5YZUjDWNtSSBfq74mMRcZMo8B2RgzHZtWbi/95vRTDm34mVJIiKL5cFKaSYkznAdCh0MBRTi1hXAt7K+VjphlHG1PJhuCtvrxO2lc1z6159/VKo57HUSRn5JxUiUeuSYPckSZpEU4S8kxeyZuTOi/Ou/OxbC04+cwp+QPn8wfKX5F3</latexit>

(b)
<latexit sha1_base64="W2wjV+cbJZ0e95jQQqmf3gxpTJg=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBahXkoiBT0WvHisYD+gKWWznbRLN5uwOxFL6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28Sp5tDisYx1N2AGpFDQQoESuokGFgUSOsHkdu53HkEbEasHnCbQj9hIiVBwhlbyqz7CEwZhFswuB+WKW3MXoOvEy0mF5GgOyl/+MOZpBAq5ZMb0PDfBfsY0Ci5hVvJTAwnjEzaCnqWKRWD62eLmGb2wypCGsbalkC7U3xMZi4yZRoHtjBiOzao3F//zeimGN/1MqCRFUHy5KEwlxZjOA6BDoYGjnFrCuBb2VsrHTDOONqaSDcFbfXmdtK9qnlvz7uuVRj2Po0jOyDmpEo9ckwa5I03SIpwk5Jm8kjcndV6cd+dj2Vpw8plT8gfO5w/L5ZF4</latexit><latexit sha1_base64="W2wjV+cbJZ0e95jQQqmf3gxpTJg=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBahXkoiBT0WvHisYD+gKWWznbRLN5uwOxFL6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28Sp5tDisYx1N2AGpFDQQoESuokGFgUSOsHkdu53HkEbEasHnCbQj9hIiVBwhlbyqz7CEwZhFswuB+WKW3MXoOvEy0mF5GgOyl/+MOZpBAq5ZMb0PDfBfsY0Ci5hVvJTAwnjEzaCnqWKRWD62eLmGb2wypCGsbalkC7U3xMZi4yZRoHtjBiOzao3F//zeimGN/1MqCRFUHy5KEwlxZjOA6BDoYGjnFrCuBb2VsrHTDOONqaSDcFbfXmdtK9qnlvz7uuVRj2Po0jOyDmpEo9ckwa5I03SIpwk5Jm8kjcndV6cd+dj2Vpw8plT8gfO5w/L5ZF4</latexit><latexit sha1_base64="W2wjV+cbJZ0e95jQQqmf3gxpTJg=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBahXkoiBT0WvHisYD+gKWWznbRLN5uwOxFL6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28Sp5tDisYx1N2AGpFDQQoESuokGFgUSOsHkdu53HkEbEasHnCbQj9hIiVBwhlbyqz7CEwZhFswuB+WKW3MXoOvEy0mF5GgOyl/+MOZpBAq5ZMb0PDfBfsY0Ci5hVvJTAwnjEzaCnqWKRWD62eLmGb2wypCGsbalkC7U3xMZi4yZRoHtjBiOzao3F//zeimGN/1MqCRFUHy5KEwlxZjOA6BDoYGjnFrCuBb2VsrHTDOONqaSDcFbfXmdtK9qnlvz7uuVRj2Po0jOyDmpEo9ckwa5I03SIpwk5Jm8kjcndV6cd+dj2Vpw8plT8gfO5w/L5ZF4</latexit><latexit sha1_base64="W2wjV+cbJZ0e95jQQqmf3gxpTJg=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBahXkoiBT0WvHisYD+gKWWznbRLN5uwOxFL6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28Sp5tDisYx1N2AGpFDQQoESuokGFgUSOsHkdu53HkEbEasHnCbQj9hIiVBwhlbyqz7CEwZhFswuB+WKW3MXoOvEy0mF5GgOyl/+MOZpBAq5ZMb0PDfBfsY0Ci5hVvJTAwnjEzaCnqWKRWD62eLmGb2wypCGsbalkC7U3xMZi4yZRoHtjBiOzao3F//zeimGN/1MqCRFUHy5KEwlxZjOA6BDoYGjnFrCuBb2VsrHTDOONqaSDcFbfXmdtK9qnlvz7uuVRj2Po0jOyDmpEo9ckwa5I03SIpwk5Jm8kjcndV6cd+dj2Vpw8plT8gfO5w/L5ZF4</latexit>

