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Hollow cylinders used in the industry must be regularly inspected. Elastic guided waves, similar to

Lamb modes in a plate, can propagate in the axial direction or around the circumference. They are

sensitive to geometrical and mechanical parameters of the cylindrical shell. The objective of this

paper is to show that zero group velocity (ZGV) Lamb modes can be used to bring out anisotropy

and to measure elastic constants of the material. This study provides experimental and numerical

investigations on a Zirconium alloy tube extensively used by the nuclear industry in reactor core

components. A non-contact method, based on laser ultrasound techniques and ZGV Lamb modes,

demonstrates that the difference observed between axial and circumferential guided waves cannot

be explained by an isotropic model. Then, a transverse isotropic model is used for the Zircaloy

tube. Four of the five elastic constants are directly extracted from ZGV resonance frequencies. The

last one is deduced from the measured dispersion spectra. With this complete set of constants, a

good agreement is obtained between theoretical and experimental dispersion curves for both axially

and circumferentially propagating guided waves. VC 2012 Acoustical Society of America.

[http://dx.doi.org/10.1121/1.4726033]
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I. INTRODUCTION

A great variety of hollow cylinders are used in the

industry as pipes for gases or liquids (water, oil, chemicals).

Their geometrical and mechanical properties are parameters

of importance for the structure integrity. For example, wall

thickness variations (increased by deposits or decreased by

corrosion) can cause damage (reduction of flow rate or leak-

age). In nuclear industry, material properties of Zircaloy

cladding tubes need to be evaluated to ascertain of their

safety and reliability.1,2

The most popular methods used in nondestructive evalu-

ation (NDE) are radiography, eddy current, and ultrasound

techniques. Over the last decades, many NDE ultrasonic

methods have been developed.3 For example, Lamb waves

have been used for defect detection in pipe-lines.4 Compared

with bulk acoustic waves, the guided waves are more suita-

ble for long-range inspection of thin hollow cylinders. In this

case, axially and circumferentially propagating guided

waves must be distinguished.5 Conventional ultrasonic

requires a coupling medium (liquid, gel, or rubber) for

allowing the transmission of the ultrasound into the piece

under test.6 Non-contact techniques using EMAT7 or air-

coupled transducers8 have been investigated. Laser based ul-

trasonic (LBU) techniques eliminate coupling issues in the

generation and detection of the elastic waves and have the

potential for fast scanning. Usually, elastic waves are gener-

ated by a (pulsed) laser and detected by an (interferometric)

optical probe.9 Sources of various shapes and particularly of

small dimensions are available. The duration of the laser

pulse can be short and the acoustic waves excited can be

detected locally, even if the surface is curved. Moreover, the

emission and detection bandwidths can be larger than

20 MHz, thereby providing high spatial and temporal resolu-

tions. It has been shown that LBU is an efficient tool for

studying the dispersive propagation of Lamb modes and that

material properties can be extracted from the measured dis-

persion spectrum.10

Recently, Yeh and Yang reported on a procedure based

on a laser ultrasound technique for the characterization of

mechanical properties of a Zircaloy tube.11 Assuming the

material is isotropic, they used the simplex algorithm to

extract mechanical properties from dispersion spectra of

guided waves. They found that the estimated Poisson’s ratio

depends significantly on the propagation direction. We infer

from this result that the difference between axial and circum-

ferential dispersion curves should not be caused by the cylin-

drical geometry but by the anisotropy of the material.

The anisotropy of metallic laminated plates can be

measured using linearly polarized EMAT and shear thick-

ness resonances.12 The method proposed here is different as

it exploits the local resonances of the structure that appear at

frequencies where the group velocities of some Lamb modes

vanish. At these particular points of their dispersion curves,

the acoustical energy of the corresponding zero group veloc-

ity (ZGV) modes is trapped in the source area without any

transfer to the adjacent plate medium.13 It has been shown

that the resulting resonance is sensitive to local mechanical

properties of isotropic14 and anisotropic15 materials.

