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Semiconductor devices often require band-gap engineering, which in turn requires the use of alloys and
the tuning of their composition to achieve the required electrical or optical behavior. While their compo-
sitional fluctuations are generally treated as a perturbation in most conventional III-V semiconductors, the
effects of alloy disorder are much more significant in the III-nitrides. Here, the effects of alloy disorder
on carrier localization are compared for different III-V semiconductors, particularly for holes for which
localization effects are more significant due to their heavier effective mass. This study is conducted using
three-dimensional computation for III-V alloys with natural (random) compositional fluctuations. Given
the complexity of the problem, we carry out the computations relying on a simplified Hamiltonian in the
envelope wave-function approximation with a single heavy-hole valence band. We investigate the effects
of compositional fluctuations on carrier localization using two methods. The first method, based on the
localization landscape theory, is used to solve the localization landscape equations and obtain the effective
potentials acting on carriers. This potential acts as a confining potential that predicts the regions of spa-
tial localization of carriers, and thus allows a comparison of the effects of alloy fluctuations between the
conventional III-V and the III-nitride semiconductors. We find that the effective potential of the III-nitride
semiconductors exhibits much larger fluctuations compared to the other III-V semiconductors. This might
point to a higher degree of carrier localization in the nitrides, particularly for holes. This is verified through
the second method, solving Schrödinger’s equation and obtaining the electron and hole wave functions.
We find that for InxGa1−xN the electron wave functions are delocalized even for the ground state, whereas
the low-energy hole states are localized. This is in contrast with the behavior of holes in the common
alloy InxGa1−xAs, which are found to be always delocalized. Thus, our study shows the importance of
accounting for alloy disorder in the nitrides.

DOI: 10.1103/PhysRevApplied.20.044069

I. INTRODUCTION

Semiconductors have been a major driver of the digi-
tal revolution. Since the invention of integrated circuits,
the semiconductor industry has been dominated by sil-
icon (Si) due to the availability of a very high-quality
dielectric layer (silicon dioxide), high thermal conduc-
tivity, and the use of low-power complementary metal
oxide semiconductor circuitry. Despite their success in
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electronic devices, silicon and germanium are both very
inefficient light emitters, due to their indirect band gaps.
Thus, III-V compound semiconductors, with their direct
band gaps, are ideal candidates for light-emitting appli-
cations. Traditional III-V compound semiconductors such
as gallium arsenide (GaAs) and indium phosphide (InP)
have been used in many applications, including high-
speed optical communication networks. Their properties
have motivated the development of In-Ga-As-P infrared
lasers [1] and photodetectors [2]. In the visible spectrum,
III-nitride-based semiconductors have been the dominant
material system due to their wider band gap. This has led
to the development of the light-emitting diode (LED) for
general lighting, displays, and automotive applications
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[3,4]. However, many semiconductor devices cannot
rely only on the use of binary compounds and often
require band-gap engineering, which in turn requires the
use of alloys. By alloying two different semiconduc-
tors and tuning their proportions, one can achieve the
desired value of a physical characteristic, such as band
gap. [5]

To study these materials, researchers use theoretical
models to understand their physical behavior and predict
their properties. For homogeneous crystalline inorganic
semiconductors, one solves the Schrödinger equation for
electrons in a suitable periodic potential. According to
Bloch’s theorem, the solutions are delocalized Bloch wave
functions for charge carriers, and the band structure of the
semiconductors is obtained using various methods such as
the tight-binding approximation or the density-functional
theory [6]. However, when one uses semiconductor alloys,
these techniques cannot be applied in their simple forms
as the constituent atoms are randomly distributed through-
out the crystal lattice. This phenomenon of random atomic
positions, known as alloy disorder, means that the carri-
ers are exposed to a random potential instead of a periodic
one, causing Bloch’s theorem to break down. While for
“classic” III-V material-based alloys the effect of the ran-
dom potential appears to yield modified delocalized states,
the large random potential occurring in nitride-based alloys
can lead to localized hole states. Such localized hole states
in InxGa1−xN have been predicted for a long time by Bel-
laiche et al. and Kent and Zunger [7,8] and more recently
by Watson-Parris et al., Schulz et al., and Tanner et al.
[9–11].

The present study is focused on understanding the dif-
ferences between III-nitride and conventional III-V semi-
conductor alloys due to the larger band gaps of nitrides,
which lead to larger electronic energy fluctuations and
larger effective masses. We use a novel method known
as the localization landscape (LL) theory to obtain an
effective potential for the different semiconductor alloys
[12]. The effective potential is a classical potential that
describes, to a good approximation, the modification of
the fluctuating potential for electrons or holes induced by
quantum mechanics. It provides a useful potential that,
when implemented in classical drift-diffusion equations,
describes the percolation paths followed by carriers in dis-
ordered systems. This potential has been very effective at
simulating vertical transport across structures with multi-
ple quantum wells in LEDs [13] as well as unipolar p-type
nitride heterostructures [14,15]. Besides that, solving the
LL equation is much faster than solving the Schrödinger
eigenvalue problem. Li et al. did an analysis on the com-
putational demand of the method, where it was found that
the time required to solve the Schrödinger equation for
a fixed matrix size at each iteration step is slower by 3
orders of magnitude than the one required for the landscape
equation [13].

In this paper, we first compare, using the LL theory,
the effective potentials for the main III-V compounds and
show how unique the III-N materials are, due to their
large band gaps and their related large carrier effective
masses. Second, through direct solution of the Schrödinger
equation (in the one-band envelope approximation), we
show the density of localized hole states and its asymmetry
with respect to the alloy composition. The synergisti-
cal interplay of large band-gap differences and effective
masses of the pure alloy compounds is clearly high-
lighted. The eventual impact of such localized hole states
in devices is discussed.

