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Cloaking, trapping 
and superlensing of lamb waves 
with negative refraction
François Legrand1,2, Benoît Gérardin1,2, François Bruno1, Jérôme Laurent1, Fabrice Lemoult1, 
Claire Prada1 & Alexandre Aubry1*

We report on experimental and numerical implementations of devices based on the negative 
refraction of elastic guided waves, the so-called Lamb waves. Consisting in plates of varying thickness, 
these devices rely on the concept of complementary media, where a particular layout of negative 
index media can cloak an object with its anti-object or trap waves around a negative corner. The 
diffraction cancellation operated by negative refraction is investigated by means of laser ultrasound 
experiments. However, unlike original theoretical predictions, these intriguing wave phenomena 
remain, nevertheless, limited to the propagating component of the wave-field. To go beyond the 
diffraction limit, negative refraction is combined with the concept of metalens, a device converting the 
evanescent components of an object into propagating waves. The transport of an evanescent wave-
field is then possible from an object plane to a far-field imaging plane. Twenty years after Pendry’s 
initial proposal, this work thus paves the way towards an elastic superlens.

For the last twenty years, negative refraction has received a considerable attention for its ability of cancelling 
wave  diffraction1–4. Any negative refracting slab constitutes a flat lens which does not suffer from any spherical 
aberration. Better yet, it actually forms a perfect lens able to resolve details much smaller than the conventional 
diffraction limit in wave  imaging2,5. More generally, wave diffraction can be cancelled by adjoining two comple-
mentary media, i.e two mirror regions of opposite refractive  indices3,4.

These notions of perfect lens and complementary media have drawn considerable attention in the physics 
community. Yet, the experimental implementations of those concepts have remained relatively limited so far. 
Many attempts have been  proposed5–15 to build artificial media, such as photonic/phononic crystals or metama-
terials, which can be described by a negative index material. However, these man made media first suffer from 
the inherent periodicity which imposes a limitation on the negative refracting lens  resolution16. Also, the intrinsic 
resonant nature of many of the designs induces strong energy dissipation losses, which limit the depth-of-field 
and the resolving power of the devices. All these features, in addition to the manufacturing imperfections, explain 
the fact that most of the implemented superlenses based on negative refraction are only efficient in the near-field 
and fail in transporting the evanescent component of an object in the far-field.

More recently, an alternative route has been proposed for negative refraction. It consists in taking advantage 
of the complex dispersion properties exhibited by the guided elastic waves supported by a plate, the so-called 
Lamb modes. When two dispersion branches show close cut-off frequencies corresponding to a longitudinal and 
a transverse thickness mode of the same symmetry, their repulsion gives rise to a backward  mode17. This negative 
phase velocity branch displays a minimum corresponding to a zero-group velocity (ZGV)  point18–20. At slightly 
higher frequency, exploiting the existence of a negative phase velocity mode, negative refraction of Lamb waves 
has been achieved without any metamaterial. The underlying mechanism consists in a mode conversion between 
forward and backward propagating modes (or vice versa) either at a step-like thickness  discontinuity21,22 or at the 
interface between two different materials with an adequate acoustic impedance  mismatch23. More recent studies 
investigated the negative reflection of Lamb waves at a free plate  edge24–26 and the conversion of propagating 
modes at a thickness step in order to optimize the negative refraction  effect27.

Building on these previous works, we investigate the concept of complementary media through the realisation 
of two devices consisting in duralumin plates of varying thickness. The first one exploits the idea of anti-object 
in order to cloak a region of  interest28–30. This is done by adjoining a mirror region of opposite index that cancels 
the diffraction undergone by the waves inside the first region (see Fig.  1a). In a second step, we show how such 
a complementary medium can behave as a trap if the waves are generated inside  it31,32. Diffraction cancellation 
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via negative refraction makes the wave circulate for ever around negative corners (see Fig. 1b). In this work, 
the design of both devices is based on a semi-analytical  model27 and optimized thanks to finite difference time-
domain (FDTD)  simulations33,34. The propagation of Lamb waves across such plates accordingly is then investi-
gated experimentally by means of laser interferometry. On the one hand, diffraction cancellation is assessed by 
the Strehl  ratio35, a parameter that quantifies wave distortions at the output of the complementary cloak. On the 
other hand, wave circulation around negative corners is highlighted by investigating the time-dependence of 
the wave-field. However, unlike Pendry’s initial  proposal3, only the propagating component of the wave-field is 
properly recombined in each device. Indeed, the underlying mechanism for near-field cloaking and superlens-
ing, the so-called anomalous  resonance29,36–38, requires more stringent conditions than a mere anti-symmetric 
distribution of the phase  velocity38,39.

To circumvent this issue, the third system under study aims at coupling the negative refraction phenomenon 
with the concept of metalens. As shown by Lemoult et al. ten years  ago40–42, an arrangement of sub-wavelength 
scatterers can act as an efficient converter between the evanescent and propagating components of a wave-field. 
By placing such a metalens in the vicinity of both the object and imaging planes of the negative refracting lens 
(see Fig. 1c), the evanescent components of the object (or at least a part of it) can be transported from the object 
to the imaging plane. Again, our semi-analytical model and a numerical simulation enable the design of such an 
elastic superlens. The evanescent wave-field gives rise to a sub-wavelength focal spot of �/6 at the device output.

