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Observation of mean path length
invariance in light-scattering media
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The microstructure of a medium strongly influences how light propagates through it. The
amount of disorder it contains determines whether the medium is transparent or opaque.
Theory predicts that exciting such a medium homogeneously and isotropically makes some
of its optical properties depend only on the medium’s outer geometry. Here, we report an
optical experiment demonstrating that the mean path length of light is invariant with respect
to the microstructure of the medium it scatters through. Using colloidal solutions with
varying concentration and particle size, the invariance of the mean path length is observed
over nearly two orders of magnitude in scattering strength. Our results can be extended to
a wide range of systems—however ordered, correlated, or disordered—and apply to all

wave-scattering problems.

he assumption that the structure of me-
dium is inherently linked to its functional
behavior lies at the heart of material engi-
neering and has driven progress across
disciplines, with numerous applications in
microelectronics, photonics, medicine, atmospheric
science, soft matter, solar cells, lasers, and bioimag-
ing (I-4). This is particularly true for the proper-
ties of wave scattering through a medium, which
depend very sensitively on whether a medium is
homogeneous, structured, or disordered (5-12).
In stark contrast with this view, a recent theo-
retical study pointed out that a very fundamental
property of wave transport is extremely insensitive
with respect to the structure of the underlying me-
dium (73). Specifically, it was shown that when
all modes in a medium are equally excited, the
mean path length traveled by waves inside the
medium only depends on the medium’s bound-
ary geometry, not on its internal microstructure.
To derive this result on a theoretical level, an
invariance property first found for random walks
(14) was generalized in (I13) to arbitrary wave-
scattering scenarios, such as for light in a dis-
ordered material (Fig. 1). In all cases, the mean
length (s) of trajectories that enter the medium
at arbitrary positions and incident angles up to
the point where they exit the medium is predicted
to be independent of whether the medium is uni-
form, highly structured, disordered, or anything
in between. Apart from restrictions due to finite
absorption, the mean path length is found to be
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for a three-dimensional geometry of volume V'
and surface X (13). Here, vy is the transport ve-
locity, which for wave transport in resonant
media takes into account the dwell time inside
the resonant particles (supplementary text S6).
Brackets (...) in Eq. 1 stand for averaging over
all available initial positions and angles of in-
cidence (with Lambertian distribution). For a
highly structured density of states (DOS) with
band gaps or pronounced resonances, additional
frequency averaging is required to balance out
any such system-specific features (13).

For optical systems, the predicted invariance
property sets very rigid bounds on the optical
path-length enhancement achievable by mod-
ifying the underlying medium structure. As such,
this result is complementary to the conclusion
reached by Yablonovitch in the context of solar
cells design (also known as the Yablonovitch limit)
(15), which predicts that the maximum energy en-
hancement achievable by trapping light in a me-
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dium depends only on its optical DOS, regardless
of the microscopic details enabling the trapping.
At the root of both results lies the equipartition
theorem, which guarantees equal occupation of
all optical states available in the medium, pro-
vided that the surrounding radiation field is sta-
tistically homogeneous and isotropic (a detailed
derivation is provided in supplementary text S6).
This particular condition, which in scattering
media leads to the equipartition of optical energy
on all the available light paths, can be realized in
an experiment by illuminating the system so that
light enters the medium from all possible direc-
tions (Lambertian illumination).

We considered the case of a fully disordered
medium, in which the crossover between systems
with different degrees of disorder can be described
by the transport mean free path ¢*, which cor-
responds to the length after which the propa-
gation direction of an incoming wave or particle
gets randomized. Applying the theoretical pre-
dictions of Eq. 1 to this case would mean that any
change of ¢* should leave the mean path length
invariant. We investigated multiple scattering
of light in colloidal suspensions of particles in
water (Figs. 2 and 3). By varying the concentra-
tion and size of the particles, the mean free path
is tuned by almost two orders of magnitude, cov-
ering the range from a nearly transparent to a very
opaque system. We measured the mean length
of light trajectories from temporal decorrelation
of an optical speckle pattern in each one of these
suspensions and unambiguously observed this
invariance. The distribution of path lengths gets
modified when changing the transport mean free
path; only the mean value of the distribution
stays unchanged.