II. DISORDERED ALLOY POTENTIAL AND
STRUCTURE OF THE ELECTRONIC STATES

A prerequisite to any calculation of the behavior of car-
riers is the construction of a model for the random potential
acting on carriers. In this work, we model the effect of the
disordered potential on the electrons due to the composi-
tional fluctuations of the alloy within the framework of the
effective mass approximation [16,17].

The effective mass approximation assumes that the
single-particle eigenfunctions φc,v(r) of the Hamiltonian
can be written as the product of the periodic part of the
Bloch wave vCB,VB(r) for the corresponding homogenous
(not alloyed) crystal, where the subscripts CB and VB cor-
respond to the conduction band and valence band, and an
envelope function ψc,v(r),

φc,v(r) = ψc,v(r) νCB,VB (r), (1)

satisfying an effective Schrödinger equation,

−�2

2
∇ ·

[∇ψc,v(r)

mc,v(r)

]
+ Ec,v(r)ψc,v(r) = Eψc,v(r), (2)

where E denotes the eigenenergy, Ec,v(r) denotes the band
energy, and mc,v(r) denotes the effective mass. The sub-
scripts c and v denote quantities associated with the con-
duction and valence band, respectively. Note that, since the
effective mass approximation only applies to the states near
the band extrema [i.e., conduction-band minimum (CBM)
or valence-band maximum (VBM)], the periodic part of
the Bloch wave vCB,VB(r) changes slowly through the Bril-
louin zone and, thus, the variation of these functions with
the wave vector near band extrema is small. The poten-
tials Ec,v(r) and effective masses mc,v(r) appearing in the
Schrödinger equation [Eq. (2)] are assumed to vary slowly
at the scale of the lattice constant and they are modeled
as follows. First, atoms from the group III elements of the
alloy, which we denote generically as A and B, are drawn
at random and placed on the lattice sites hosting group III
elements. In other words, for each lattice site for group III
rj , atom A may be drawn with probability 1 − x, and atom
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FIG. 1. Diagram illustrates the Gaussian averaging method of
obtaining a composition profile for an alloy made up of atoms A
and B.

B with probability x, where x is the average composition
of the BxA1−x alloy. This defines a Bernoulli random vari-
able xj associated with the site rj taking a value of 1 (atom
B is drawn) or 0 (atom A is drawn). From the family of
random variables xj , we define a continuous random com-
position function x(r) for any point r (not necessarily on
the lattice) as a Gaussian averaging of the discrete random
variables xj ,

x(r) =
∑

j xj exp(−((r − rj )
2/2σ 2))∑

j exp(−((r − rj )
2/2σ 2))

. (3)

Here, the parameter σ is a broadening length controlling
the typical length scale over which the Gaussian averaging
is performed, as readily seen from Eq. (3), and as illus-
trated in Fig. 1. In this work, the lattice is assumed to be
cubic, with lattice constant a, for the sake of simplicity,
although, in all generality, the actual lattice of the real crys-
tal may also be considered [18]. The cubic lattice constant,
a is chosen for each material to give the III-V elements the
same volume as in the real crystal structures. The broad-
ening length σ is chosen to be σ = 2a. The choice of 2a
is made by many authors [9,13,19,20] and is justified in
Refs. [5,13]. Figure 2(a) shows the computed structures
with the x, y, z dimensions of 30 × 30 × 30 nm3, as well
as the top and bottom metal contacts. A low Si concentra-
tion of 1016 cm−3 is used to simulate unintentional donor
doping in the structure. Figure 2(b) displays an example
of the realization of the random composition function x(r),
denoted [In], for the In0.3Ga0.7N alloy.

The conduction-band energy offset �Ec and valence-
band energy offset �Ev are then calculated from the

random composition function x as follows:

Eg(r) = x(r)Eg,B + (1 − x(r))Eg,A + b(1 − x(r))x(r),
(4)

�Ec = γ (Eg,A − Eg,B), (5)

�Ev = (1 − γ )(Eg,A − Eg,B). (6)

In these equations, the parameter b is the so-called bowing
parameter and γ is the band-offset ratio, i.e., the fraction of
the band-gap difference at the interface or neighboring sites
attributed to the conduction-band potential. The effective
mass profiles are modeled as the harmonic average of the
alloy parent materials for the sake of simplicity, i.e.,

1
mc,v(r)

= x(r)
mc,v,B

+ 1 − x(r)
mc,v,A

. (7)

We use for both landscape and Schrödinger computations
a single valence band with effective masses mc,v,A,B given
by Eq. (7) with the heavy-hole masses of the pure com-
pounds GaN and InN. The justification is given in the
Supplemental Material section [21]. The values for the
aforementioned material-specific parameters are summa-
rized in Tables I and II. Figure 3 presents the variation with
In composition of the band gaps, their derivatives, and the
effective masses as a function of the average composition
x for the different semiconductor alloys. The derivatives
determine the amplitude of the band-gap energy fluctua-
tions. The data show that the nitrides have much larger
dEg/dx, which results in the nitrides having larger band
energy fluctuations. This in turn leads to effective poten-
tials (1/uc and 1/uv) with higher fluctuations, due to their
larger effective masses (see the following).

In addition to the random alloy atom contribution to
the local band-gap energy, one needs to consider the elec-
tric potential originating from fixed (due to piezoelectric
effects and ionized impurities) and mobile charges in the
system, as they are not spread evenly across the structure
and contribute to the potential values.