Results
Harnessing forward and backward Lamb modes. Elastic waves consist in two—longitudinal and 
transverse—bulk acoustic waves traveling at distinct but unique velocities for a given material. In a plate, those 
elastic waves couple to each other at each reflection on the edges of the plate, giving rise to two infinite sets of 
dispersive Lamb modes. The particle motion of these modes lies in the sagittal plane that contains the direction 
of wave propagation and the normal of the plate. Lamb modes induce a deformation that can either be symmet-
ric ( Si ) or antisymmetric ( Ai ) with respect to the median plane.

In this article, the propagation of elastic waves across a Duralumin plate (aluminium alloy) is studied. The 
material density is ρ = 2795 kg.m−3 . Its longitudinal and shear wave velocities are cL = 6400 m.s−1 and cT = 3120 
m.s−1 , respectively. The dispersion curves of symmetric Lamb modes in a 1 mm-thick plate are displayed in 
green in Fig. 2.

The symmetric zero-order mode S0 is the fundamental extensional mode of the plate that exhibits free propa-
gation to zero frequency. On the contrary, the higher-order modes admit a cut-off frequency. One striking 
property of Duralumin is the small gap between the cut-off frequencies of the first- and second-order symmetric 
Lamb modes, S1 and S2 . The repulsion between these two modes gives rise to a backward Lamb mode, referred 
to as S2b , that coexists with the forward mode S143 just above the ZGV point ( fZGV , kZGV)18,19 (see Fig. 2). Note 
that other ZGV points can result from the repulsion of higher-order modes (for instance S3/S6 and S5/S10 in 
 Duralumin44). Here we will only exploit the first ZGV point displayed by Fig. 2 but similar negative refraction 
phenomena can be obtained from ZGV points at larger frequencies.

If one considers a single Lamb mode impinging at an interface between two plates of different thickness, one 
can expect a large number of reflected and transmitted modes which can either be propagative, inhomogene-
ous or  evanescent27 One striking phenomenon is that, at the crossing point between the forward mode in the 
thickest part (red line in Fig. 2) and the backward mode in the thinnest part (blue line in Fig. 2), the S2 incident 
mode is mainly transmitted into the S2b mode. The thickness step should be made symmetric with respect to the 
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Figure 1.  Taming waves with complementary media. (a) Cloaking by an anti-object: Two slabs of equal 
thickness and placed adjacent to one another cancel wave diffraction if both display anti-symmetric refractive 
index distributions with respect to their common interface. Based on this principle, any object can be made 
invisible by its complementary counterpart, the so-called anti-object. (b) Wave trapping by a double perfect 
corner: A subset of rays diverging from a point source is returned to the source by means of successive negative 
refraction events. These waves then continue to circulate around the corner before being eventually absorbed. 
(c) The combination of a negative refraction slab with metalenses yields a superlens: (i) The evanescent 
components of a point source is converted into propagating waves by interacting with an arrangement of sub-
wavelength scatterers, the so-called metalens; (ii) This propagating wave-field is replicated in a far-field imaging 
plane by means of a negative refracting lens; (iii) Introducing a second metalens, centrally symmetric to the first 
one, in the imaging plane back-converts these propagating waves into the original evanescent components of the 
source by virtue of spatial reciprocity. A sub-wavelength image of the source is finally obtained.
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mid-plane of the plate in order to avoid conversion into anti-symmetric Lamb modes. A semi-analytical study of 
this  phenomenon27 has allowed the optimization of the transmission coefficient between the S2 and S2b modes. 
In such a geometry, the optimal thickness step ratio is close to 0.9. The corresponding amplitude transmission 
coefficient is T = 0.93 . Furthermore, this high transmission is effective over a large angular spectrum ( T > 0.8 
over 60◦).

This phenomenon arises from the equality of S2 and S2b absolute wave numbers at the crossing point. This 
implies that these two modes are associated with similar stress-displacement fields and only differ by their 
opposite wave vectors. In consequence, the impedance mismatch between forward and backward Lamb modes 
at a thickness step remains limited. In this paper, we will show this peculiar property holds in more complex 
geometries and how to harness negative refraction to compensate the diffraction or trap the waves through the 
use of the complementary media concept.

Cloaking by an anti-object.  For a complex slab made of alternatively positive and negative index areas, 
the juxtaposition of a complementary mirror slab with an opposite refractive index distribution allows the 
cancellation of wave  diffraction32. This concept may be extended to various kinds of index distributions. For 
instance, the scattered wave-field induced by an object can be hidden by adjoining a so-called “anti-object”3 as 
illustrated by Fig. 1a. The anti-object is the negative mirror image of the object, the mirror being taken to lie on 
the interface between the two complementary slabs. The object is thus hidden for one observer downstream to 
the anti-object as the wave-fields at the input and output of the complementary slabs shall be identical.

Our goal is here to implement this idea for guided elastic waves. The system studied here is a 1 mm-thick plate 
excited by a line source that emits the forward S2 mode as a plane wave. The designed object is a 7.5 mm-wide 
truncated disc of 0.9 mm thickness and 104 mm diameter. At the boundary of this scatterer, the forward S2 mode 
is converted into the backward S2b mode. For the proof-of-concept, two plate configurations are considered : 
the reference one with the object (see Fig. 3a) and the other one with the object and its anti-object (see Fig. 3b).