B =
D

�
<latexit sha1_base64="i1W16m6I4okLIF9zDqlUhW1iAzs=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5JIQS9CUQ8eK9gPaELZbDft0s0m7G7EEvJXvHhQxKt/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bZKa+sbm1vl7crO7t7+gX1Y7ag4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mNzM/O4jlYrF4kFPE+pHeCRYyAjWRhrY1esrL5SYZLd55g0p1zgf2DWn7syBVolbkBoUaA3sL28YkzSiQhOOleq7TqL9DEvNCKd5xUsVTTCZ4BHtGypwRJWfzW/P0alRhiiMpSmh0Vz9PZHhSKlpFJjOCOuxWvZm4n9eP9XhpZ8xkaSaCrJYFKYc6RjNgkBDJinRfGoIJpKZWxEZYxOFNnFVTAju8surpHNed526e9+oNRtFHGU4hhM4AxcuoAl30II2EHiCZ3iFNyu3Xqx362PRWrKKmSP4A+vzBwd0lGI=</latexit><latexit sha1_base64="i1W16m6I4okLIF9zDqlUhW1iAzs=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5JIQS9CUQ8eK9gPaELZbDft0s0m7G7EEvJXvHhQxKt/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bZKa+sbm1vl7crO7t7+gX1Y7ag4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mNzM/O4jlYrF4kFPE+pHeCRYyAjWRhrY1esrL5SYZLd55g0p1zgf2DWn7syBVolbkBoUaA3sL28YkzSiQhOOleq7TqL9DEvNCKd5xUsVTTCZ4BHtGypwRJWfzW/P0alRhiiMpSmh0Vz9PZHhSKlpFJjOCOuxWvZm4n9eP9XhpZ8xkaSaCrJYFKYc6RjNgkBDJinRfGoIJpKZWxEZYxOFNnFVTAju8surpHNed526e9+oNRtFHGU4hhM4AxcuoAl30II2EHiCZ3iFNyu3Xqx362PRWrKKmSP4A+vzBwd0lGI=</latexit><latexit sha1_base64="i1W16m6I4okLIF9zDqlUhW1iAzs=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5JIQS9CUQ8eK9gPaELZbDft0s0m7G7EEvJXvHhQxKt/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bZKa+sbm1vl7crO7t7+gX1Y7ag4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mNzM/O4jlYrF4kFPE+pHeCRYyAjWRhrY1esrL5SYZLd55g0p1zgf2DWn7syBVolbkBoUaA3sL28YkzSiQhOOleq7TqL9DEvNCKd5xUsVTTCZ4BHtGypwRJWfzW/P0alRhiiMpSmh0Vz9PZHhSKlpFJjOCOuxWvZm4n9eP9XhpZ8xkaSaCrJYFKYc6RjNgkBDJinRfGoIJpKZWxEZYxOFNnFVTAju8surpHNed526e9+oNRtFHGU4hhM4AxcuoAl30II2EHiCZ3iFNyu3Xqx362PRWrKKmSP4A+vzBwd0lGI=</latexit><latexit sha1_base64="i1W16m6I4okLIF9zDqlUhW1iAzs=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5JIQS9CUQ8eK9gPaELZbDft0s0m7G7EEvJXvHhQxKt/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bZKa+sbm1vl7crO7t7+gX1Y7ag4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mNzM/O4jlYrF4kFPE+pHeCRYyAjWRhrY1esrL5SYZLd55g0p1zgf2DWn7syBVolbkBoUaA3sL28YkzSiQhOOleq7TqL9DEvNCKd5xUsVTTCZ4BHtGypwRJWfzW/P0alRhiiMpSmh0Vz9PZHhSKlpFJjOCOuxWvZm4n9eP9XhpZ8xkaSaCrJYFKYc6RjNgkBDJinRfGoIJpKZWxEZYxOFNnFVTAju8surpHNed526e9+oNRtFHGU4hhM4AxcuoAl30II2EHiCZ3iFNyu3Xqx362PRWrKKmSP4A+vzBwd0lGI=</latexit>

⇠1
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Figure 2 – Plane grating of periodically arranged nanoparticles on (a), on (b) after stretched coordi-
nates.

