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The transient response of an elastic cylinder to a laser impact is studied. When the laser source
is a line perpendicular to the cylinder axis, modes guided along the cylinder are generated. For
a millimetric steel cylinder up to ten narrow resonances can be locally detected by a laser inter-
ferometer below 8 MHz. These resonances correspond to Zero-Group Velocity guided modes or to
circumferential modes. We observe that the theory describing the propagation of elastic waves in an
isotropic cylinder is not sufficient to precisely predict the resonance spectrum. In fact, the texture
of such elongated structure manifests as elastic anisotropy. Thus, a transverse isotropic (TI) model
is used to calculate the dispersion curves and compare them with the measured ones, obtained by
moving the source along the cylinder. The five elastic constants of a TI cylinder are adjusted leading
to a good agreement between measured and theoretical dispersion curves. Then, all the resonance
frequencies are satisfactorily identified.

I. INTRODUCTION

Elongated cylindrical structures like rods, cable
strands, or fibers are widely used in the industry or
in civil engineering. Characterization of mechanical
properties of constitutive materials is important for
testing their structural integrity. Non-Destructive
Evaluation (NDE) of these properties is usually carried
out with elastic waves. Various methods like Resonant
Ultrasonic Spectroscopy (RUS)/pulse-echo contact-
method, or pulsed/continuous laser-ultrasound (LU)
contactless-method are used. Cylindrical structures
support the propagation along their axes of elastic waves
of different types: longitudinal (L), flexural (F), or
torsional (T). Many theoretical and numerical studies
and few experimental results were published the past
50 years on the propagation of time harmonic guided
modes in solid or hollow cylinders.46–48 In the 19th
century, Pochhammer49 and Chree50 first established
the equation of longitudinal waves in free isotropic
cylindrical structures. In 1943, Hudson studied the
fundamental flexural mode in a solid cylinder51 and
longitudinal modes of a bar were examined by Davies52

in 1948. Gazis reported the first exact solutions of the
frequency equation,46 as well as a complete description
of propagative modes, displacement, and stress distribu-
tions for an isotropic elastic hollow cylinder in vacuum.
Pao and Mindlin53,54 as well as Onoe et al. 55 studied all
the branches of the complete three-dimensional problem
of a free solid cylinder. A thorough review of elastic
wave propagation in isotropic elastic cylinders and plates
was given by Meeker and Meitzler.48 Later, Zemanek
investigated elastic wave propagation in a cylinder, both
experimentally and theoretically.56

All these works deal with isotropic material, however
transverse anisotropy is exhibited by elongated cylin-
drical structures due to their manufacturing processes
(poly-crystalline metals)57 or their texture (carbon fibers
used in reinforced polymers). Then, non-destructive

measurement of elastic constants of transverse isotropic
(TI) materials is of great interest,58 especially in aero-
nautic and aerospace industries. Morse first established
the frequency equation for longitudinal waves propagat-
ing in TI cylinders.59 The extension of Gazis formu-
lation to orthotropic and TI waveguides was initiated
by Mirsky in 1964 for infinite and finite cylinders.60,61

Then, several researchers investigated the propagation
or the scattering of elastic waves in free or fluid-loaded
TI cylinders.62–66 Ahmad and Rahman67 also studied
the scattering of acoustic wave incident on a TI cylin-
der and showed that Buchwald’s representation68 yields
much simpler equations.69 This representation is benefi-
cial to simplify the description of the potential functions
and economizes laborious calculations. This model pro-
vides perfectly similar results with Honarvar and Sinclair
model70,71 and can be applied to study both isotropic and
TI cylinders. Honarvar et al. also obtained the frequency
equations of axisymmetric and asymmetric free vibra-
tions of finite TI cylinders.72 Several other researchers
proposed to use the impedance matrix theory73,74 or a
semi-analytical finite element method to study transient
thermoelastic waves in isotropic/anisotropic cylinders.75