A three-dimensional (3D) continuum strain-stress model
is adopted and solved using the finite-element method to
calculate the strain distribution over the entire structure
before solving the other equations. The strain is then used
to obtain the piezoelectric polarization field PPZ using the
formula

PPZ = [e] · [ε] =
⎡
⎣ e15εxz

e15εyz
e15(εxx + εyy)+ e33εzz

⎤
⎦ , (8)

where εxx, εyy , εzz are normal strains and εyz, εzx, εxy are
shear strains. e15, e31, and e33 are the piezoelectric coef-
ficients. The other terms of the piezoelectric tensor are
zero due to the symmetry of wurtzite crystal structures.
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(a) (b)

x axis, y axis

FIG. 2. (a) Schematic of the computed structure, showing the cross section in the x-z plane, (b) 3D map of the composition within
the semiconductor for an average composition x = 0.3.

The spontaneous polarization Psp is then calculated by the
following parabolic interpolation:

Psp = ax + b(1 − x)+ cx(1 − x), (9)

where a, b, and c are the spontaneous polarization coeffi-
cients for InxGa1−xN. The values used in our computations
are given in Tables III and IV.

The density of polarization charges, ρpol is then calcu-
lated by taking the divergence of the total polarization in

TABLE I. The longitudinal electron effective masses (m∗
e,c),

transverse electron effective masses (m∗
e, x,y), heavy-hole effec-

tive masses (m∗
hh), lattice parameters (a), and band gaps (Eg) for

different III-V semiconductors. Note for the wurtzite structure
nitrides, the longitudinal direction is parallel to the c axis and
the transverse directions are perpendicular to the c axis. For the
conventional III-Vs, only an isotropic electron effective mass is
used. This work focuses on the localization behavior of the low-
energy holes, i.e., the heavy holes of the valence band; therefore,
the landscape potential and wave function of holes shown in this
work are for heavy holes. The approximation of a single heavy-
hole band in nitrides is discussed in the Supplemental Material
[21]. All of the values given are for the temperature of T = 300 K.

m∗
e, c m∗

e, x,y m∗
hh a (nm) Eg (eV)

GaN 0.21 0.20 1.87 0.283 3.437
InN 0.070 0.070 1.61 0.283 0.61
AlN 0.32 0.3 2.68 0.283 6
GaAs 0.067 0.45 0.356 1.42
InAs 0.027 0.26 0.382 0.354
AlAs (
) 0.146 0.51 0.357 2.67
InP 0.073 0.46 0.370 1.35
GaP (
) 0.09 0.79 0.343 2.76


 = 
-band in the band structure.

the space,

ρpol = ∇ · Ptotal, (10)

Ptotal = Psp + PPZ. (11)

This value is then plugged into Poisson’s equation and
solved over each node of the structure. The Poisson
equation is generally of the form

∇ · (ε(r)∇ϕ(r)) = e(n − p − N+
D +N−

A ±ρpol(r)), (12)

where ϕ is the electrostatic potential; ε is the dielectric
permittivity; e is the electron charge; n and p are the elec-
tron and hole carrier densities, respectively; and N+

D and

TABLE II. Band-gap bowing parameters, γ (the band-offset
ratio, i.e., the fraction of the band-gap difference attributed to
the conduction-band potential), as well as conduction-band and
valence-band offsets [CBO:VBO (%), percentage of band-gap
differences in the corresponding band] for the different III-V
alloys.

Bowing
parameter b

(eV) γ CBO:VBO (%)

InxGa1−xN −2 0.63 InN:GaN
63:37

AlxGa1−xN −0.8 0.63 AlN:GaN
63:37

InxGa1−xAs −0.58 0.78 InAs:GaAs
78:22

AlxGa1−xAs −0.37 0.57 AlAs:GaAs
57:43

InxGa1−xP −0.65 0.81 InP : GaP
81:19
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FIG. 3. Dependence of (a) band gap;
(b) change in band gap as a func-
tion of composition; (c) effective elec-
tron mass; and (d) effective heavy-hole
mass on alloy composition for common
semiconductor alloys. These are plotted
only for compositions that correspond
to direct band gaps. Note the large dif-
ferences in parameters for the different
materials, as well as the larger band-
gap slopes and effective hole masses
for nitrides, resulting in large disorder
effects.

N−
A are the ionized donor and acceptor densities, respec-

tively. In this study, we treat a uniform background value
for ND = 1 × 1016 cm−3 with an ionization energy of about
25 meV to simulate unintentional doping, particularly for
the nitrides. Furthermore, we do not consider acceptors in
this study. We note that the data with and without the back-
ground impurity doping are essentially the same and thus,
it makes no quantitative difference to the overall results of
the study.

The conduction-band (Ec) and valence-band (Ev) poten-
tials are then directly obtained through

Ec(r) = −eϕ(r)+ γEg(r), (13)

Ev(r) = Ec(r)− Eg(r), (14)

where γ is the band-offset ratio found in Table II. Look-
ing at Eq. (12), one notes that the presence of polariza-
tion charges plays a significant role in determining the
shape of the conduction- and valence-band profiles and,
consequently, the localization behavior of carriers in our
structure.