These devices are first investigated numerically using a FDTD  code33,34. The simulation parameters are 
described in the "Methods" section. A normal displacement pulse is applied to the line source. The normal 
displacement induced at the plate surface is recorded over a time length �t = 110 µ s. A spatio-temporal filter 
described in the "Methods" section is then applied to the recorded wave-field in order to isolate the S2 and S2b 
mode contributions.

Figure 3c shows the corresponding wave field in the reference plate at the crossing frequency fc = 3.32 MHz. 
The corresponding wavelength �c is of 12.2 mm. Interferences between the incident and scattered waves result 
in phase and amplitude distortions, thus revealing the object to a downstream observer. To quantify the impact 
of the object on the phase of the recorded wave-field, a relevant parameter is the Strehl ratio S35. Often used in 
adaptive optics, S quantifies the phase distortions of a wave-front. In the experimental configurations displayed 
in Fig.  3a,b, it can be defined as follows:

where φ(x, y) is the phase of the wave field at the surface of the plate and the symbol �· · · �y stands for a spatial 
average along the y−direction. The parameter S is equal to unity if the wave-field is a plane wave propagating 
along the x−direction, hence coinciding perfectly with the incident wave-field. On the contrary, the parameter 
S tends towards zero for a fully incoherent wave-field.

Figure 3e displays the evolution of the Strehl ratio computed from the wave-field supported by the reference 
plate (Fig. 3c). Upstream to the object, the incident wave-field is not impacted ( S ∼ 0.98 ) meaning that the object 
does not induce any significant back-scattering. Its transverse cross-section is indeed larger than the wavelength. 
The incident wave-field is thus scattered in the forward direction. This is quantified by the abrupt decay of the 
parameter S from 0.98 to 0.2 at the object’s boundary. After the object, the wave-field remains distorted (Fig. 3c) 
with a Strehl ratio S remaining below 0.5 (Fig. 3e).

(1)S(x) =
∣

∣

∣
< eiφ(x,y) >y

∣

∣

∣
,

 F
re

q
u

e
n

cy
 (

M
H

z
)

S
0

S
2b

S
2b

2.5

3.0

3.5

4.0

S
1

S
1

S
2

S
2

fc

�c
����c

��

fzgv

fzgv

Figure 2.  Forward and backward Lamb modes. Dispersion curves of the symmetric Lamb modes in duralumin 
plates of d1 = 1 mm (light grey) and d2 = 0.9 mm thickness (dark grey). Among all the symmetric modes 
supported by plate, the forward S2 mode (red) in the thick part and the backward mode S2b (blue) in the thin 
part are of special interest for negative refraction. Their phase velocity coincide at crossing frequency fc.
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The addition of a complementary slab including the anti-object can compensate for these strong wave-dis-
tortions (Fig. 3b). The displacement field is calculated for the complementary plate using the FDTD simulation 
and displayed in Fig. 3d at the crossing frequency fc = 3.32 MHz. The phase distortions accumulated by the 
wave through the object’s band are now perfectly compensated by the anti-object’s band. This phenomenon is 
induced by the conversion between the forward and backward modes at the interface between the two bands. 
The wave-front at the output of the complementary band retrieve the shape of the incident wave-front at the 
input, as if the object and complementary bands had disappeared. The anti-object thus enables the cloaking of 
the object to a downstream observer.

The evolution of the Strehl ratio across the complementary plate provides a quantification of the cloaking 
performance (red curve in Fig. 3e). Upstream to the object, S fluctuates around a value of 0.9. These oscillations 
are a manifestation of the spurious reflections arising at each thickness step. As mentioned previously, the conver-
sion between the S2 and S2b modes is not perfect and residual back-reflections take place at each interface. The 
parameter S then abruptly decays in the complementary slabs to reach a value of 0.3, before retrieving a close 
to ideal value ( S ∼ 0.98 ) at the device output. This excellent Strehl ratio confirms that the object is efficiently 
cloaked by its anti-object in transmission, while spurious reflections prevent from a perfect cloaking in reflection.

Going further, it is interesting to notice that the theoretical amplitude transmission coefficient at each thick-
ness step is T2 ∼ 0.8527 and thus the global transmission coefficients through the six steps crossed by the wave 
should be T12 ∼ 0.38 . Yet, one can observe that the transmission through the devices is remarkably good. This 
striking observation comes from the elegant physics of complementary media: the reflections at the interfaces 
in the first band interfere destructively with the same reflections in the complementary  band3.

Following this numerical study, the devices displayed in Fig. 3a and b have been fabricated using a 1 mm-thick 
plate whose negative index areas have been etched by means of several engraving techniques described in the 
"Methods" section. The thickness map of each plate is provided in Supplementary Fig. S1. A piezoelectric strip is 
glued on the thick part of the plate to generate an incident plane wave (forward S2 mode). The normal displace-
ment at the plate surface is measured by means of a photorefractive interferometer (see "Methods" section).