Frequency equations determining the angular fre-
quency ω(= 2πf) versus the axial wave number
k(= 2π/λ) have to be solved numerically. For a given
circumferential order n, the various solutions (integer
m) can be grouped into different families: longitudinal
L(0,m) and torsional T(0,m) modes with displacements
independent of the azimuthal angle θ, or flexural F(n,m)
modes with displacements varying as sinnθ or cosnθ.
Each mode is represented by a dispersion curve ω(k).
Many similarities exist between the families of modes
found in plates and cylinders. Indeed, torsional modes
T(0,m) are similar to shear horizontal modes SH in
plates. Longitudinal L(0,m) and first flexural F(1,m)
modes in cylinders are analogous to symmetrical Sm
and anti-symmetrical Am Lamb modes in plates. Major
differences appear in the frequency spectrum for flexural
modes F(n,m) with family number n > 2.
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The laser-based ultrasonic technique is a convenient
tool for the generation and detection of guided elastic
waves in plates 76 or cylinders.77 It has been shown that
this non-contact technique is very efficient to observe
Zero Group Velocity (ZGV) Lamb modes correspond-
ing to a frequency minimum of the dispersion curves
ω(k).78,79 At the ZGV frequencies, guided modes have
a finite phase velocity but vanishing group velocity.
The interference of forward and backward guided waves
having opposite wave numbers gives rise to a standing
wave pattern.80 For these specific points, the energy
deposited by the laser pulse remains trapped under
the source. The resulting local and narrow resonances
can be detected at the epicenter with an optical in-
terferometer. This non-contact method allowed us to
perform accurate measurements of elastic properties
of isotropic or TI materials.81,82 For cylinders, a line
laser source can be used to control the propagation
direction. For a line source parallel to the cylinder axis,
circumferential Rayleigh and whispering gallery waves
are excited giving rise to resonances at all n integer
values of the normalized circumferential wave number83

ka. This configuration was also used by Mounier et al. to
study resonances of a micrometric fiber at sub-gigahertz
frequencies and to determine the elastic constants
using an isotropic model.84 Circumferential resonances
occur at cut-off frequencies of longitudinal and flexural
modes where the axial wave number vanishes. They are
analogous to thickness resonances in plates at cut-off
frequencies of Lamb modes. In the case of a TI cylinder,
this configuration is not appropriate to determine the
whole set of elastic constants.

In this paper, we investigate the mechanical response
of a transversely isotropic cylinder to a laser line source
perpendicular to the axis. In this case, the generated
waves guided along the cylinder axis are sensitive to the
material anisotropy. We performed measurements in a
millimeter steel cylinder and many resonances are ob-
served in the megahertz ange. They can be roughly iden-
tified from the minimum frequency of some branches of
the dispersion curves of longitudinal and flexural modes
calculated for an isotropic cylinder. However, significant
discrepancies remain between the isotropic model and ex-
perimental resonance frequencies. Dispersion curves are
then calculated using a TI model. The five independent
elastic constants are adjusted such that all measured res-
onance frequencies can be precisely predicted. Moreover,
experimental dispersion curves, measured by moving the
laser source, are compared with the theoretical ones.

II. EXPERIMENTS

Measurements were performed with an optical inter-
ferometer at the center of the source. Compared to a
point source, the use of a laser line perpendicular to the

cylinder axis significantly reduces the excitation of most
circumferential modes. Resonances were extracted from
the spectrum of the temporal signal. Their frequencies
were compared with minimum frequencies of dispersion
curves calculated from an isotropic material.