We also assume that =εc ≤ 0,<µc ≤ 0 and =µc ≤ 0. We define the wavenumbers kc = ω
√
εcµc and

km = ω
√
εmµm.

The particle is repeated periodically on the perimeter of a disk Ω of radius r centred at the origin
representing the microcapsule. Let N be the number of particles and D = ∪Nl=1Dl be the collection of
periodically arranged particles. We assume the particles to be placed on the roots of unity, so their
centres have coordinates in the complex plane zl = r exp (2iπl/N), for l = 0, . . . , N − 1, see Figure 1.
Let ε = εcχ(D) + εmχ(R2 \ D̄) and µ = µcχ(D) + µmχ(R2 \ D̄), where χ denotes the characteristic
function. Let ui(x) = exp (ikmκ · x) be the incident wave, where κ is the unit incidence direction.

Upon mechanical stress, the elastic circular microcapsule deforms into an ellipse. We choose the
medium to be water, which is incompressible. For the microcapsule’s surface to be conserved, its
perimeter has to increase, which in turn increases, on average, the inter-particle distance. Not-to-scale
circular and elliptic microcapsules are sketched in Figure 1. In our approximation, the layer of particles
stays periodic under the stretch and the period increases. Moreover, we consider the elastic layer on
which the nanoparticles are mounted to be infinitely thin.

We use the Helmholtz equation to model the propagation of light. The total potential u satisfies
the following equations 




∇ ·
(

1

µ
∇u
)

+ ω2εu = 0 in R2,

u|+ = u|− on ∂D,
1

µm

∂u

∂ν

∣∣∣∣
+

=
1

µc

∂u

∂ν

∣∣∣∣
−

on ∂D,

(1)

as well as the outgoing radiation condition
∣∣∣∣
∂(u− ui)
∂|x| − ikm(u− ui)

∣∣∣∣ = O
(
|x|−3/2

)
as |x| → ∞. (2)

Here, ∂ · /∂ν denotes the normal derivative and the subscripts + and − are used to denote evaluation
from outside and inside ∂D, respectively.

It was shown in [1] that the curvature of the microcapsule does not appear at the first order
approximation in δ of the periodic particles. So the approximate transmission conditions will be
determined by studying the infinite periodic one-dimensional grating shown in Figure 2(a), where now
D = ∪∞l=1Dl. When considering the boundary layer, we use the scaled coordinates ξ = (ξ1, ξ2), as
shown in panel (b) of the same figure, and denote by d/δ the inter-particle distance. The particles are
repeated along the ξ1-axis. We assume d and δ to be of the same order of magnitude.
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3 Boundary layer approximation
Assume that the capsule Ω is of class C1. For x in a neighborhood of ∂Ω, let s be the curvilinear abscissa
of the orthogonal projection of x on ∂Ω and let −n be the signed distance from Ω. Following [1], for
x in a neighbourhood of ∂Ω, we introduce the ansatz

u(x) = u(0)(x) + u
(0)
BL

(s
δ
,
n

δ

)
+ δ

(
u(1)(x) + u

(1)
BL

(s
δ
,
n

δ

))
+O

(
δ2
)
. (3)

Both u(0) and u(1) are solutions to a Helmholtz equation and do not satisfy boundary conditions on
the plasmonic particles. The boundary-layer correctors u(0)BL and u

(1)
BL are introduced to correct the

transmission conditions on the particles boundary, and are exponentially decaying as |ξ2| (ξ2 = n/δ)
goes to infinity. Note that the convergence of (3) was proved in [1] for the half-plane setting with
Dirichlet boundary conditions. The same arguments as those in [1] apply here.