Figures 3f and g show the corresponding wave-fields at the crossing frequencies in the reference and comple-
mentary plates, respectively. These wave-fields show some difference compared to their numerical counterparts 
(Figs. 3c,d). This is partly explained by thickness maps that slightly differ from the initial design (see Supple-
mentary Fig. S1). It also appears that the incident wave-fields are not perfectly linear. The glue layer below the 
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Figure 3.  Cloaking by an anti-object. (a,b) Experimental configuration for the reference and complementary 
plates, respectively. (c–e) FDTD numerical simulation (SimSonic3D  software33, www. simso nic. fr). The 
real part of the wave-field obtained in the reference (c) and complementary (d) plates is displayed at the 
crossing frequency fc (see Fig. 2). (e) Evolution of the Strehl ratio S(x) (Eq. 1) across the reference (blue) and 
complementary (red) plate. (f–h) Experimental result. The real part of the wave-field obtained in the reference 
(f) and complementary (g) plates is displayed at the crossing frequency fc . h Evolution of S(x) across the 
reference (blue) and complementary (red) plate.
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piezoelectric strip is not perfectly homogeneous. Nevertheless, the distortion of the incident wave-field can be 
taken into account in the computation of the Strehl ratio. Indeed a complementary medium shall, in theory, 
reproduce exactly at its output the wave-field at its input. Hence, by subtracting the incident phase to the recorded 
wave-field, the Strehl parameter can be made independent of the incident wave-field:

The result is displayed in Fig. 3h. The experimental Strehl ratios exhibit an evolution similar to the numerical 
predictions (Fig. 3e). However, in the complementary plate, it does not reach the expected value of 1 but rather 
saturates around S ∼ 0.7 . The cloaking effect is thus less spectacular in the experiment than in the numerical 
simulation. Several experimental limitations can explain this difference (see Supplementary Fig. S1). First, the 
thickness of the negative index areas is not perfectly homogeneous. Second, the engraved anti-object and object 
are not exactly mirror from each other. Hence, the wave-front recombination at the device output cannot be 
optimal. These devices suffer from the same limitations than previous cloaking realisations reported in the 
 literature45–48: The cloaking performance is hampered by manufacturing imperfections.

Nevertheless, the results shown here constitute a first experimental proof of concept of the scattering cancella-
tion through complementary media for elastic waves and even, to our knowledge, in wave physics. Furthermore, 
the use of natural backward Lamb waves shows the advantage of being free of the meticulous conception of a reso-
nant metamaterial. This strategy has allowed us to overcome the energy dissipation issues generally encountered 
in such man-made media. As rigorously demonstrated by  Nguyen49, cloaking by an anti-object is not restricted 
to a plane wave illumination and/or a finite size scatterer. Supplementary Fig. S2 illustrates the generality of 
this concept by considering the case of complementary  bands3 insonified with a point-like source. Each band 
is shown to annihilate wave diffraction from the other. The overall effect is as if a section of space was removed 
from the experiment. Note that this striking feature has also been predicted in three-dimensional geometries (e.g 
annular  lens32) but it requires not only a complementary but also a heterogeneous refractive index  distribution49.

Another interesting ability of cloaking is also to isolate an object from the external environment with no pos-
sible interaction. In other words, no wave can access the object from the outside, and no wave generated by the 
object can get out of the cloak. In the next section, we show that this is partially the case in complementary media. 
A part of the wave generated by a source inside a complementary medium remains trapped inside. To highlight 
this striking phenomenon, Lamb wave propagation is investigated around a double perfect corner (Fig. 1b).

Trapping by a double perfect corner.  The double perfect corner device is composed of four quadrants 
of opposite refractive index (Fig. 4a). A point source at point A emits a diverging wave in one of the positive 
index quadrant. This wave-field is then negatively refracted at both interfaces in the negative index quadrants. 
Thus the wave, by successive negative refraction phenomena, travels around the double corner creating images 
of the source in each quadrant, named A, B, C and D in Fig. 1c. This trapping phenomenon has been highlighted, 
both theoretically and numerically, for electromagnetic  waves50 and for flexural  waves51.