When shining light on a disordered medium,
the spatial inhomogeneity of the refractive index
prohibits a straight-line propagation, forcing the
wave instead to scatter in all available directions
(Fig. 1C). To measure the resulting optical path
length distribution P(s), most common methods
use ultrashort pulses and time-resolved detection
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Fig. 1. Invariance of the mean path length in random walks and wave scattering. (A) For
random walks, the mean length (s) of trajectories crossing a bounded region does not depend on the
characteristic mean free path ¢, but only on the ratio between the surface A and the perimeter
C—that is, (s) =nA/C (in two dimensions). Two trajectories are presented corresponding to two
different mean free path ¢, » ¢;. For this fundamental result to hold, the mean value (...) needs

to include all surface positions for entering the medium and an isotropic distribution of incidence
angles. (B) lllustration of the variation in the path length distribution for the two mean free paths
/1 and /. When changing the mean free path, the path-length distribution changes, but its mean
value remains the same. (C) The same physics also applies to light scattering through a disordered
region when the conditions for optical energy equipartition are fulfilled, here illustrated for light
rays entering a circular region at a specific point with isotropic illumination.
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(16) or broadband sources and interferometric
detection (17, 18). However, we do not require
access to the full distribution P(s), only to its

mean value (s) = ]DP(s)sds. We therefore devel-
0

oped a technique derived from DWS (diffusing wave
spectroscopy) (19, 20) to directly measure the mean
optical path length in dynamic scattering media
with high sensitivity and dynamic range. In this
approach, we illuminated the sample with a mono-
chromatic laser and measured the autocorrelation
function gz (1) = \(E*(r)E(O))|2/ |(EE*)|2 of the
temporal fluctuations in the scattered light field
E(t). We used the connection between speckle
fluctuations and the distribution of optical path
lengths P(s), which is formalized as

a0 = [aren(-25) @

where 1, = 1/(k*D), k is the wave vector inside the
medium, and D is the diffusion constant of the
scattering particles (supplementary text S2). Quan-
titative information on the mean value can be
immediately retrieved by considering the very early-
time decorrelation. Indeed, the derivation of Eq. 2
evaluated at t = 0 leads to an explicit expression
for the mean optical path length

d 33
()= -2 3
dt !, 8n’n’D

(3)

where 1 is the light wavelength in vacuum and
n is the medium refractive index. Equations 2

Fig. 2. Measurement of A
the mean optical path
length in dynamic
disordered media.

(A) Samples consist of
water-dispersed poly-
styrene microbeads con-
tained in a cylindrical glass
cell of internal diameter
2R = 8.54 mm. Trajectories
are represented as long
trajectories leaving the
sample in transmission
(s1) and short trajectories
leaving the sample in
reflection (s,). The fiber
rotates around the sample
to collect light (from 0° to
175°), which is guided

to an autocorrelator.

(B) Field autocorrelation at S,
increasing angles (x axis

in log-scale). For clarity,

only some selected curves

are shown. (Inset) The

mean optical path length is

extracted from the slope of

a linear fit at very early

times. (C) Angle-dependent

mean optical path length (black diamonds) and corresponding scattered
light intensity (red circles) measured at steps of 5° Error bars give 95%
statistical confidence and are calculated by propagating the experimental
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and 3 rely only on the so-called continuum ap-
proximation of the multiple scattering process
(21), which in practice requires a few scattering
events to be valid (21, 22). Because paths with
very few scattering events can contribute to the
mean path length, the accuracy of Egs. 2 and 3
has been additionally verified for all experimen-
tal situations by using Monte Carlo simulations
(supplementary text S7).