By substituting the asymptotic expansion (3) into (1) we find that the leading-order term u(0)

solves
{

∆u(0) + k2mu
(0) = 0 in R2 \ Ω and Ω,

u(0) − ui satisfies the outgoing radiation condition (2) as |x| → ∞.
(4)

The leading-order boundary-layer term u
(0)
BL corrects the transmission conditions on ∂D up to order

O(δ) , and hence it solves




∇ ·
(

1

µ
∇u(0)BL

)
+ ω2εu

(0)
BL = 0 in

(
R2 \ D

)
∪ D,

u
(0)
BL

∣∣∣
+

= u
(0)
BL

∣∣∣
−

on ∂D,

1

µm

∂u
(0)
BL
∂ν

∣∣∣∣∣
+

− 1

µc

∂u
(0)
BL
∂ν

∣∣∣∣∣
−

=

(
1

µc
− 1

µm

)
∂u(0)

∂ν
on ∂D,

u
(0)
BL is exponentially decaying away from ∂Ω.

(5)

We consider now a re-scaled problem where a particle occupies a bounded domain B = D/δ and is
repeated periodically on the ξ1-axis with period d/δ, see Figure 2(b). We denote by B the collection
of these re-sized particles. We introduce two functions α(1) and α(2) and four complex constants
α
(1),+
∞ , α

(1),−
∞ , α

(2),+
∞ , α

(2),−
∞ that satisfy in the variable ξ = (ξ1, ξ2) and for l = 1, 2,





∆α(l) = 0 in
(
R2 \ B

)
∪ B,

α(l)
∣∣∣
+

= α(l)
∣∣∣
−

on ∂B,

1

µm

∂α(l)

∂ν

∣∣∣∣
+

− 1

µc

∂α(l)

∂ν

∣∣∣∣
−

=

(
1

µc
− 1

µm

)
νl on ∂B,

α(l) − α(l),+
∞ is exponentially decaying as ξ2 → +∞,

α(l) − α(l),−
∞ is exponentially decaying as ξ2 → −∞.

(6)

Then u(0)BL defined by

u
(0)
BL(x) :=





δ

[
∂u(0)

∂x1
(x1, 0)

(
α(1)

(x
δ

)
− α(1),+

∞
)

+
∂u(0)

∂x2
(x1, 0)

(
α(2)

(x
δ

)
− α(2),+

∞
)]

for n ≥ 0,

δ

[
∂u(0)

∂x1
(x1, 0)

(
α(1)

(x
δ

)
− α(1),−

∞
)

+
∂u(0)

∂x2
(x1, 0)

(
α(2)

(x
δ

)
− α(2),−

∞
)]

for n < 0,

solves (5) up to order O(δ2).
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Lemma 3.1. Using the periodic single-layer potential SB,] and the periodic Neumann-Poincaré oper-
ator K∗B,] defined in Appendix B, we can write the solutions to (6) as

α(l) = SB,]
(
λI −K∗B,]

)−1
[νl] , l = 1, 2, (7)

where I denotes the identity operator and the contrast λ is given by

λ =
µm + µc

2(µm − µc)
. (8)

Proof. We search for densities Ψl ∈ H−
1
2 (∂B) such that α(l) = SB,][Ψl]. From Lemma B.1, the

periodic single-layer potential is harmonic in
(
R2 \ B

)
∪ B and continuous across ∂B and so, we are

left with the normal derivative jump condition.

Lemma 3.2. The following expansions hold for l = 1, 2, ξ = (ξ1, ξ2),

α(l)(ξ) = α(l),+
∞ +O(exp(−ξ2)) as ξ2 → +∞,

α(l)(ξ) = α(l),−
∞ +O(exp(ξ2)) as ξ2 → −∞,

with

α(1),+
∞ = −α(1),−

∞ = 0, (9)

α(2),+
∞ = −α(2),−

∞ = − δ

2d

∞∑

j=1

〈φj , ν2〉H∗
0(∂B) 〈φj , ν2〉H∗

0(∂B)

(λ− λj)( 1
2 − λj)

, (10)

where {λj} are the eigenvalues of K∗B,] and {φj} a corresponding orthonormal basis of eigenvectors.