The objective of this paper is to show that these ZGV

modes can be used to bring out material anisotropy and to

measure elastic constants of a Zirconium alloy. This article

is organized as follows: In Sec. II, the main properties of
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ZGV Lamb modes are briefly exposed and the influence of

the shell curvature on ZGV resonance frequencies is investi-

gated. In Sec. III, the laser ultrasonic technique is presented

and the results of ZGV resonance measurements are

discussed in terms of material anisotropy. In Sec. IV, the

transverse isotropic model is introduced. In Sec. V, the five

elastic constants are extracted from ZGV resonances and dis-

persion spectra of axial and circumferential guided waves.

II. ZGV LAMB MODES

The propagation of Lamb waves (frequency f, wave-

length k) is represented by a set of dispersion curves in the

angular frequency (x¼ 2pf) and wave number (k¼ 2p/k)

plane.16 In a free isotropic elastic plate, characterized by lon-

gitudinal and transverse bulk wave velocities VL and VT,

symmetric (Sn) and antisymmetric (An) modes satisfy two in-

dependent characteristic equations. Using dimensionless

quantities: fd/VT¼xd/2pVT and d/k¼ kd/2p, Lamb wave

frequency spectra only depend on one material parameter:

The bulk wave velocity ratio VL/VT or the Poisson ratio �.17

As shown in Fig. 1 (dashed line), plotted for �¼ 0.34,

A0 and S0 modes exhibit free propagation to zero frequency

whereas higher order modes admit a cut-off frequency fc
when the wave number k approaches zero. Some branches of

the dispersion curves x(k) exhibit minima for non-zero wave

numbers. At the corresponding points, the group velocity

dx/dk vanishes, whereas the phase velocity x/k remains fi-

nite. For example, the first order symmetric (S1) mode exists

for small wave numbers at frequencies below the transverse

cut-off frequency fc¼VT/d. The frequency decays from

k¼ 0 down to a minimum. At the minimum frequency of the

S1-Lamb mode, which corresponds to the junction of S1 and

S2b branches, a very sharp resonance can be observed.18 The

S1S2 ZGV resonance frequency is proportional to the longi-

tudinal cut-off frequency fc¼VL/2d, reached for k¼ 0.

In fact, other ZGV Lamb modes exist. The range of ex-

istence of these symmetric or antisymmetric ZGV modes

and their frequency depend on Poisson’s ratio �.19 Clorennec

et al. proved that the values of the resonance frequency

obtained for the first two ZGV modes provided the local

value of � and either the plate thickness d if the longitudinal

and transverse velocities were known or the bulk wave

velocities if the plate thickness was known.14 At the thick-

ness resonance (k¼ 0), the whole surface is vibrating in

phase. Conversely, with a finite wave number, ZGV modes

give rise to local resonances, having a lateral extension of

about twice the plate thickness. Thus a specific advantage of

such measurements is the locality of the result.

As elastic waves guided by the shell of a hollow cylin-

der are similar to Lamb waves, ZGV modes also exist on cy-

lindrical surfaces.14 A numerical study has been performed

with the Disperse software20 to assess the influence of curva-

ture on ZGV resonance frequencies. The dispersion curves

of circumferential and axial guided waves were calculated

for a material of Poisson’s ratio �¼ 0.34 for different ratios

between the external radius b and the shell thickness d. As

shown in Fig. 1 for circumferential waves, the curvature

induces significant changes in particular for the A0 and S0

modes. However, for both axial and circumferential modes

the ZGV and thickness frequencies are almost unchanged by

the curvature. In Fig. 2, the relative difference between S1S2

ZGV frequencies for the tube and for the plate was plotted

as a function of the ratio b/d. In our case of study: A Zircaloy

tube with b¼ 4.75 mm and d¼ 0.57 mm (b/d¼ 8.33), the rel-

ative difference is lower than 0.1% for circumferential

modes and lower than 0.05% for axial waves. Taking into

account the thickness variations and frequency measurement

accuracy (0.2%), the curvature does not affect the ZGV reso-

nance frequencies. The proposed ZGV technique is still valid

in the case of a thin hollow cylinder.