A numerical simulation of the double perfect corner for Lamb waves is first  performed33,34 (see "Methods"). 
As before, a Duralumin plate is considered, with positive and negative index parts of thickness 1 mm and 0.9 
mm respectively. A normal displacement point source is placed on the top right quadrant at 15 mm from both 
interfaces. It generates a cylindrical forward S2 Lamb wave. At each interface, a conversion into the backward 
mode S2b is expected. Figure 4b shows the simulated displacement field at the crossing frequency. The trapping of 
Lamb modes around the corner is illustrated by a refocusing of waves in each quadrant. Admittedly, the focusing 
in the third quadrant is not as well resolved as in the other quadrant. This unwanted effect is inherent to the device 
as explained by a ray approach depicted in Fig. 1b: (i) Part of the emitted rays straightly propagate towards the 
edges of the plate and get absorbed by perfectly matched layers (red arrows); (ii) Part of the negatively refracted 
rays are also lost in the second and third quadrants (orange arrows). Therefore, only half of the angular spectrum 
of the incident wave-field (blue arrows) contribute to the refocusing in the the opposite quadrant.
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Figure 4.  Wave focusing in a perfect corner. (a) Experimental configuration. (b) Real part of the normal 
displacement wave field simulated at the surface of the plate at the crossing frequency fc = 3.32 MHz 
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measured at the surface of the plate at the crossing frequency fc = 3.46 MHz.
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Following this numerical study, a double perfect corner is manufactured on a Duralumin plate by chemical 
etching (see "Methods"). The erosion process being imperfect, a control of the thickness is necessary and the cor-
responding thickness map is shown in Supplementary Fig. S1. The source is a piezoelectric transducer glued on 
the top right positive index quadrant at 15 mm from both interfaces (see "Methods"). The normal displacement 
is measured at the plate surface using a photorefractive interferometer. The wave-field filtered at the crossing 
frequency is shown in Fig. 4c. As predicted, refocusing occurs in each quadrant. The resulting wave field is closely 
similar to the numerical result displayed in Fig. 4b obtained with perfectly matched layers. The reflections on 
the plate edges are therefore insignificant in the experiment because of the overall dimension of the plate (see 
"Methods"). The residual discrepancy between the numerical and experimental wave-fields is explained by: (i) a 
different thickness ratio ( d2/d1 = 0.86 ) that implies a shift in terms crossing frequency ( fc = 3.46 MHz instead 
of 3.32 MHz) and corresponding wavelength ( �c = 10 mm instead of 12.2 mm); (ii) thickness fluctuations in 
the eroded areas (see Supplementary Fig. S1).

While a study of the wave-field in the frequency domain nicely shows the refocusing of waves in each quad-
rant, it is interesting to observe the field in the time domain in order to assess the circulation of Lamb waves 
around the double perfect corner. To that aim, an inverse Fourier transform of the wave-field is performed over 
a frequency bandwidth of 0.02 MHz around the crossing frequency. The corresponding temporal wave-field 
is shown at different times of flight in Fig. 5a-e. The images of the source located in quadrant A are observed 
in quadrants B and C at time t = 20 µ s (Fig. 5b), before recombining in quadrant D at t = 40 µ s (Fig. 5c). As 
expected, the negatively refracted waves then go through quadrants B and C [ t = 60 µ s, Fig. 5d] before refocusing 
at the initial source location in quadrant A at time t = 80 µ s (Fig. 5e). The amplitude loss ( ∼ −10 dB) exhibited 
by the refocused wave compared to the source is explained by the fact that only a part of the emitted rays can be 
trapped by the double negative corner (blue arrows in Fig. 1b).

The temporal behavior of the wave-field around the double perfect corner is now investigated experimentally 
(Fig. 5f–h). A qualitative agreement is obtained with the numerical prediction (Fig. 5a–e). The emitted wave 
[ t = 0 µ s, Fig. 5f] refocuses in quadrants B and C [ t = 20 µ s, Fig. 5g]. However, the displacement amplitude is 
lower in quadrant C than in quadrant B. This is explained by the fact that the thicknesses of quadrant B and C 
slightly differ (see Supplementary Fig. S1), resulting in different transmission coefficients at the interface. Moreo-
ver, some step irregularities probably induce spurious reflections at the interface between quadrants A and C. 
Nevertheless, negatively refracted waves recombine in quadrant D [ t = 40 µ s, Fig. 5h]. The wave packets then go 
back to quadrants B and C [ t = 60 µ s, Fig. 5i] before refocusing at the initial source location in quadrant A for 
the return trip time t = 80 µ s (see Fig. 5j). Strikingly, the refocusing process is even better at the initial source 
location than in the other quadrants. A potential explanation is the spatial reciprocity between the clock-wise and 
anti-clockwise paths that is robust to plate imperfections and makes them interfere constructively at the initial 
source location (see Supplementary Fig. S3). This phenomenon is reminiscent of the coherent back-scattering 
phenomenon that arise in  cavities52,53 or random  media54,55. This experiment thus demonstrates the ability of 
trapping a wave-packet around a double negative corner.

Lamb wave focusing by negative refraction, as observed for the flat  lens27 or for the perfect corner, is diffrac-
tion limited: The transverse dimension of each focal spot is of the order of a half-wavelength. Unlike Pendry’s 
initial  proposal2, the Lamb mode negative refraction process is actually only efficient for the propagating com-
ponent of the wave-field. Indeed, the anomalous resonance mechanism needed to replicate the evanescent field 
of the source in each quadrant requires more stringent conditions than the mere anti-symmetric phase velocity 
distribution considered in this  paper36,38,39. In the next section, a strategy is proposed to circumvent this issue by 
designing an elastic superlens that combines the negative refraction phenomenon  and the metalens  concept40.

Superlensing by combining negative refraction and metalens concepts.  Lemoult et al. intro-
duced the concept of  metalens40, an arrangement of sub-wavelength resonators that allow to convert the eva-
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nescent components of a source into propagating  waves40,41. Initially coupled to a time-reversal mirror in order 
to produce sub-wavelength focusing at the source location, our idea is here to couple the metalens concept 
to the negative refraction phenomenon. Time reversal and negative refraction are actually intimately linked 
 processes56. Nevertheless, a first difference is that the object and imaging planes are distinct in a negative refrac-
tion scheme. Unlike time-reversal that implies back-focusing on the source, the evanescent components of the 
object wave-field should be here recombined in an imaging  plane57. The second difference lies in the nature of 
the metalens. While time reversal experiments rely on a resonant metalens in order to encode the spatial details 
of the source in  time40,41, the negative refraction superlens here only requires an efficient converter of the eva-
nescent components of the source into propagating waves.