A. Laser-ultrasonic setup

The experimental setup is shown Fig. 1. The sample
is an austenitic stainless steel (AISI 304L) solid cylinder
(length 420 mm, diameter 2a = 0.775 mm, and mass
density is ρ = 7.91× 103 kg ·m−3). The rod is supported
by two beveled metallic pieces to reduce the mechanical
contact (friction). Elastic waves were generated by a
Q-switched Nd:YAG (yttrium aluminium garnet) laser
providing 8-ns pulses of 15-mJ energy at a 100-Hz
repetition rate (Quantel Centurion). The spot diameter
of the unfocused beam is equal to 2.5 mm. A beam
expander (×4) and a cylindrical lens (focal length 250
mm) were used to enlarge and focus the laser beam
into a narrow line on the surface. The optical energy
distribution was close to a Gaussian and the absorbed
power density was below the ablation threshold. The
full length of the source at 1/e of the maximum value
was found to be 10 mm and the width was estimated to
be 0.3 mm. In the thermoelastic regime, the line source
is equivalent to a set of force dipoles distributed on the
surface and parallel to the cylinder axis.85 The estimated
Rayleigh range of the Gaussian laser beam (0.8 mm)
is only twice the cylinder radius (0.39 mm). Then,
the energy deposited along the cylinder circumference
depends on the azimuthal angle θ. Moreover, the optical
absorption decreases with θ from the normal incidence
(θ = 0) on both sides of the sample. A priori, this
asymmetry favors the excitation of some flexural modes.
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Figure 1. (color online) Source and probe geometry used to
excite and to detect local resonances in a cylinder. S: laser
source, I: interferometer, C: cylindrical lens.

Local vibrations were measured by a heterodyne inter-
ferometer equipped with a 100-mW frequency doubled

Laurent et al: Resonances in transversely isotropic cylinder
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Nd:YAG laser (optical wavelength Λ= 532 nm). This
interferometer is sensitive to any phase shift ∆φ along
the path of the optical probe beam, and then to the me-
chanical displacement ur normal to the surface. The cal-
ibration factor (85 nm/V), deduced from the phase mod-
ulation ∆φ = 2πur/Λ of the reflected beam, was con-
stant over the detection bandwidth (20 kHz - 20 MHz).
Large low frequency phase-shifts due to thermal effect or
first flexural F(1,1) mode are eliminated by interposing,
before amplification, a high-pass filter having a cut-off
frequency equal to 1.5 MHz.86 Measurements were con-
ducted at room temperature (21 ± 0.5◦C). Signals de-
tected by the optical probe were fed into a digital sam-
pling oscilloscope and transferred to a computer.

B. Zero-group velocity resonances

The propagation of elastic waves along the cylinder
axis is represented by dispersion curves calculated from
Zemanek’s equation.56 The steel sample is assumed
to be homogeneous with longitudinal and transverse
velocities VL = 5650 m/s and VT = 3010 m/s, re-
spectively. The numerical algorithm used to find the
roots of the secular equation was proposed by Seco and
Jiménez.87 Firstly, the cut-off frequencies are evaluated
with a bisection method, then a zero-finding algorithm
is applied to determine each branch successively. The
roots were obtained with an acceptable error of less
than 10−6. Finally, the dispersion curves are determined
for longitudinal modes and the first seven families of
flexural modes in less than 1 minute on a personal
computer, with a resolution ∆k = 10−3 mm−1. As
shown in Fig. 2(a), dispersion curves obtained for
longitudinal L(0,m) and first flexural F(1,m) modes are
similar to those obtained for an isotropic elastic plate.
Dispersion curves of higher order flexural modes F(n,m)
are plotted in Fig. 2(b). As the interferometer is only
sensitive to the normal displacement, torsional modes
are not presented. Branches of the dispersion curves
are obtained separately, thus ZGV frequencies are easily
determined by searching for minimum frequencies for
finite wave numbers.

A typical signal, corresponding to the mechanical
displacement normal to the cylinder surface, is given
in Fig. 3(a). As previously explained, the oscillations
in the first 5 µs are due to the large displacements
associated with the low frequency components of the
flexural mode F(1, 1) similar to the A0 mode in plates.
As shown in the insert, the low amplitude tail for t > 5
µs is not noise but high frequency oscillations due to
ZGV or circumferential resonances. The spectra of
out-off plane displacement are shown in Fig. 3(b). Seven
resonances dominate between 1.5 and 8 MHz. The peak
at 2.77 MHz can be ascribed to the ZGV resonance
at the minimum frequency of the F(2, 1)-mode, while
peaks at 4.38 and 4.29 MHz correspond to L(0, 2) and
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Figure 2. Dispersion curves for an isotropic stainless steel
solid cylinder (diameter 0.775 mm). (a) Longitudinal L(0, m)
and first flexural F(1, m) modes. (b) Higher order flexural
modes F(n,m). Vertical arrows indicate minimum frequencies
corresponding to ZGV modes.