TABLE III. Piezoelectric coefficients used in calculations.

e33 (C/cm2) e31 (C/cm2) e15 (C/cm2)

GaN 0.73 −0.49 −0.40
InN 0.73 −0.49 −0.40

III. LOCALIZATION LANDSCAPE AND THE
EFFECTIVE POTENTIAL

The first approach to assess the localization properties
of electrons and holes in the disordered alloy is through
the computation of the effective potential defined from the
so-called LL [12,13,22]. The LL uc,v(r) are defined by

−�2

2
∇ ·

[∇uc(r)
mc(r)

]
+ (Ec(r)− Ec,min)uc(r) = 1, (15)

�2

2
∇ ·

[∇uv(r)
mv(r)

]
− (Ev(r)− Ev,max)uv(r) = 1. (16)

As can be seen from these equations, the LL uc(r) or
uv(r) is a solution of the partial differential equation asso-
ciated with the Hamiltonian operator of the Schrödinger
and with a uniform source term equal to 1. It has been
shown to provide relevant insights about the spatial and
spectral properties of the band-edge states (localized or
not) [22,23]. In particular, it was shown in Ref. [23] that
one may define effective potentials from the reciprocal of

TABLE IV. Spontaneous polarization coefficients.

a (C/cm2) b (C/cm2) c (C/cm2)

InxGa1−xN −0.042 −0.034 0.037
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the LL, as

1
uc

(eff)

(r) = Ec,min + 1
uc(r)

, (17)

1
uv

(eff)

(r) = Ev,max − 1
uv(r)

. (18)

The effective potentials are smoothed versions of the
original potentials Ec,v(r) at a suitable scale dictated by
the underlying eigenstates of the Hamiltonian. They can
be seen as semiclassical potentials that, to some extent,
account for quantum confinement and tunneling effects.
In the following, since we are primarily concerned with
the fluctuations of the effective potentials, they are simply
denoted 1/uc,v(r) and the specific reference of energy for
their graphical representation is specified.

IV. NUMERICAL METHODS

We use freely available software, known as the 3D
drift-diffusion charge control (3D DDCC) solver (see Refs.
[13,24]) to solve the Schrödinger and LL equations. First,
we solve Poisson’s equation [Eq. (12)] to obtain Ec(r) and
Ev(r), which are then inserted into the landscape equa-
tions as input parameters to obtain landscape potentials.
The LL equations are solved using the Neumann bound-
ary conditions in the z direction and periodic boundary
conditions in the x and y directions. Poisson’s equation
and the landscape equation are then solved iteratively until
the maximum error of electrostatic potential between two
consecutive iterations is less than 10−5 eV.

In the case of the wave functions, the Ec(r) and Ev(r)
obtained from Poisson’s equation are then used as input
parameters in the Schrödinger equation to obtain the
eigenenergies and wave function, with the same bound-
ary conditions as previously mentioned. The Schrödinger
eigenvalue problems are solved using the linear algebra
package (LAPACK) implemented in FORTRAN [25].

V. STATISTICAL ANALYSIS OF THE
FLUCTUATIONS OF THE BAND AND EFFECTIVE

POTENTIALS: RESULTS FROM THE
LOCALIZATION LANDSCAPE THEORY

The first step towards the comparison of the localiza-
tion properties of the carriers in the different semiconductor
alloys is the study of the statistical properties of the fluc-
tuations of the potentials and effective potentials. Figure
4 presents, in succession, the two-dimensional (2D) sec-
tional maps of the composition [In], the fluctuations of
the conduction-band potential Ec(r), and the fluctuations
of the effective potential 1/uc(r) for an In0.3Ga0.7N alloy.
One can observe the reduced fluctuations of the effec-
tive potential 1/uc(r)compared to the fluctuations of the
conduction-band potential Ec(r). Figures 5(a) and 5(b)

FIG. 4. (a) Sectional map of local compositional fluctuations
for a realization of a random 30% alloy; all random alloys have
the same compositional map at a given composition; (b) sectional
map of the local conduction-band extremum of the realization
of a In0.30Ga0.7N alloy; (c) sectional map of the local effective
potential 1/uc for the same realization obtained by the LL theory.
The scales on the right correspond to the compositional or energy
fluctuation maps, with the energies shifted to their mean value.

display the fluctuations of the band potential Ec,v(r) and
the fluctuations of the effective potential 1/uc,v(r) for the
main III-V alloys InxGa1−xN, InxGa1−xAs, AlxGa1−xN,
AlxGa1−xAs, and InxGa1−xP.

There are no striking differences between the magni-
tudes of band potential fluctuations in the different mate-
rials of Fig. 5(a), with the nitrides displaying somewhat
larger fluctuations compared to the other semiconductors.
This is due to their larger band-gap variations with com-
position, as the compositional fluctuations are the same for
random alloys with the same compositions. In Fig. 5(b), it
is shown that the different alloys’ effective potential maps
have smaller fluctuations than the original band extrema
fluctuations. However, the effective potentials of nitrides
show much larger fluctuations compared to the more com-
mon III-V semiconductor alloys. This is due to another
ingredient that plays a major role in the fluctuations of the
nitrides’ effective potentials, which is their larger effective
masses. These heavier masses increase the confinement of
carriers and reduce their ability to tunnel through the bar-
riers in the fluctuating potential, which in turn increases
the fluctuations of the effective quantum potential (Fig. 6).
Both components (i.e., the band extrema variations and
effective masses) are larger in the nitrides compared to the
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(a) (b)

FIG. 5. (a) 2D sectional maps of CBM and VBM for different semiconductor alloys in an x-y plane in the middle of the structure.
Maps of compositional fluctuations are not shown as they are the same for random alloys with the same relative composition (30%
here), except for In0.5Ga0.5 P with 50% composition. The zero-energy references for Ec and Ev are, respectively, the minimum and
maximum values of band extrema for a specific realization. (b) 2D cross sections of the corresponding effective potentials computed
by the LL equations. Compare the size of effective energy fluctuations with those of the originating band extrema energy fluctuations
(note the different energy scales). The left and right color bars correspond to each column of the sectional maps.

other III-V semiconductors, as large band gaps are usually
associated with both large energy fluctuations and large
effective masses, as calculated from k · p theory [26,27].