In this paper, the following strategy is thus adopted: Introducing two metalenses in the vicinity of the object 
and imaging planes (see Fig.  1c). The first metalens will convert the evanescent components of the object into 
propagating waves. The corresponding wave-field is reproduced in an imaging plane thanks to a negatively 
refracting slab. By virtue of spatial reciprocity theorem, the second metalens in the imaging plane should be 
made central symmetric to the first one with respect to the center of the device. Only on this condition will the 
second metalens back-convert the negatively refracted waves into the evanescent components of the object in 
the imaging plane.

The negative refracting lens considered here is of 0.92 mm thickness and 50 mm width (Fig. 1c). The object 
and imaging planes are at 25 mm from the negative refracting slab interfaces. A point source is placed in the 
vicinity of the object plane ( x = 20 mm). The first meta-lens should be designed for the incident forward S2 Lamb 
mode. As demonstrated in previous works 58–60, an efficient sub-wavelength scatterer for Lamb waves is the reso-
nant blind hole. The perforation must be symmetric in order to avoid any conversion into anti-symmetric modes. 
The holes depth are chosen to maximize the reflection of S2 mode in itself. An optimal thickness ratio of 0.76 
between the plate and the holes is found using the semi-analytical model described in Ref.27 (see Supplementary 
Fig. S4). The holes diameters are set to 2 mm in order to meet the following criteria: (i) being sufficiently small 
compared to the S2 mode wavelength ( �c = 12.5 mm) so that a large contribution of evanescent components of 
the source is converted into propagating waves; (ii) being large enough to maintain a sufficiently high scattering 
cross-section. While periodicity is not a prerequisite for the metalens, a periodic arrangement of blind holes is 
nevertheless considered here for sake of simplicity. The inter-hole distance is fixed to 1 mm in order to get an 
efficient conversion between the evanescent and propagating components of the S2 mode over the transverse 
spatial frequency range kc < |ky| < kS1 (see Fig. 2). The second meta-lens, placed in the imaging plane, is made 
identical to the first one to meet the aforementioned reciprocity requirement between the two meta-lenses. The 
whole system is simulated by means of a FDTD  code33,34 (see "Methods").

For sake of comparison, a reference numerical simulation of the same system without the metalenses is per-
formed. Figures 6a and b display the modulus of the normal displacement u(x, y) for the reference and metalenses 
devices, respectively, at the crossing frequency. As already investigated  experimentally22,27, the negative refracting 
slab in Fig. 6a shows a double focusing process in the slab and after it. The spatial profile of the focal spot in the 
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Figure 6.  Transporting an evanescent wave-field in the far-field by means of an elastic superlens. (a,b) Normal 
displacement magnitude at plate surface without (a) and with (b) metalenses (SimSonic3D software 33, www. 
simso nic. fr). (c) Evolution along the x-direction of the evanescent component magnitude of the wave-field 
(averaged over |ky| > kc ) without (blue) and with (red) metalenses. (d) Normal displacement magnitude along 
the y-axis in the imaging plane ( x = 120 mm) (blue) without and (red) with metalenses. (e) Spatial Fourier 
transform of the image wave-field without (blue) and with (red) metalenses. (f) High-pass filter applied to 
the image wave-field in order to point out the evanescent component contribution to the focusing. (g) Spatial 
Fourier transform of the filtered image wave-field. In panels (d)–(g), the displacement magnitude is shown in 
dB.
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imaging plane is displayed in Fig. 6d. Its full width at half maximum (FWHM) δ is of 11.2 mm ( δ ∼ �c ). This spa-
tial extension is limited by the numerical aperture of the negative refracting lens: δ ∼ �c/(2 sin θ) where θ ∼ 40o 
is the maximum angle under which the lens aperture is seen from the point source. In presence of metalenses, a 
double refocusing process is also observed in Fig. 6b. As before, the focal spot inside the negative refracting lens 
seems diffraction-limited. This observation indicates that, with or without metalens, the negative refraction slab 
mostly supports propagating waves. However, the focal spot in the imaging plane looks much thinner in pres-
ence of the second metalens, compared to the reference wave-field in Fig. 6a. This striking feature is confirmed 
by Fig. 6b that displays the displacement magnitude of this focal spot across the imaging plane. Its FWHM δ is 
close to �c which implies a numerical aperture sin θ ∼ 1.

To assess the relative weight of propagating and evanescent components in the imaging plane, the Fourier 
transform of the wave-field u(x, y) can be performed along the y-direction: û(x, ky) =

∫

u(x, y)e−ikyydy61. The 
propagating components of the wave-field are associated with a wave vector k = (kx , ky) whose transverse com-
ponent ky is smaller than the wavenumber kc = 2π/�c of the S2 Lamb mode and whose longitudinal component 
kx =

√

k2c − k2y  is real. The evanescent part of the wave-field corresponds to transverse components ky larger 
than kc and a purely imaginary longitudinal component kx = i

√

k2y − k2c  . Figure 6e shows the modulus of û(x, ky) 
in the imaging plane. In absence of metalens, the Fourier spectrum of the wave-field is bounded between 
−kc sin(θ) and kc sin(θ) . It confirms the limited collection angle of the original negative refraction lens and the 
absence of evanescent components in the imaging plane in that case. On the contrary, in presence of metalenses, 
both propagating ( |ky| < kc ) and evanescent components ( |ky| > kc ) contribute to the wave-field in the imaging 
plane.