III. ZGV RESONANCE MEASUREMENTS

In the case of an anisotropic plate, it has been observed

that ZGV resonances excited by a line laser source on a sili-

con wafer depend on the line orientation.15 We use the same

procedure to ascertain that the differences between axial and

FIG. 1. Dispersion curves calculated for a material of Poisson ratio �¼ 0.34

for Lamb modes in a plate of thickness d (dashed black line) and circumfer-

ential guided waves in a hollow cylinder of external radius b¼ 5d (black

points) and b¼ 21d (gray points).

FIG. 2. Relative difference between S1S2 ZGV frequencies in a tube and in

a plate as a function of the ratio b/d, for circumferential guided waves (*)

and for axial guided waves (þ).

J. Acoust. Soc. Am., Vol. 132, No. 1, July 2012 Cès et al.: Tube characterization with local resonances 181

A
u

th
o

r'
s 

co
m

p
lim

en
ta

ry
 c

o
p

y



circumferential resonances are caused by the material anisot-

ropy and not by the curvature.

As shown in Fig. 3, Lamb waves were generated by a

Q-switched Nd:YAG (yttrium aluminum garnet) laser pro-

viding pulses having a 20 ns duration and 4 mJ of energy.

The spot diameter of the unfocused beam is equal to 1 mm.

A beam expander (�7.5) and a cylindrical lens (focal length

250 mm) were used to enlarge the laser beam and focus it

into a narrow line on the surface. The optical energy distri-

bution was close to a Gaussian and the absorbed power den-

sity was below the ablation threshold. The full length of the

source at 1/e of the maximum value was found to be 10 mm

and the width was estimated to be 0.3 mm. In the thermoelas-

tic regime, the source is equivalent to a set of dipole forces

distributed on the surface perpendicular to the line.

Local vibrations were measured by a heterodyne inter-

ferometer equipped with a 100 mW frequency doubled

Nd:YAG laser (optical wavelength K¼ 532 nm). This inter-

ferometer is sensitive to any phase shift D/ along the path of

the optical probe beam, and then to the mechanical displace-

ment u normal to the surface. As previously shown,21 the

calibration factor (10 nm/V), deduced from the phase modu-

lation D/¼ 4pu/K of the reflected beam, was constant

over the detection bandwidth (500 kHz–20 MHz). Signals

detected by the optical probe were fed into a digital sampling

oscilloscope and transferred to a computer.

The sample is a hollow cylinder (length 160 mm, exter-

nal radius 4.75 mm, shell thickness 0.57 mm) made of a

zirconium alloy (mass density q¼ 6.61� 103 kg/m3), con-

taining approximately 1.5 wt. % tin, 0.2 wt. % iron, 0.1 wt. %

chromium. These Zircaloy tubes are used for cladding fuel

rods in nuclear pressurized water reactors. Two measure-

ments were performed at the center of the line, the first one

with the source parallel to the cylinder axis [Fig. 4(a)], the

other with the source perpendicular to this axis [Fig. 4(b)]. A

typical temporal signal is given in Fig. 5. As previously

explained, the oscillations in the first 10 ls are due to the

large mechanical displacement associated with the low fre-

quency components of the A0 Lamb mode.18 As shown in

the insert, the low amplitude tail for t> 20 ls is not noise but

high frequency oscillations due to the ZGV resonances.

The spectra of both records are shown in Fig. 6. In the

circumferential wave configuration, four resonances appear

between 0 and 13 MHz [Fig. 6(a)]. The method exposed in

Ref. 14 for an isotropic plate permits to extract the triplet

(�, VL, VT) with good accuracy. The uncertainty of the

measurement (0.5% for the Poisson ratio and 1% for the

bulk wave velocities) is limited by the quality factor of the

resonances (�300), the variations of the shell thickness

(�0.1%) and the effect of the curvature (�0.1%).

Using the first two resonances, corresponding to the

S1S2 and A2A3 ZGV modes, it was possible to determine

�1¼ 0.327 and then

VL1 ¼ 4740 m=s; VT1 ¼ 2405 m=s: (1)

In the axial wave configuration, only two resonances

clearly emerge in the spectrum [Fig. 6(b)], which corre-

sponds to the S1S2 and S3S6 ZGV modes. A similar method

applied to these modes gives �2¼ 0.353 and

FIG. 3. (Color online) Experimental setup.