We then conduct a more detailed analysis on InxGa1−xN
and InxGa1−xAs at x = 0.30. InxGa1−xAs is chosen as a
reference for the behavior in the conventional III-V semi-
conductors. The choice of setting the indium composition
to 30% is made as it is the extreme for experimental coher-
ent planar growth, particularly for InxGa1−xN. This choice
is further justified later in this study, as it is also the
composition with the highest energy fluctuations.

To quantify the magnitude of the fluctuations of [In],
Ec,v(r) and 1/uc,v(r) frequency distribution plots are made.
To produce these plots, the number of grid points that fall
within a certain bin value (this value would be either the
composition, band energy, or effective potential value at
that point) are counted and binned. For all the distribu-
tion plots, the number of grid points is normalized to the
total number of computation nodes, which is 226 981. The
number of grid points is 61 in the x, y, and z directions.

To quantify the fluctuations of the different variables
and quantities, we evaluate their standard deviation. The
standard deviation of 1/uc is illustrated in Fig. 7.

The frequency distribution for the indium content, band
extrema, and effective landscape potentials (1/uc,v) are
shown in Fig. 8. The figure shows that both alloys fol-
low the same distribution, which is expected as it is known
that the atoms of random alloys are generated identically,
with the only difference being in the lattice constant size.
However, the conduction-band (Ec) and valence-band (Ev)
energy distributions are narrower in InxGa1−xAs than in
InxGa1−xN. This is due to the smaller band-gap differences
between GaAs and InAs (1.066 eV) in comparison with
GaN and InN (2.827 eV). A similar trend is seen in the
landscape potentials for electrons 1/uc and holes 1/uv . It
is also observed that the Ec and Ev distributions are much
wider than their corresponding landscape potentials, as the
landscape equation smooths the energy fluctuations and
reduces their size, as discussed previously.

The standard deviations of Ec, Ev, 1/uv , and 1/uv are
shown in Fig. 9 for the different indium compositions. It
is observed that InxGa1−xAs consistently shows narrower
distributions for the different band energy potentials over
indium composition compared with InxGa1−xN, which in
turn corresponds to smaller band-gap extrema fluctua-
tions seen by the carriers. Consequently, disorder effects
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FIG. 6. Schematics of the impact of the effective mass on the
effective potential: a lighter mass (top) both increases the con-
finement energy and decreases the tunneling barrier, which both
diminish the effective potential experienced by carriers.

are more pronounced in InxGa1−xN, such as for percola-
tive transport through multilayers [13], and carriers are
more likely to be localized in InxGa1−xN compared with
InxGa1−xAs (see the following). Another interesting obser-
vation is that, while the fluctuations of the conduction
band Ec are larger than those of the valence band Ev for
InxGa1−xN, their corresponding effective potentials show
the reverse behavior. This means that, if one looks only
at band offsets and band gaps, one would predict that
electrons are more likely to localize than holes. It is only
by looking at the effective potential, 1/uc,v that one can
see that holes are more likely to localize. This is due to
their deeper effective potential fluctuations and their heav-
ier effective mass which, in the LL treatment, lead to

FIG. 8. Frequency distribution plots of the indium composi-
tion and conduction-band and valence-band extrema, as well
as their corresponding effective landscape potentials 1/u (red,
InxGa1−xAs; blue, InxGa1−xN; [In] = 30%). The x-axis values
are shifted to zero by subtracting the mean value. The bin size
is set to be 0.1% for the In composition distribution while the
bin size for the band energies and their corresponding landscape
potentials is 0.1 meV.

shorter Agmon distances [10] and hence, to more localized
states. The corresponding effect of the heavier hole in the
Schrödinger equation computation is the smaller confine-
ment energy within a low-energy well caused by fluctua-
tions and weaker tunneling between lower-energy regions,
which both increase the effective fluctuation energy as
discussed in Fig. 6.

FIG. 7. Diagram showing how the average fluctuations of an effective energy landscape correspond to the standard deviation of the
effective energy distribution, σ1/uc for the same landscape.
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(a) (b)

FIG. 9. Dependence of the standard deviation in the band-gap
extrema and effective potentials on alloy composition x for (a)
InxGa1−xN and (b) InxGa1−xAs. For all compositions, the effec-
tive potential fluctuations are reduced compared to those of the
starting potentials. Note that the reduction in the fluctuations
from Ec to 1/uc is smaller than the reduction from Ev to 1/uv .

The standard band-gap extrema fluctuations have their
highest value for the approximate 30% indium composi-
tion. This is a result of two factors (Fig. 10): First, the alloy
compositional fluctuations are largest at 50% indium com-
position for both semiconductors. Second, the band gap
has the steepest slope with respect to In concentration at
the lower indium compositions. It is the combination of
these two factors that causes the peak width of the poten-
tial distributions to be at around 30% indium composition,
as illustrated in Fig. 9.

VI. ANALYSIS OF LOCALIZATION PROPERTIES
OF THE EIGENSTATES: RESULTS FROM

SOLVING THE 3D SCHRÖDINGER EQUATION

In addition to the landscape equation, the full
Schrödinger equation [Eq. (2)] is solved to determine the
electron and hole eigenstates and eigenfunctions, although
at a much larger computational cost [13]. Solving the
Schrödinger equation allows us to observe the transition
from localized to delocalized eigenstates with increasing

FIG. 10. Dependence of natural alloy composition fluctuations
σ[In] (black curve), band-gap change dEg/dx (red), and their
product σband gap = σ[In](dEg/dx) (blue) on indium composition
for InxGa1−xN alloys. The largest band-gap fluctuations σband gap
are at about 30% indium composition.