F(3, 1)-ZGV modes, respectively. The peak at 3.42
MHz can be associated with a circumferential resonance
[horizontal arrow in Fig. 2(a)] at the cut-off frequency
(3.46 MHz) of the F(1, 3) mode. The peak at 5.61 MHz
is relatively close to the minimum frequency (5.79 MHz)
of the F(4, 1) mode. Higher frequency peaks at 6.83 and
7.70 MHz do not correspond to any minimum frequency
on the dispersion curves. Except for L(0,2) which is
estimated at 0.2%, relative errors from 2% to 4% are
observed for the other resonances. The good agreement
for the L(0,2) and F(1,3) resonances was obtained with
the chosen pair of bulk wave velocities. Another pair of
velocities (VL = 5500 m/s, VT = 2920 m/s) is needed to
accurately predict the resonance frequencies of higher
order modes (n > 2). Thus, the isotropic model with
two elastic constants is not suitable. A higher number of
material parameters are required for a better prediction
of the resonance frequencies. In the following section, we
apply the model with five elastic constants, developed
by Ahmad and Rahman for TI cylinder.67

The Q-factor (Q = f0/∆f0) can be estimated from the
half-power width ∆f0 of the resonance peak at the ZGV
point. In order not to underestimate the Q-factor, the
signal acquisition time window Θ must be larger than
the inverse of the bandwidth. We performed a measure-
ment of the out-of-plane displacement at the epicenter
with a signal acquisition time window Θ = 4 ms. We ob-
tained thinnest resonances and a Q-factor at L(0,2)-ZGV
frequency of 4×103 (∆f = 1.1 kHz and f0 = 4.38 MHz).
For flexural ZGV resonances, the Q-factor are slightly

Laurent et al: Resonances in transversely isotropic cylinder
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Figure 3. (a) Radial displacement measured by the optical
interferometer. Inset: zoom on a portion of the temporal
displacement. (b) Frequency spectrum filtered by an analog
high-pass filter (f 6 1.5 MHz).

lower and vary from 2× 103 to 2.5× 103. With such high
Q values, the influence of the ultrasound attenuation can
be neglected.

III. TRANSVERSE ISOTROPIC MODEL

In the linear theory of elasticity, anisotropic media are
described by the stiffness tensor cijkl (with i, j, k, l
= 1 to 3). Using the Voigt’s notation, they are repre-
sented by a 6 × 6 symmetric matrix cαβ (α, β = 1 to
6). Given the Cartesian coordinates (x1, x2, x3) with
the x3-axis parallel to the cylinder z-axis, the sample
is supposed to be isotropic in the (x1, x2) plane. Such
transverse isotropic medium is described by five inde-
pendent elastic constants: c11, c13, c33, c44, and c66.
Other elastic constants are related to these coefficients:
c22 = c11, c23 = c13, c55 = c44, c12 = c11–2c66 or vanish.

A. Dispersion equation

As mentioned by Honarvar et al. ,71 the displacement
vector u(r, θ, z, t) can be derived from three scalar poten-
tial functions ϕ, χ, and ψ.70,88 A simple representation
initiated by Buchwald68 and used by Ahmad and Rah-
man67 is the following:

u = ∇ϕ+∇× (χêz) +

(

∂ψ

∂z
−
∂ϕ

∂z

)

êz. (1)

In cylindrical coordinates (r, θ, z), the above represen-
tation leads to the following displacement components:

(ur, uθ, uz) =

(

∂ϕ

∂r
+

1

r

∂χ

∂θ
,
1

r

∂ϕ

∂θ
−
∂χ

∂r
,
∂ψ

∂z

)

.