The enhancement of the evanescent components in the imaging plane can be accounted for by the effect of the 
second metalens. Not surprisingly, an array of sub-wavelength scatterers can induce sub-wavelength details in the 
near-field. The question is to determine whether this evanescent wave-field contributes to the focusing process 
in the imaging plane. To do so, a spatial high-pass band filter has been applied to get rid off the propagating part 
of the wave-field and only focus on its evanescent part (see Fig. 6g). The corresponding focal spot is obtained 
by an inverse Fourier transform and its magnitude is displayed in Fig. 6f. In presence of metalenses, a sharp 
focal spot is obtained exactly at the location of the source image with a FWHM δ ∼ �c/6 . The strong secondary 
lobes at -3 dB are induced by the cut-off frequency of the high pass filter. Nevertheless, this result shows that the 
negative refraction and metalens phenomena are perfectly complementary. Indeed, they provide: (i) a transport 
of the evanescent wave-field over a distance much larger than the wavelength ( ∼ 8�c in the present case); (ii) a 
proper recombination of the evanescent components in the imaging plane, thereby leading to sub-wavelength 
focusing. This numerical proof-of-concept thus paves the way towards a future experimental implementation 
of an elastic superlens.

One perfectible point remains, however, the loss of the evanescent components ( ∼ 12 dB) compared to the 
propagating wave-field highlighted by Fig. 6e. This loss is not due to absorption or impedance mismatch at the 
interfaces of the negative refraction lens. It can be accounted for by the imperfect conversion ( ∼ 0.5 in amplitude) 
between the evanescent components into propagating waves operated by each metalens in the source and imaging 
planes. The resolving power of the superlens obviously depends on the quality of this conversion. Further work 
is thus needed to optimize it through a careful design of the metalens.

Discussion
In this paper, backward Lamb modes have been taken advantage of to design and implement devices based on the 
physics of negative refraction and complementary media. A previous analytical study and numerical simulations 
have allowed the optimization of such devices and demonstrated the merits of this strategy. In particular, a mate-
rial like duralumin displays an excellent conversion between forward and backward Lamb modes at a thickness 
step. Moreover, these devices do not require any periodicity and do not rely on any resonant phenomena, which 
make them particularly robust to absorption losses in contrast with meta-materials.

These performances have been qualitatively confirmed by experimental realizations of such devices by means 
of laser interferometry. Nevertheless, these experiments have also pointed out the extreme sensitivity of com-
plementary media to manufacturing imperfections. The etching methods used in this paper, namely chemical 
etching and die sinking electrical discharge machining, have shown some limits, in particular for tailoring sharp 
corners and guaranteeing a perfectly homogeneous plate thickness over a few decimeters. To cope with these 
issues, additive manufacturing, in particular selective laser melting (or laser powder bed fusion), seems to be par-
ticularly promising. Other micro-machining methods used for semiconductors or MEMS, such as laser-assisted 
wet  etching62, could provide a sharper design but they would require to work on smaller plate dimensions, hence 
higher frequencies and larger dissipation losses. In that perspective, alternative materials more adapted to each 
manufacturing technique could be used such as  silicon63 or  aluminium64. Note, however, that this change of 
material can be detrimental to the conversion efficiency between forward and backward Lamb modes at each 
thickness  step27. On a more fundamental side, the striking properties of complementary media can be leveraged 
by means of transformation  optics4,65,66. Indeed, the ratio of plate thickness d to wavelength � determines the 
effective stiffness of the plate and the phase velocity of the mode. As shown by Lefebvre et al.67 for flexural waves, 
one can tune the local phase velocity with the thickness of the plate. Another option consists in using surface 
bonded slice  lenses68. Graded index devices can thus be designed by means of conformal  transformations69,70. 
Applied to any complementary medium, it can lead to the design of a whole set of cloaking  devices28,71.

With regards to the superlens, one open question remains the existence of resonant sub-wavelength Lamb 
modes at a thickness step. Analogous to the role of surface plasmons in the perfect lens of  Pendry2, they would 
allow the transport of the evanescent components across a negative refracting lens made of two thickness steps. 
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These surface resonant  states2,32,72,73 and the associated anomalous  resonance36,74 do exist for both acoustic and 
electromagnetic waves. However, their existence has not yet been proven experimentally for elastic waves, albeit 
theoretically  predicted38,39. For the more specific case of Lamb waves, such resonant states seem to arise at the 
thickness steps in the elastic superlens. An enhancement of the evanescent components of the wave-field is actu-
ally observed at each thickness step of the negative refracting lens (see Fig. 6c). Further investigations are thus 
needed to understand the nature and role of these resonant states at the interface of the elastic superlens. On the 
theoretical side, the existing analytical  model27 should be extended to the case of evanescent incident wave-fields. 
On the numerical side, finite element modeling would be more adapted than FDTD simulations because of the 
resonant feature of a perfect lens. An adaptive meshgrid would also enable a finer spatial sampling in the vicinity 
of thickness discontinuities. On the experimental side, a monochromatic and spatially-selective generation of 
Lamb  waves64 would be required to excite selectively such resonant modes.