InxGa1−xAs

InxGa1−xN

FIG. 11. 3D plots of the ground-state electron and hole proba-
bility densities for In0.3Ga0.7N and In0.3Ga0.7As. The dimensions
of the boxes are 30 × 30 × 30 nm3 in the x, y, and z directions,
respectively.

eigenenergy. This serves as a good reference for our com-
putations with LL theory. To save computation time and
to focus on the localization behavior in InxGa1−xN and
InxGa1−xAs, the 3D Schrödinger solver is only used to
determine the eigenvalues from the lowest energy value
up to the highest energy value of the spatially varying band
extrema for a given alloy realization (Ec or Ev).

Figure 11 shows the probability density of the ground-
state eigenfunctions for electrons and holes for InxGa1−xN
and InxGa1−xAs. The electron and hole ground-state eigen-
functions for InxGa1−xAs are shown to be completely
delocalized, as evidenced by the spread of their probability
densities across the structure. However, in the InxGa1−xN
structure, while the electron ground state is shown to be
delocalized, the hole ground state is very localized. This is
seen in Fig. 11, with the InxGa1−xN hole ground state hav-
ing a large probability density over a restricted volume.
This difference in behavior is due to the large effective
mass for holes in the nitrides. As mentioned above, such a
result has been demonstrated in previous studies on quan-
tum wells [9,10,28–30] and in bulk InxGa1−xN [7,8,28].
We note that one finds two definitions of the concept of
localization in the literature: For some authors, localiza-
tion can mean partial localization of the wave function in
some regions while the state is unbound and extends to
infinity [7,27]. A more generally used definition, which is
the one used in this study, is for quantum states that are
bound within the band gap, with wave functions decay-
ing exponentially. This is best described by the use of the
participation ratio of a wave function, described hereafter.

Let us first discuss such a difference in localization prop-
erties of electrons and holes, as it is not obvious from the
values of their effective potential fluctuations in Fig. 9.
The exponential decay of a localized eigenstate between
minima of the effective potential is governed by an expo-
nentially decaying function, with a decay rate that scales

044069-9



TSUNG YIN TSAI et al. PHYS. REV. APPLIED 20, 044069 (2023)

FIG. 12. 3D plots of selected hole probability densities for InxGa1−xN with increasing eigenenergy. In these examples, n corresponds
to the specific eigenfunction (where n = 1 corresponds to the ground state), �E is eigenenergy relative to the average VB maximum,
and PR corresponds to the participation ratio of the specific eigenfunction.

as
√

m∗. This is also known as the Agmon distance [23].
Thus, at the scales considered here, electron eigenstates do
not decay sufficiently fast between the wells of the effective
potential to be localized due to their light mass, whereas
low-energy heavier-hole eigenstates do.

Figure 12 shows the plots of selected hole eigen-
states with increasing eigenenergies. �E is defined as the
eigenenergy value subtracted from the average valence-
band maximum. The index n refers to the nth eigenstate.
PR refers to the participation ratio of the eigenstate ψn,
which we discuss in the following. As the energy increases,
the hole becomes increasingly delocalized. An interesting
observation to be made is that the structure of the highly
excited eigenstate is strongly reminiscent of the composi-
tional fluctuations of the alloy [see Fig. 2(b)], even when
the hole eigenstates are delocalized. This is in contrast with
the electron eigenstates, which show a negligible imprint
of the alloy fluctuations. This is due to a fundamental
property of the Schrödinger equation, which is that the
eigenstates are orthogonal to each other. This causes the
delocalized states to have an imprint of the lower-energy
localized states, as the spatial overlap between eigenstates
must be zero, ∫

�

ψ∗
n (r)ψm(r)d� = δnm (19)

where ψn(r) is an eigenfunction of the Hamiltonian and
δnm is the Kronecker delta function. This can also be seen
when the Schrödinger equation is expressed as

∇2ψn(r)
ψn(r)

= 2m∗(V(r)− En)

h2 , (20)

where one can observe that all eigenstates have the same
map of (∇2ψn(r))/(ψn(r)), only determined by the prod-
uct of the mass times the potential V(r).

It is not easy to visually assess the degree of localization
for wave functions that cover a sizeable portion of the com-
puting volume. One method to quantify the degree of local-
ization for each eigenstate, which has been a challenge in
disordered systems, is to introduce the participation ratio,
PR [31]. It is given by

PR = 1
|�|

(∫∫∫
�
ψ2dx dy dz

)2

∫∫∫
�
ψ4 dx dy dz

, (21)

where� is the volume of the structure. For a wave function
that is constant throughout the volume, with either periodic
or Neumann boundary conditions, the PR is equal to 1,

PR = 1
|�|

(∫∫∫
�

A2dx dy dz
)2

∫∫∫
�

A4dx dy dz
= 1. (22)

This quantity clearly represents the extent to which the
wave function occupies the computation volume, with its
value increasing with the degree of delocalization. One
has to note that for a constant potential, and for the
boundary conditions considered in this work, only the
ground state has PR = 1. The eigenstates that are con-
stant in two directions (and sinusoidal in the last one)
have PR = 2/3, eigenstates constant in one direction only
have PR = (2/3)2 ≈ 0.44, and all other eigenstates (prod-
ucts of sine waves) have PR = (2/3)3 ≈ 0.3. These are the
values that are observed in Figure 13 for the PRs of elec-
trons and holes in InxGa1−xAs. This is due to the relative
weakness of the potential and of the effective mass, and
hence the ground-state wave function is roughly constant
for the considered boundary conditions. This only happens
in InxGa1−xAs, as the low effective mass and small band-
gap variations with composition result in the eigenstates
behaving as delocalized waves.
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FIG. 13. The dependence of the participation ratio (PR)
value on the eigenenergy for electron and hole eigenstates for
InxGa1−xN and InxGa1−xAs. The vertical green line represents
the averaged conduction-band minimum (for electrons) and the
averaged valence-band maximum (for holes) over the struc-
ture. The horizontal dashed lines represent the PR value of 0.3.
The inset shows an enlarged view of the low-energy electron
eigenstates.