Harmonic solutions are given by

ϕn = ΦJn(βr) cos(nθ) exp[i(kz − ωt)],

ψn = ΨJn(βr) cos(nθ) exp[i(kz − ωt)],

χn = XJn(βr) sin(nθ) exp[i(kz − ωt)],

where Jn is the Bessel function of the first kind of or-
der n. They correspond to the superposition of plane
waves of wave vector k = (β cos θ, β sin θ, k) which sat-
isfy the propagation equation in a meridian plane. The
radial component β of the wave vector k must satisfy the
Christoffel equation

(

c11c44β
4 − Eβ2 + F

) (

c66β
2 + c44k

2 − ρω2
)

= 0. (2)

The first term corresponds to waves polarized in the
meridian plane (x2, x3) and the second term corresponds
to pure shear wave (polarized along x1). The coeffi-
cients E and F are given in the appendix [Eq. (A.2)].
The above equations are similar to those obtained by
Mirsky.61 Omitting the propagation term exp i(kz − ωt)
for simplicity, the three independent solutions are found
to be

(ϕ1n, ψ1n, χ1n) =
(

Jn(β1r) cos(nθ), q1Jn(β1r) cos(nθ), 0
)

,

(ϕ2n, ψ2n, χ2n) =
(

q2Jn(β2r) cos(nθ), Jn(β2r) cos(nθ), 0
)

,

(ϕ3n, ψ3n, χ3n) =
(

0, 0, Jn(β3r) sin(nθ)
)

.

The three roots of the Christoffel equation, β1, β2, and
β3 are given in Eq. (A.3) and q1, q2 are the potential
amplitude ratios provided by Eq. (A.4). Hence, the dis-
placements are as follows:

(u1r, u1θ, u1z)n =
(

β1J
′

n(β1r) cos(nθ), −
(n

r

)

Jn(β1r) sin(nθ), ikq1Jn(β1r) cos(nθ)
)

,

(u2r, u2θ, u2z)n =
(

q2β2J
′

n(β2r) cos(nθ), −
(n

r

)

q2Jn(β2r) sin(nθ), ikJn(β2r) cos(nθ)
)

, (3)

(u3r, u3θ, u3z)n =
((n

r

)

Jn(β3r) cos(nθ), −β3J ′

n(β3r)sin(nθ), 0
)

.

Laurent et al: Resonances in transversely isotropic cylinder
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The first two solutions correspond to a coupling between
quasi-longitudinal and quasi-shear waves polarized in the
meridian plane. The last solution having zero displace-
ment component along the z-axis corresponds to a pure
shear wave. These solutions must be combined with
weighting factorsBn, Cn, Dn to satisfy the boundary con-
ditions at the free surface r = a. These conditions imply
that normal stresses vanish: σrr(a) = σrθ(a) = σrz(a) =
0 and lead to the following homogeneous linear system:





a11 a12 a13
a21 a22 a23
a31 a32 a33









Bn

Cn

Dn



 =





0
0
0



 , (4)

where the matrix elements aij are listed in Eq. (A.1). The
dispersion equation results from the secular equation

det(aij) = 0. (5)

For n = 0, Eq. (5) splits into two parts: a23 = 0, i.e.,

(β3a)J
′′

0 (β3a) = J
′

0(β3a) similar to the equation given
by Mirsky61 for torsional modes T(0,m) and a11a32 =
a12a31 corresponding to longitudinal modes L(0,m).

B. Cutoff frequencies

As the wave number k is equal to zero, the motion
at the cutoff frequencies is independent of the axial co-
ordinate x3. This implies k2q1 = 0, q2 = 0, and
a12 = a22 = 0. The dispersion equation [Eq. (5)] for lon-
gitudinal and flexural modes in a solid cylinder at k = 0
reduces to

β2aJ
′

n(β2a)(a13a21 − a11a23) = 0, (6)

where the four aij simplify as

a11 = c11(β1a)
2J ′′

n (β1a) + c12
{

(β1a)J
′

n(β1a)− n2Jn(β1a)
}

,

a13 = 2nc66
{

(β3a)J
′

n(β3a)− Jn(β3a)
}

,

a21 = −2n
{

(β1a)J
′

n(β1a)− Jn(β1a)
}

,

a23 = −(β3a)
2J ′′

n (β3a) + (β3a)J
′

n(β3a)− n2Jn(β3a).