In this work, we have highlighted both numerically and experimentally the elegant physics of complementary 
media in the context of guided elastic waves. Lamb waves are actually perfect candidates to observe negative 
refraction phenomena since, under certain conditions, thickness steps on a plate can generate a very efficient 
conversion between forward and backward Lamb modes. By designing complementary media as an arrangement 
of thickness steps over a plate, the ability of cloaking a part of the space or of trapping waves around some singular 
points has been demonstrated. Despite manufacturing imperfections, this is a first experimental proof-of-concept 
of complementary media for elastic waves. At last, a numerical study has paved the way towards a new route for 
the design of an elastic superlens. By combining negative refraction with the metalens concept, the evanescent 
field of a source can be transported in the far-field and recombined in an imaging plane by means of a negative 
refracting lens. However, two main issues remain to be solved before implementing experimentally such an 
elastic superlens: (i) A more elaborated manufacturing strategy for sharply tailoring the metalens and the thick-
ness steps ; (ii) A better theoretical understanding and experimental harnessing of resonant surface modes that 
have been highlighted at each thickness step. From a more applied point-of-view, Lamb waves draw nowadays 
increasing attention for the design of new electro-acoustic devices in electrical engineering or acoustic sensors 
in MEMS technology. They are also commonly used for non-destructive testing in the aviation, automobile or 
nuclear power industries. For all these applications, the control of Lamb waves is essential. In that perspective, 
the ability to cancel their propagation in some parts of the space or to focus them at a deep sub-wavelength scale 
is of a great interest whether it be for imaging, sensing or filtering applications.

Methods
Numerical simulations. Numerical simulations have been performed with the FDTD Simsonic  software33 
to study the propagation of elastic waves across a duralumin plate of density ρ = 2795 kg m−3 , longitudinal wave 
velocity cL = 6400 m.s−1 and transverse wave velocity cT = 3120 m.s−1 . The plate dimensions and mesh size are 
given in Table 1. Perfectly matched layers (PML)s are applied at the edges of the plate in order to avoid spurious 
reflections.

Depending on the simulated device, the source is either point-like (double perfect corner, superlens) or lin-
ear (anti-object). It consists in a normal displacement source applied at the surface of the plate. The excitation 
function is a pulse of 3.3 MHz central frequency with -6 dB bandwidth of 100%. The normal displacement of 
the induced wave-field is then recorded over 110µ s at the surface of the plate with a spatial period of 0.2mm.

Experiments.  For each experiment, a 200× 200 mm2 duralumin plate is used. Such large dimensions mini-
mize reflections on the edge of the plate during the recording time. The plate, which initially displays an homoge-
neous thickness of 1 mm, is engraved in the negative index parts to obtain a thickness of 0.9 mm. The scattering 
object in the cloaking device is engraved by die sinking electrical discharge machining. The other negative index 
area (the band including the anti-object and the double corner) are engraved by chemical etching using iron per-
chloride. The actual thickness maps for each device are displayed in Supplementary Figs. S1 and S2.

In the cloaking experiment, the source is a 10 mm wide, 100 mm long and 1 mm thick piezoelectric strip. 
In the double perfect corner experiment, the source is a 7 mm diameter piezoelectric transducer (Olympus 
V183-RM). In each experiment, the source is glued on to the thick part of the plate using Phenyl salicylate. 
The excitation signal is a 5-µs-long linear chirp sweeping a frequency spectrum ranging from 3.1 to 3.6 MHz.

The normal displacement of the wave field is measured at the surface of the plate using a homodyne inter-
ferometer with a photo-refractive crystal (Sound&Bright, TEMPO 1D) for the reference plate and a homodyne 
interferometer (Sound&Bright, Quartet) for the plate with the anti-object because of the strong light scattering 
induced by the etched area.

Data post-processing.  A temporal Fourier transform is then applied to the recorded wave-fields in order 
to study each device at the crossing frequency fc between the forward and backward modes: fc = 3.32 MHz 

Table 1.  Simulation parameters.

Simulated device Complementary media Superlens

Dimension (mm2) 200× 200 150× 150

Thickness (mm) 1–0.9 1– 0.9

Mesh size (mm) 0.05 0.04
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(in numerical simulations), fc = 3.37 MHz for the cloaking reference plate, fc = 3.29 MHz for the anti-object 
cloaking plate, and fc = 3.46 MHz for the perfect corner plate. This wave field is then filtered spatially using a 
low pass filter in order to isolate the contribution of the S2 and S2b modes. The spatial frequency cutoff of this 
filter is 0.25 mm−1.

In the superlens simulation, the propagating components of the wave-field are filtered by means of an addi-
tive high-pass filter whose spatial frequency cutoff is 0.085 mm−1 (see Fig. 6e). The attenuation applied to the 
propagating component of the wave-field is of 20 dB.
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