FIG. 4. (Color online) Positions of the line source (a) parallel and (b) per-

pendicular to the cylinder axis. According to the experiment, the probe laser

beam is either at the center or moved perpendicular to the line source.

FIG. 5. Normal displacement (nm) recorded at the center of the line source

parallel to the cylinder axis.
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VL2 ¼ 4830 m=s; VT2 ¼ 2300 m=s: (2)

In conclusion, ZGV measurements and their interpretation

in the frame of an isotropic behavior of the material lead to as-

cribe two relatively different values for Poisson’s ratio of the

Zirconium alloy. Since this result is not satisfactory, in Sec. IV

we develop a transverse isotropic model. The five elastic con-

stants of this model were extracted from ZGV resonances and

dispersion spectra of axial and circumferential waves meas-

ured with the LBU technique. It should be also noted that the

Poisson’s ratio �2 obtained in the axial wave configuration is

very different from that found by Yeh et al.11

IV. TRANSVERSE ISOTROPIC MODEL

Given the Cartesian coordinates (x1, x2, x3) with the

x3-axis parallel to the cylinder axis, the sample is supposed

to be isotropic in the (x1, x2)-plane. In the linear theory of

elasticity, mechanical properties of anisotropic media are

described by the stiffness tensor cijkl. Using the Voigt’s

notation, they are represented by a 6� 6 symmetric matrix

cab (a, b¼ 1–6). For transverse isotropic media, the number

of independent elastic constants reduces to five: c11, c13, c33,

c44, and c66. Other elastic constants are related to these coef-

ficients or vanish

c22 ¼ c11; c23 ¼ c13; c55 ¼ c44; c12 ¼ c11 � 2c66:

(3)

The laser beam can be focused along a line parallel or

perpendicular to the cylinder axis x3 (Fig. 4). Assuming the

absorbed energy distribution to be symmetric, two waves

can be generated by the thermoelastic source with orthogo-

nal polarizations in the sagittal plane perpendicular to the

line source at the center.

The classical analysis of elastic wave propagation in a

crystal having hexagonal symmetry shows that four phase

velocities are involved.16 In the first configuration [Fig. 4(a)]

and due to the transverse isotropy, the velocities for the two

bulk modes are the same, whatever the propagation direction

along the surface x1 or in the shell thickness x2:

VL\¼ (c11/q)1/2 for the longitudinal mode.

VT\¼ (c66/q)1/2 for the transverse mode whose polarization

is perpendicular to the cylinder axis x3.

In the second configuration [Fig. 4(b)] and due to the an-

isotropy, the velocities for the longitudinal modes are

different:

VL//¼ (c33/q)1/2 for the one propagating along the cylinder

axis x3.

VL\¼ (c11/q)1/2 for the one propagating in the shell thick-

ness x2.

For the transverse mode, the phase velocity is

VT¼ (c44/q)1/2 whatever the polarization, parallel or perpen-

dicular to the cylinder axis.

Thus, four among the five elastic constants of the trans-

verse isotropic model can be determined from these velocity

measurements. Since the thickness is known, velocities can

be deduced from ZGV resonance frequencies. In the trans-

verse isotropic case and for a line source parallel to x3, cir-

cumferential Lamb waves are excited in the transverse

isotropic plane and constants c11 and c66 can be deduced

from the extracted velocities VL\ and VT\. In the second

configuration, axially Lamb waves are generated. The analy-

sis is more complicated since two longitudinal modes are

involved, so that the velocity VL2 extracted from ZGV reso-

nance frequencies is a combination of VL\ and VL//.

The objective of the following part is to determine the

five elastic constants of the transverse isotropic model. For

such a number of parameters an inversion process based, for

example, on the simplex algorithm is not straightforward.

We proposed a simple procedure: Four of the five constants

are directly extracted from ZGV resonance frequencies and

only the last one c13 is deduced from the measured disper-

sion spectra.