To find the cutoff frequencies, the above equation can
be solved for ωc(= 2πfc), for various values of n and m.
The first two roots β1,2 are simplified using the reduced
expressions of ∆ = (c11 − c44)ρω

2
c , E = (c11 + c44)ρω

2
c ,

and F = ρ2ω4
c [Eq. (A.3)] as β1 = ωc

√

ρ/c11 and β2 =

ωc

√

ρ/c44. The third root reduces to β3 = ωc

√

ρ/c66.
The cutoff frequency equation [Eq. (6)] is simplified as

a11J
′

n(β2a) = 0 for L(0,m).

C. Dependence of ZGV frequencies on elastic
constants

A sensitivity analysis was performed to characterize
the elastic constant influence on the dispersion curves

and especially on ZGV frequencies. Figure 4 displayed
the longitudinal and the first two flexural mode families
as a function of elastic constants. Each constant was suc-
cessively varied by ±5% and ±10% around the following
average values (in GPa): c11 = 240, c13 = 110, c33 = 250,
c44 = 70, and c66 = 70. The curves obtained for the av-
erage values are displayed by the dashed line. It appears
that each ZGV resonance depends on specific constants.
For example, the elastic constants which mainly affect
the L(0,2)-ZGV frequency are c11 and c44. These elastic
constants are proportional to the square of longitudinal
and shear velocities in directions perpendicular to the
cylinder axis x3. While F(1,4)-ZGV frequency slightly
depends on c11 and more strongly on c44 and c66 which
is proportional to the square of the shear velocity in the
direction perpendicular to the cylinder axis. When the
values of c11, c13, and c33 increase or when c44, c66 de-
crease, the F(1,4)-ZGV frequency disappears, i.e., the
slope of the spectral line at the cutoff frequency becomes
positive. It should be noted that, F(2,1)-ZGV frequency
is almost independent of the first four elastic constants
while it significantly depends on c66.

IV. RESULTS AND DISCUSSION

In this section, we identify all the resonance frequencies
and accurately determine the five elastic constants. The
experimental dispersion curves were fitted with those ob-
tained theoretically with the TI model.67 Then, we com-
pared isotropic and TI models to highlight the anisotropy
of the stainless steel cylinder.

A. Dispersion curves measurements

Experimental dispersion curves were measured with
the laser ultrasound setup displayed in Fig. 1. The
out-of-plane displacement was recorded with the inter-
ferometer at a single point in the middle of the cylinder,
while the line source was moved along the cylinder axis
on 40 mm by 0.1 mm steps. For each source position, the
normal displacement was recorded during 180 µs at a 50
MHz sampling frequency. To increase the signal to noise
ratio, 1024 signals were averaged. First, apodization
(Hanning) windows were applied in both dimensions
(time and distance) to avoid secondary lobes. Then, a
two-dimensional-Fourier transform was applied to the
obtained B-scans. Since, cylindrical waveguides support
backward-propagation with opposite group and phase
velocities,80 the spatial Fourier transform was extended
to negative wave numbers [Fig. 5(b)].

The counter propagative modes are observed in
the cylinder both for longitudinal and flexural modes
and occur in the vicinity of k = 0. For example, at
the L(0,2)-ZGV frequency (4.34 MHz) the L(0,2) and
L(0,3)b modes having opposite wave vectors interfere.

Laurent et al: Resonances in transversely isotropic cylinder
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Figure 4. Influence of the elastic constants on the dispersion curves of a transversely isotropic cylinder. From top to bottom:
for longitudinal modes and the first two flexural mode families. Vertical arrows depict the ZGV frequencies and tilted arrows
show increasing cij .