In the case of In0.3Ga0.7N, the PR of electron eigen-
states is around 0.3. For holes, several states exhibit a low
PR, increasing with energy. However, their PR does not
quite reach a value of order 1 or 0.3, characteristic of fully
delocalized states, due to the higher lying eigenstates hav-
ing an imprint of the lower localized eigenstates, which
is a consequence of the orthogonality of the eigenstates,
again diminishing the volume accessible to the hole wave
functions. This comparison between electrons and holes in
In0.3Ga0.7N shows that the effective mass plays an essen-
tial role in determining the localization behavior of carriers
for somewhat similar effective potential fluctuations as in
In0.3Ga0.7N for electrons and holes (Fig. 9).

Following that, the PR is calculated for hole eigenstates
of different InxGa1−xN compositions to predict which
value of In composition would lead to most localization
(Fig. 14). Additionally, the plots are also made for the den-
sity of states that fall in a certain range of energy values
in order to track the number of states that are localized
(Fig. 14). It is observed that, for the lowest and high-
est In compositions, there are fewer localized states, in
particular at larger values of x. This is due the asymme-
try of the σband gap = σ[In] × (dEg/dx) curve (Fig. 10) and
the lighter hole mass at high In concentration (Fig. 3). It
appears clearly that, although they have equivalent compo-
sitional fluctuations, the number of localized states for 10%

vs 90% and 30% vs 70% concentrations are very differ-
ent. At 10% In, many lower-energy eigenstates have very
low PR values, and thus can be considered as localized.
As we increase the indium content to 30%, which corre-
sponds to the largest fluctuations in the effective potential,
there seems to be an overall reduction in the PR value
for the hole eigenstates, which means that more states
are strongly localized. This trend changes, with the aver-
age PR value increasing as the In composition increases
beyond 50%. At 90% In composition, where the alloy is
mostly InN, only the very lowest-energy hole eigenstates
are found to be localized, with nearly all others being delo-
calized with a PR value of around 0.3. This tallies with
the variation of the standard deviation of potentials of
Fig. 9. It is also noted that, for every indium composition,
most of the localized states are below the average value
of valence-band energy Ev , meaning that these states are
likely localized in a local minimum of the valence band.
One can also observe that for the material with maximum
disorder In0.3Ga0.7N, delocalized states have a PR value
somewhat distant from the PR value of 1 for fully delocal-
ized states (see inset in Fig. 14). This originates from the
delocalized states seeing a large fraction of the volume as
inaccessible due to the many localized states to which they
are orthogonal.

Another way to look at localization is to use the PR
to define a localization length. We define a characteristic
localization length, �, where

� = (�PR)1/d. (23)

This length corresponds to the spatial extent of the eigen-
state; the details of this metric can be found in the Sup-
plemental Material section of this paper [21]. To illustrate
the aspect of eigenstates for different hole localization
lengths, plots of the 3D eigenstates are made for local-
ization lengths from 3 to 10 nm in Fig. 15. The diagram
shows the volume occupied by the wave function steadily
increasing with the localization length. We can also deter-
mine from the plots a localization length of 5 nm above
which we assume that wave functions are delocalized as,
from this value on, the wave functions begin to spread to
all the faces of the cube (Fig. 15).

Since the length of each side in our alloy is 30 nm, we
can estimate an upper limit of the volumetric percentage
of a localized state, i.e., the PR for a localization length of
5 nm, as

PR = Volume of localized state
Total volume

∼ (5 nm)3

(30 nm)3
= 0.004.

(24)

Therefore, a localized state occupies less than 0.4% of
the total volume, which is a reasonable characteristic of
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FIG. 14. Dependence of the participation ratio on eigenenergy of the hole eigenstates for different InxGa1−xN compositions (log
scale) for x = 0.05, 0.10, 0.30, 0.50, 0.70, 0.90. The green line represents the valence-band minimum averaged over the structure. The
average valence-band maximum value is indicated by the green vertical line and the dashed line represents the PR value of 0.3. Note
that below the valence-band maximum, the eigenstates quickly reach low PR values, indicating that they are localized. The red line
plotted is the density of states. The inset for [In] = 30% shows at an extended scale the PR for delocalized states, somewhat below 0.3
(see text).

a localized state. Plots are then made of the localiza-
tion length for InxGa1−xN hole and electron eigenstates
of different energies. These plots are then compared for
different indium compositions. Figures 16 and 17 show
the dependence on eigenenergy of the localization length
for InxGa1−xN electron and hole eigenstates. As with the
PR plots, the electron eigenstates in Fig. 16 are found to
be almost always delocalized at a localization length of
20 nm. The reason � peaks at this value instead of 30 nm,
which is the total length of the cube, is that the peak PR
value of 0.3 corresponds to an � value of 20 nm. In the
case of the holes, the eigenstates in Fig. 17 are found to
be localized at the lowest energies. Moreover, as with the

previous PR plots, the number of localized states peaks at
30% indium before falling off again.