Proof. We use the expansions of the periodic Green’s function derived in Lemma A.2. As ξ2 → +∞,
we have by definition

α(l)(ξ) =

ˆ
∂B

G](ξ, ζ)
(
λI −K∗B,]

)−1
[νl] (ζ)dσ(ζ),

=

ˆ
∂B

(
δ(ξ2 − ζ2)

2d
− ln 2

2π

)(
λI −K∗B,]

)−1
[νl] (ζ)dσ(ζ) +O (exp(−ξ2)) ,

= − δ

2d

ˆ
∂B

ζ2
(
λI −K∗B,]

)−1
[νl] (ζ)dσ(ζ) +O (exp(−ξ2)) ,

= − δ

2d

ˆ
∂B

ζ2

∞∑

j=0

〈φj , νl〉H∗
0(∂B)

λ− λj
φj(ζ)dσ(ζ) +O (exp(−ξ2)) ,

= − δ

2d

∞∑

j=1

〈φj , νl〉H∗
0(∂B) 〈φj , ζ2〉−1/2,1/2
λ− λj

+O (exp(−ξ2)) ,

= − δ

2d

∞∑

j=1

〈φj , νl〉H∗
0(∂B) 〈φj , ν2〉H∗

0(∂B)

(λ− λj)( 1
2 − λj)

+O (exp(−ξ2)) ,

where we used 〈φ0, νl〉H∗
0(∂B) = 0 and

ˆ
∂B

(
λI −K∗B,]

)−1
[νl] (ζ)dσ(ζ) = 0.
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Indeed, let Ψ =
(
λI −K∗B,]

)−1
[νl]. Since

´
∂B

νl dσ = 0, we have

ˆ
∂B

(
λI −K∗B,]

)
[Ψ] dσ =

ˆ
∂B

Ψ (λI −KB,]) [1] dσ =

(
λ− 1

2

)ˆ
∂B

Ψ = 0 dσ.

Finally, λ 6= 1/2, and so
´
∂B

Ψ dσ = 0. The last equality follows from

(
1

2
− λj) 〈φj , ζ2〉−1/2,1/2 = 〈φj , ν2〉H∗

0(∂B) ,

which is obtained by integration by parts. We prove that α(1),+
∞ = 0 by symmetry; indeed we have

α(1),+
∞ = − δ

2d

ˆ
∂B

ζ2
(
λI −K∗B,]

)−1
[ν1] (ζ)dσ(ζ),

= − δ

2d

(ˆ
∂B+

ζ2
(
λI −K∗B,]

)−1
[ν1] (ζ)dσ(ζ) +

ˆ
∂B−

ζ2
(
λI −K∗B,]

)−1
[ν1] (ζ)dσ(ζ)

)
,

where we split the boundary integral into an upper and lower half-space, on ∂B+ and ∂B−, respectively.
A change of variable ζ ′ = −ζ in the second integral gives ζ ′2 = −ζ2 and ν1(ζ ′) = ν1(ζ) and hence, the
sum vanishes.

The proof for ξ2 → −∞ follows the same steps.

Since there is no jump of u across ∂Ω, u(1) must correct the jump of u(0)BL. Hence, the first-order
term u(1) solves





∆u(1) + k2mu
(1) = 0 in R2 \ Ω and Ω,

∂u(1)

∂ν

∣∣∣∣
+

=
∂u(1)

∂ν

∣∣∣∣
−

on ∂Ω,

u(1)
∣∣∣
+
− u(1)

∣∣∣
−

= −2α(2),+
∞

∂u(0)

∂ν
on ∂Ω,

u(1) − ui satisfies the outgoing radiation condition (2) at infinity.