V. RESULTS AND DISCUSSION

It results from the previous analysis that thickness reso-

nance frequencies are independent of c13. They only depend

on the four elastic constants c11, c66, c33, and c44. As a conse-

quence, the ZGV resonance frequencies are nearly independ-

ent of c13. For example, simulations show that a 10%

variation of c13 causes only a 0.5% change in the S1S2 ZGV

resonance frequency. Thus, c11, c66, c33, and c44 were deter-

mined from ZGV resonance measurements and c13 was esti-

mated by fitting theoretical and experimental dispersion

curves. Theoretical curves for a transverse isotropic material

were calculated with the Disperse software.20 Experimental

ones were measured with the laser ultrasound setup: The

normal displacement was recorded while the probe beam

was moved perpendicular to the line source maintained

fixed. The fast Fourier transform (FFT) in two dimensions

(time and distance) of the obtained B-scans was processed.

FIG. 6. Spectrum of the resonance for a line source (a) parallel and (b) per-

pendicular to the cylinder axis.
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The maxima of the 2D-FFT were extracted to plot the differ-

ent branches of the dispersion curves in both propagation

directions.

As the medium is isotropic in the x1-x2 plane, the veloc-

ities VL1 and VT1 obtained in the circumferential configura-

tion [Eq. (1)] are equal to VL\ and VT\. Then

c11 ¼ qðVL1Þ2 ¼ 148 GPa; (4)

c66 ¼ qðVT1Þ2 ¼ 38 GPa; (5)

and

c12 ¼ c11 � 2c66 ¼ 72 GPa: (6)

Constants c33 and c44 are deduced from ZGV resonance

measurements performed in the axial configuration [Eq. (2)].

To simplify the problem, the longitudinal bulk wave velocity

VL// is assumed to be equal to the velocity VL2 measured by

ZGV resonance, so that

c33 ¼ qðVL2Þ2 ¼ 154 GPa: (7)

c44 is obtained from the transverse bulk wave velocity VT,

equal to VT2

c44 ¼ qðVT2Þ2 ¼ 35 GPa: (8)

These values were used as input data for the computa-

tion of the dispersion curves of axial guided waves. As in the

isotropic case c13 and c12 are equal, the initial value for c13

was chosen as 72 GPa. As shown in Fig. 7(a), the calculated

curves are slightly above the experimental ones. A set of dis-

persion spectra was calculated by varying the value of c13.

The best fit was obtained with c13¼ 78 GPa. The correspond-

ing curves drawn in Fig. 7(b) are superimposed on the exper-

imental ones. In the circumferential direction, dispersion

curves are identical to those calculated in the isotropic case

(Fig. 8). The obtained stiffness tensor constants of the Zirca-

loy are given in Table I.

VI. CONCLUSION

Elastic guided waves propagating in a Zircaloy hollow

cylinder was investigated by LBU techniques. Using a laser

line source, ZGV modes were observed in both axial and cir-

cumferential configurations. Poisson’s ratio values deduced

for both configurations from ZGV resonance frequencies dif-

fer strongly. It is shown that this difference cannot be

ascribed to the geometry of the tube but to the constitutive

material. Since the isotropic model was not correct to accu-

rately describe the behavior of guided elastic waves in Zirca-

loy tubes, a transverse isotropic model was used. Four of the

five elastic constants were directly extracted from ZGV reso-

nance frequencies. The last one was deduced from the
FIG. 8. Superposition of experimental points (*) and dispersion curves

(gray lines) calculated for circumferential guided waves.

TABLE I. Stiffness constants in GPa, for the transverse isotropic Zircaloy

tube.

c11 c12 c33 c13 c44

149 6 3 72 6 2 154 6 3 78 6 2 35 6 1

FIG. 7. Transverse isotropic model. Superposition of experimental disper-

sion curves (*) and calculated ones (gray lines) in the axial direction with

(a) c13¼ 72 GPa, (b) c13¼ 78 GPa.
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dispersion spectra measured by the laser ultrasound tech-

nique. A good agreement was obtained between theoretical

and experimental dispersion curves for both axially and cir-

cumferentially propagating guided waves. In a further study

this set of elastic constants can be used as input data for a nu-

merical inversion procedure.
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