The density of states with a localization length below
5 nm (i.e., the density of localized states) is calculated for
different In compositions and plotted in Fig. 18. This is
done by calculating the number of states that have � <
5 nm and then dividing that value by the volume of the
system (30 × 30 × 30 nm3). The error bars for each com-
position are calculated by taking the root-mean-square of
ten different configurations of InxGa1−xN for the holes and
five different ones for electrons. It is observed that there
are no localized states for the electrons at any indium com-
position. On the other hand, the hole eigenstates follow

FIG. 15. Probability densities
of hole wave functions for
InxGa1−xN at localization lengths
from 3 to 10 nm.
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FIG. 16. Localization length of electron wave functions for InxGa1−xN for alloy compositions x = 0.05, 0.10, 0.30, 0.50, 0.70, and
0.90. The green line represents the conduction-band minimum averaged over the structure and the dashed line represents the � value
of 5 nm corresponding to the upper value for localized states.

the trend observed earlier, with the highest density of
localized hole states for the around 30% InxGa1−xN alloy,
which confirms our earlier observations. This result cor-
relates with previous studies, which utilize tight-binding
models in investigating the behavior of carrier localiza-
tion in InxGa1−xN [10,11], despite our assumption of a
one-valence-band model.

VII. OBSERVABILITY OF CARRIER
LOCALIZATION IN NITRIDES AND IMPACT ON

DEVICES

We now have a detailed knowledge of the localization
of carriers in nitride semiconductors, which we can use
to assess any observable effects, particularly in devices.
For electrons alone, we do not expect localization and
carrier transport to be described perturbatively to a good

approximation. This is indeed observed in high electron
mobility transistor electron devices with high electron
concentrations [32]. On the other hand, hole transport
measurements, which would display localization effects,
especially at low carrier densities, would be very difficult
to perform, due to the low mobility in thin p channels
(alloy thickness being growth-limited).

However, carrier localization has recently been observed
in a situation where both electrons and holes are present.
The localization of electrons bound to localized holes
through the Coulomb interaction was revealed in pho-
toemission experiments from p-type InxGa1−xN layers: at
low temperatures, photoexcited electrons bind to localized
holes, as revealed by the strong decrease in photoemission
current compared to room temperature [33]. While we do
not expect electrons to be localized on their own due to
their delocalized wave functions, electrons can be bound to

FIG. 17. Localization length
of hole wave functions for
InxGa1−xN x = 0.05, 0.10,
0.30, 0.50, 0.70, and 0.90.
The green line represents
the valence-band maximum
averaged over the structure
and the dashed line repre-
sents the � value of 5 nm.
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FIG. 18. Density of states with a localization length � < 5 nm
for electron and hole eigenstates at different indium composi-
tions.

localized holes, forming excitonic-like states. However, at
room temperature, electrons and holes have weak enough
binding energies to be easily unbound. This was computed
in detail by David and Weisbuch [34], who showed excita-
tion energies of the bound electron-hole pair in the 20-meV
range. The impact of the disorder size was well observed
with localization at low temperatures occurring down to
5% In concentration, but disappearing at 2% concentra-
tion at which most holes are delocalized (Fig. 18) and the
few localized holes are not numerous enough to localize
electrons before they escape [33].

Light-emitting devices operate at room temperatures
and high carrier concentrations, above 5 × 1018 cm−3. As
seen in Figs. 14 and 17, most localized hole states lie
within 10–15 meV of delocalized states. Thus, at room
temperatures, most of the states are delocalized. In addi-
tion, under such concentrations, electron-hole interactions
are screened [34], and band filling would also lead to the
predominance of unbound states in the transport of both
carrier types. Therefore, one should not expect effects of
carrier localization in light-emitting devices. This is not to
say that disorder does not play any role in such devices: it
has been shown that compositional fluctuations and their
resulting effective potential play a major role in decreasing
the operating voltage in LEDs with multiple quantum wells
and other novel transport structures due to the percolating
current paths induced in vertical transport [13–15].

VIII. CONCLUSION

By solving the LL and Schrödinger equations, in
the envelope wave-function approximation with a sin-
gle heavy-hole valence band, an analysis is con-
ducted on the localization behavior of carriers in III-
nitride and conventional III-V semiconductor alloys

with compositional fluctuations. The landscape potentials
obtained are found to have much larger fluctuations in the
nitrides due to the larger band gaps and effective masses.
Consequently, carriers are likely to be delocalized in the
other semiconductors compared with the nitrides. This ties
in with observations made on the eigenstate solutions from
the Schrödinger equation, which show that both holes and
electrons are delocalized in InxGa1−xAs, and by extension,
in the other semiconductors. This justifies the perturba-
tive approach of using the virtual-crystal approximation to
study carrier transport in conventional III-V semiconduc-
tors as the effective masses and band gaps of the afore-
mentioned alloys are much smaller than in nitrides. In the
case of InxGa1−xN, although all the electron eigenstates are
shown to be fully delocalized, the lower lying hole eigen-
states are not, as evidenced by both visual inspection and
through the calculation of the participation ratio as well
as the localization length of the eigenstates. In the study
of nitride semiconductors, accounting for alloy disorder
is necessary to capture the quantum mechanical behav-
ior of carriers when studying their transport mechanisms,
given the size of the effective energy landscapes, at least
at low carrier densities. While the Schrödinger equation
gives exact results, solving the LL equation is a computa-
tionally faster method of predicting carrier behavior. This
study shows that the solution of the novel LL equation is
an elegant method and provides a remarkable view of the
impact of compositional disorder in many semiconductors.
Thus far, it has also provided the only path to full 3D com-
putations of light-emitting devices [13] and other novel
transport structures [14,15] that include alloy disorder.
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