(11)

4 Effective transmission condition and strain sensing

4.1 Effective transmission condition
By writing uapp := u(0) + δu(1) we find uapp to be the solution of





∆uapp + k2muapp = 0 in R2 \ Ω and Ω,

∂uapp

∂ν

∣∣∣∣
+

=
∂uapp

∂ν

∣∣∣∣
−

on ∂Ω,

uapp|+ − uapp|− = −2δα(2),+
∞

∂uapp

∂ν
on ∂Ω,

uapp − ui satisfies the outgoing radiation condition (2) at infinity.

(12)

We have derived an effective transmission condition on ∂Ω, which is proportional to α(2),+
∞ . From (10),

α
(2),+
∞ blows up at ω for which the spectrum of K∗B,] coincides with the contrast λ(ω). Notice that

the eigenvalues {λj}j∈N depend implicitly on the ratio δ/d. So as the period increases, the frequency
at which a plasmonic resonance occurs will be shifted to the right (i.e., the red). This follows from
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Lemma B.2. From equation (15), it is clear that as the period increases, which is equivalent to the
particle radius decreasing (η < 0), eigenvalues {λj}j∈N are larger.

The contrast can be written explicitly in terms of the frequency, using, for instance, the Drude
model [13], to express the magnetic permeability of the particles as:

µc(ω) = µ0

(
1− ω2

p

ω2 + iωT−1

)
,

where the positive constants ωp and T are the plasma frequency and the collision frequency or damping
factor, respectively. Here, µ0 is the magnetic permeability in vacuum. In the non-restrictive case where
the medium is vacuum, i.e., µm = µ0, the contrast has the simple expression

λ(ω) =
ω2 + iωT−1

ω2
p

− 1

2
.

Now, solving λj = λ(ω) yields (<ω)2 =
(
λj + 1

2

)
ω2
p −T−2/4, which tells us that when the eigenvalues

{λj}j∈N are larger, the frequency is larger. As the wavelength is inversely proportional to the frequency,
Λ = 2πc/ω, a period increase will shift the absorption peak to smaller wavelengths. This is consistent
with the experimental results reported in [9, 10].

4.2 Capsule’s deformation
The microcapsule’s deformation under mechanical stress is characterised by the Taylor parameter
(D, θ): a deformation index D := (L1 − L2)/(L1 + L2), where L1 and L2 are the major and minor
axes of the ellipse and an orientation angle θ [12, 8, 11]. In our particular case, the capsule’s surface
is conserved so L1 = r2/L2, where r is the disk radius before elongation, and the strain is uni-axial
on a film so θ = 0. The perimeter of the ellipse can be approximated by P ≈ π

√
2
√
L2
1 + L2

2. On the
other hand, P ≈ Nd, where N was the number of nanoparticles. Therefore, by measuring the position
of the absorption peak of the microcapsule, one can calculate the inter-particle distance and in turn
fully characterise the deformation.

4.3 Numerical illustration
We now show numerical computations to further validate our results. In [9], the capsules are roughly
stretched by a factor of three, which corresponds to approximately doubling the inter-particle distance:

P ′
P =

d′

d
≈ π
√

2
√

(3r)2 + (r/3)2

2πr
≈ 2.13,

where P and P ′ are the perimeters of the circle and the ellipse, respectively. Figure 3 shows
∣∣∣α(2),+
∞

∣∣∣
as a function of the wavelength for different periods but for a fixed radius. The larger the distance
between the gold nanoparticles, the more red-shifted the plasmon peak is, which is consistent with our
theoretical result in Lemma B.2.

Remark 4.1. As the volume fraction of the nanoparticles increases, the absorption peak broadens and
shifts to the red, as reported in [10], which explains why our absorption peaks are in the UV range and
not in the visible range.