The scattering solution is contained in a cyl-
inder glass cell, which supports the liquid and
defines its geometrical features (Fig. 2A). In this
elongated geometry, the /X ratio simplifies into
R/2, where R is the cylinder radius and the ex-
pected mean path length from Eq. 1 is s = 2R.
Because of the index mismatch between the scat-
tering medium, the glass cell, and the outer re-
gions, Eq. 1 cannot be directly applied because of
multiple boundary reflections. We therefore de-
veloped a more refined model that takes into ac-
count correct boundary conditions, which shows
that the invariance property remains valid in
the presence of interfaces. For the simple case of
a single boundary, it leads to (Stheo) = VE(t) =
(4V /Z)(n3/n?), where n; and n, are the refrac-
tive index of the outer and of the scattering re-
gions, respectively (supplementary text S6). Here,
we are in the more complex situation of multiple
boundaries (medium-glass-air); furthermore, our
technique only gives access to the light path
inside the scattering region (not in the glass part).
Nonetheless, Monte Carlo simulations allowed us
to find the expected invariant mean path length
(8in). Qualitatively, the presence of boundaries

means that light exiting the scattering region has
a probability to be reflected back to propagate
again into the scattering medium; therefore, (si, )
is larger compared with the ideal case, in which
all trajectories hitting the boundaries leave the
region (I3, 14).

The sample is illuminated with a laser light
sheet all along its diameter so that light enters
with all possible angles with respect to the surface
normal. To collect light from all surface locations,
we used a multimode fiber (10 micrometers core)
mounted sufficiently far away from the sample
and placed on a goniometric mechanical arm for
angle-resolved measurements. The multimode
fiber guides light to single-photon counters, and
a coincidence electronics allows us to measure
the temporal autocorrelation (supplementary text
S1 and S3).

An example of measurements for a sample
with /* ~ 500 micrometers for detection angles
ranging from 0° (forward direction) to 175°
(backward direction) is shown in Fig. 2B. For this
rather opaque sample, 2R//* = 20, the charac-
teristic decorrelation time of the autocorrelation
function ranges from tens of microseconds in the
forward direction to some milliseconds in the back-
ward direction. The decorrelation time decreases
when the number of scattering events increases,
so our results provide evidence of the variation in
the average number of scattering events between
transmitted and reflected light. We adopted Eq. 3
to measure the mean optical path length at each
angle and evaluated the derivative of the auto-
correlation at the origin as the slope of a linear
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errors that contribute—the error on the linear fit performed in (B) and
errors on the measurements of ¢* and D. Errors on intensities are of a few
percent and appear smaller than the markers.
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fit of the first measured points, as shown in the
closeup of Fig. 2B (supplementary text S4). The
multiplicative coefficient in Eq. 3 containing ¢*
and D was measured with an independent char-
acterization of the sample (supplementary text
S5). The recorded angular mean path lengths—
together with the corresponding scattered light
intensity, which quantifies the probability to have
light exiting in this particular direction (Fig. 2C)—
show that long trajectories, which contribute to
the overall mean with large values, are less prob-
able than short trajectories, which in turn are
more abundant but contribute to the overall mean
with small values. This feature illustrates the
delicate balance between long and short trajec-
tories that enables the mean value to be indepen-
dent of the actual path-length distribution and
that is at the root of this invariance property.
The most striking feature appears when con-
sidering the variation of both the angular mean
path length and the corresponding intensity for
different values of the transport mean free path
£* (Fig. 3, B and C). Starting from the most opaque
sample, and decreasing the scattering strength
(for increasing transport mean free path), both
the path length curve as well as the associated
intensity get more symmetrically distributed
among all angles. Then, when the transport mean
free path becomes comparable with the sample
size, the symmetry of the angular mean path
length curve becomes completely inverted as the
sample becomes more transparent, and longer
path lengths are observed in reflection rather
than in transmission. The symmetry of the in-
tensity in turn is inverted in the opposite sense
so as to completely compensate the redistri-
bution of path lengths. In our analysis, we mea-
sured the overall mean path length over all
trajectories; therefore, these two distributions
get convolved in a weighted angular average.
This average is thus evaluated by multiplying
the angle-dependent values of Fig. 3B with the
intensities of Fig. 3C as weighting functions:

(Sexp) :Z<5>(ei)[(ei)/Z[(ei),vﬂleretheindex

i indicates the angle of measurement. The result
(Fig. 3D) shows that the measured mean path
length is invariant over nearly two orders of mag-
nitude of transport mean free path. This result
is in agreement with the numerical prediction,
taking into account the real geometry of the sys-
tem (glass cell with two interfaces). A small de-
viation is seen for very weakly scattering samples,
where we expect the invariance to hold but where
the model underlying our measurement starts to
fail. Furthermore, the particles used have diam-
eters of 360 nm, with a pronounced scattering
anisotropy (table S1). To test this invariance prop-
erty also on optically very different systems, the
experiment was repeated by using smaller col-
loidal particles with diameters of 100 nm corre-
sponding to almost isotropic scattering (Fig. 3D,
orange curve). Again, the invariance was verified,
confirming that neither the transport mean free
path nor the anisotropy affect this robust property.

The observed invariance for light scattering
in disordered media provides rigid bounds for
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Fig. 3. Observation of the invariance
at different scattering strengths.

(A) Colloidal solutions used in the
experiment, here contained in
1-mm-thick slab cuvettes. The arrow
indicates increasing transport mean free
paths ¢* (decreasing scattering
strength). (B) Angular mean path
lengths at varying sample concentration
(y axis in log-scale). Error bars

are not displayed given the log-scale,
and typical uncertainties are shown in
Fig. 2C. (C) Angular distribution of
scattered intensity at varying sample
concentration. Curves are normalized
by the total intensity. Markers refer

to the same transport mean free path
as in (B). (D) Mean optical path

length as a function of the transport
mean free path. The dashed gray line
indicates the expected value calculated
from pure geometrical considerations,
(s) = 2R. The solid gray line is
computed with Monte Carlo simulations
and includes the effect of internal
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reflections. Black diamonds represent measurements on polystyrene particles with diameter 360 nm
and anisotropy g = 0.8. Orange circles represent measurements on polystyrene particles with
diameter 100 nm and anisotropy g = 0.1. Error bars give 99% statistical confidence and are
calculated by propagating the experimental errors that contribute—the error on the linear fit
performed in Fig. 2B and errors on the measurements of ¢* and D.

the optical path length enhancement in multi-
ple scattering media. The relation between the
mean optical path length in a medium and the
medium’s overall geometry provides insights for
the optimum design of light-trapping and light-
storage devices (3, 23, 24). Our observation cru-
cially relies on the validity of the equipartition
theorem and thus provides a stringent test of this
fundamental principle in scattering media. For a
medium in which the microstructure strongly
modifies the DOS, the mean path length may
strongly deviate from our prediction (such as
in the bandgap of a photonic crystal) but is re-
covered by frequency averaging—that is, for suf-
ficiently broadband excitation (73). Qualitatively,
this can be understood through a connection
with known frequency sum rules for the DOS
(25), showing that over a sufficiently broad spec-
tral range, large and small values of the DOS
exactly compensate. Similar deviations are also
expected for nanophotonic structures (26, 27)
because the Weyl law that was used to derive
Eq. 1 only holds in the short-wavelength limit (23).
The presence of absorption in the medium tends

10 November 2017

to reduce, and the presence of gain tends to en-
hance, the weight of longer paths in the path
length distribution, in a way that depends, how-
ever, on the microstructure of the medium.

Because the path lengths in a medium are inti-
mately connected with a variety of other crucial
concepts such as the dwell time (28) and the
frequency robustness of states in this medium
(29, 30), the invariance property established
here is expected to be useful also for wavefront-
shaping protocols (72). Furthermore, our results
are restricted neither to light propagation nor
to random walks but apply basically to all wave-
scattering problems, ranging from matter waves on
the smallest length scales to gravitational waves
on the largest conceivable dimensions.
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Scattered light, it is all the same

Materials can vary from transparent to opaque depending on the density of scatters within the medium. As light
propagates through a material, intuition might suggest that the more scatters there are, the shorter the path along which
the light can propagate. Savo et al. confirm a recent theoretical proposal that predicts that this is not the case. They
shone light through a series of samples of varying scatterer density and found that the average path length that the light
traveled was independent of the sample microstructure. This finding should also be applicable to acoustics and matter
waves.
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