5 Conclusion
The mathematical modelling presented in this article gives a rigorous justification for the results
reported in [9], where gold nanoparticles were used as building blocks to design strain sensing mi-
crocapsules. Using the spectral properties of the Neumann-Poincaré operator we derived an effective
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Figure 3 –
∣∣∣α(2),+
∞

∣∣∣ as a function of the wavelength for linearly increasing unit cell sizes, from d = 1

(blue contour) to d = 2 (purple contour), with a fixed radius δ = 0.45. Water was used for the
homogeneous medium (εm = (1.77)2ε0) and gold for the nanoparticles. For the plasma frequency and
damping factor we used T = 10−14s and ωp = 2 · 1015s−1.

transmission condition and investigated the dependency of the effective transmission condition with
respect to changes in the nanoparticles spacing.

Although the nanoparticles were modelled as disks, the calculations were conducted for an arbi-
trary shape, one with a sufficiently smooth boundary, and only the numerical computations shown in
Figure 3 are specific to circles. This result could be extended to a two-dimensional array of spherical
nanoparticles mounted on a two-dimensional surface.

A Periodic Green’s function
Definition A.1. Let us define the one-dimensional periodic Green’s function in R2 as the function
G] : R2 → C satisfying

∆G](ξ) =
∑

n∈Z
δ0

(
ξ +

(
nd

δ
, 0

))
. (13)

Lemma A.1. Let ξ = (ξ1, ξ2). Then

G](ξ) =
1

4π
ln

[
sinh2

(
πδ

d
ξ2

)
+ sin2

(
πδ

d
ξ1

)]
, (14)

satisfies (13).

Proof. The proof can be found in [2] in the special case d/δ = 1. Adding the multiplicative factor is
straightforward.

Let us denote by G](ξ, ζ) := G](ξ − ζ).
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Lemma A.2. The following expansions hold for G] at infinity:

G](ξ) =
δ(ξ2 − ζ2)

2d
− ln 2

2π
+O(exp(−ξ2)) as ξ2 → +∞,

G](ξ) =
−δ(ξ2 − ζ2)

2d
− ln 2

2π
+O(exp(ξ2)) as ξ2 → −∞.

Proof. As ξ2 → +∞, we have

G](ξ, ζ) =
1

4π
ln

[
sinh2

(
πδ

d
(ξ2 − ζ2)

)
+ sin2

(
πδ

d
(ξ1 − ζ1)

)]
,

=
1

2π
ln

[
sinh

(
πδ

d
|ξ2 − ζ2|

)]
+O

(
1 +

1

sinh2(ξ2)

)
,

=
1

2π
ln

[
exp

(
πδ

d
|ξ2 − ζ2|

)
− exp

(
−πδ
d
|ξ2 − ζ2|

)]
− ln 2

2π
+O (ln (1 + exp(−2ξ2))) ,

=
1

2π
ln

[
exp

(
πδ

d
|ξ2 − ζ2|

)]
− ln 2

2π
+O (exp(−ξ2)) ,

=
δ(ξ2 − ζ2)

2d
− ln 2

2π
+O(exp(−ξ2)).

The proof is similar for ξ2 → −∞.

B Periodic boundary integral operators
In what follows, let Hs(∂B) be the usual Sobolev space of order s on ∂B and let H0 denote the
zero-mean subspace of H.

Definition B.1. We define the one-dimensional periodic single- and double-layer potentials and the
one-dimensional periodic Neumann-Poincaré operator, respectively, for B b

]
− d

2δ ,
d
2δ

[
× R of class

C1,α for some 0 < α < 1,

SB,] : H−
1
2 (∂B) −→ H1

loc(R2), H
1
2 (∂B)

φ 7−→ SB,][φ](x) =

ˆ
∂B

G](x, y)φ(y)dσ(y), x ∈ R2, x ∈ ∂B;

DB,] : H
1
2 (∂B) −→ H1

loc(R2), H
1
2 (∂B)

φ 7−→ DB,][φ](x) =

ˆ
∂B

∂G](x, y)

∂ν(y)
φ(y)dσ(y), x ∈ R2 \ ∂B, x ∈ ∂B;

K∗B,] : H−
1
2 (∂B) −→ H−

1
2 (∂B)

φ 7−→ K∗B,][φ](x) =

ˆ
∂B

∂G](x, y)

∂ν(x)
φ(y)dσ(y), x ∈ ∂B.

Lemma B.1. We recall the following classical results [2].

(i) For any φ ∈ H− 1
2 (∂B), SB,] is harmonic in B and in

]
− d

2δ ,
d
2δ

[
× R \B.

(ii) The following Plemelj’s symmetrization principle identity (also known as Calderón’s identity)
holds:

KB,]SB,] = SB,]K∗B,] on H−
1
2 (∂B),

where KB,] is the L2-adjoint of K∗B,].
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(iii) The operator K∗B,] : H
− 1

2
0 (∂B)→ H

− 1
2

0 (∂B) is self-adjoint in the Hilbert space H∗0(∂B) which is

H
− 1

2
0 (∂B) equipped with the following inner product:

〈u, v〉H∗
0(∂B) = −〈u,SB,][v]〉− 1

2 ,
1
2
,

with −〈·, ·〉− 1
2 ,

1
2
being the duality pairing between H−

1
2

0 (∂B) and H
1
2
0 (∂B), which makes H∗0(∂B)

equivalent to H−
1
2

0 (∂B).

(iv) If ∂B is of class C1,α, for some α > 0, then K∗B,] is compact. Let (λj , φj)j∈N, be the eigenvalues
and normalized eigenfunctions of K∗B,] in H∗(∂B). Then λj ∈]− 1/2, 1/2], λ0 = 1/2 and λj → 0
as j →∞.

(v) Since KB,][1] = 1/2, it holds that
ˆ
∂B

φj dσ = 0 for j 6= 0.

(vi) The following trace formulae hold for φ ∈ H− 1
2 (∂B):

SB,][φ]|+ = SB,][φ]|− ,

DB,][φ]|± =

(
∓1

2
I +KB,]

)
[φ],

∂SB,][φ]

∂ν

∣∣∣∣
±

=

(
±1

2
I +K∗B,]

)
[φ].

(vii) The following representation formula holds:

K∗B,][φ] =

∞∑

l=0

λj 〈φ, φj〉H∗
0(∂B) φj , ∀φ ∈ H∗0(∂B).

The following result on the shape derivative of the eigenvalues of K∗B,] follows from [3].

Lemma B.2. Let Bη = {x + ην(x), x ∈ ∂B} for |η| small enough. Suppose that λj(B) is simple.
Then

λj(Bη) = λj(B)− η
(
λj −

1

2

)(
λj +

1

2

)ˆ
∂B

|φj |2 dσ + η

ˆ
∂B

∣∣∣∣
∂SD,]
∂T

[φj ]

∣∣∣∣
2

dσ +O
(
η2
)
. (15)

Proof. Following [3, p.54], we have

K∗Bη,] = K∗B,] + η

[
∂DB,]
∂ν

− ∂2SB,]
∂T 2

]
+O

(
η2
)
,

where ∂ · /∂T denotes the tangential derivative. Therefore, since λj is assumed to be simple,

λj(Bη) = λj(B) + η

〈
∂DB,][φj ]

∂ν
− ∂2SB,][φj ]

∂T 2
, φj

〉

H∗
0(∂B)

+O
(
η2
)

= λj(B)− η
ˆ
∂B

[
∂DB,][φj ]

∂ν
− ∂2SB,][φj ]

∂T 2

]
SB,][φj ] dσ +O

(
η2
)

= λj(B) + η

ˆ
∂B

DB,][φj ]
∂SB,][φj ]

∂ν
dσ − η

ˆ
∂B

∣∣∣∣
∂SB,]
∂T

[φj ]

∣∣∣∣
2

dσ +O
(
η2
)
,
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by a standard perturbation argument. Hence, using the jump relations in Lemma B.1 (vi), it follows
that

λj(Bη) = λj(B) + η

(
λj −

1

2

)(
λj +

1

2

)ˆ
∂B

|φj |2 dσ − η
ˆ
∂B

∣∣∣∣
∂SD,]
∂T

[φj ]

∣∣∣∣
2

dσ +O
(
η2
)
.
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