The power spectrum was computed at a frequency of
4.40 MHz, slightly higher than the L(0,2)-ZGV resonance
frequency, for which the modes are propagative. Figure
5(a), shows that this spectrum is composed of two main
peaks. The peak at a negative value of k, similar to
the larger one in the positive k domain demonstrates
the backward propagation in cylinders. Afterwards, the
dispersion curves (backward region) for negative wave
number ω(−k) were folded and added to positive ones
[Fig. 5(c)]. We can clearly identify five ZGV frequencies.
One at 4.34 MHz corresponding to the L(0,2)-ZGV
resonance and four others at 2.77, 4.28, 5.60, and 6.60
MHz corresponding to F(2,1), F(3,1), F(4,1), and F(1,4)
flexural-ZGV resonances, respectively. The wavelengths
at these ZGV frequencies extend from 2.3 to 3.2 mm
(λ/2a ∼ 3 − 4) except for F(1,4)-ZGV frequency which
has a 14.3 mm wavelength (λ/2a ∼ 18.6).

The theoretical dispersion relation ω(k) [Eq. (5)] was
calculated by solving the secular equation with the zero-
finding algorithm.87 Experimental dispersion curves were
fitted with the TI model. Bulk modes whose bulk ve-
locities are proportional to stiffness constants c33 and
c44 were eliminated by dividing the determinant by
(ρω2 − c33k

2)(ρω2 − c44k
2). We calculated longitudi-

nal modes and the first seven families of flexural modes.
Starting from the two pairs of bulk wave velocities pre-
viously determined with the isotropic model, theoretical
dispersion curves were fitted heuristically (i.e., without
any minimization algorithm) by adjusting the five elastic
constants. Finally, we observe [Fig. 5(c)] good agree-
ment between experimental dispersion curves and those
predicted by the TI model. The parameters used for
the TI model are listed in Table I. The dashed and dot-
ted lines correspond to the longitudinal and first flexural
modes respectively, the solid and long-dashed lines in-
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Figure 5. (color online) (a) Spatial Fourier transform of the normal displacement at 4.40 MHz illustrating backward propagation
with a negative wave number. Each backward mode is coupled to the upper mode of the same family (n,m + 1). To avoid
confusion they are indicated by the index b. (b) Experimental dispersion curves obtained for negative and positive wave
numbers. (c) Negative dispersion curves ω(−k) were folded and added to the positive ones. The experimental dispersion curves
were fitted with the TI model (the control parameters used are listed in the Table I).

Table I. Elastic constants cij (or sound velocities) used in the TI model. a and ρ were measured.

Stiffness constants (GPa)
c11 c12 c13 c33 c44 c66
239 109 110 252 72 65

Sound velocities (m/s) Diameter (µm)
VL1 VS1 VL3 VS3 Vb 2a
5500 2875 5650 3010 4808 775± 2

Young’s modulus (GPa) Poisson’s ratio Density (kg/m3)
E⊥ E// ν12 ν13 ν31 ρ
183 172 0.317 0.316 0.298 7910 ± 5

dicated the flexural modes with n > 2. Although most
modes are well fitted by the theory, a few experimental
branches are not explained. This may be due to a small
remaining error on the estimated constants or to a slight
discrepancy with transverse anisotropy.

B. Elastic parameters

We now explain the physical meaning of the five sound
velocities implicitly involved in the TI model. Stiffness
constants c11 and c33 determine the longitudinal (L) ul-
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Flexural modes F(n,m) for n extends from 1 to 6. (h) Frequency spectrum recorded at epicenter. The subscript c denotes the
cutoff frequencies. Inset: two resonance frequencies are observed corresponding to F(1,4)-ZGV and Fc(4,2), respectively. The
squares indicate the cutoff frequencies calculated with Eq. (6).

trasound velocities in perpendicular (VL1) and parallel
(VL3) directions with respect to the cylinder axis x3

c11 = ρV 2
L1, c33 = ρV 2

L3. (7)

Stiffness constants c44 and c66 = (c11 − c12)/2 deter-
mine the shear (S) velocities in directions perpendicular
to the cylinder axis with polarizations either perpendic-
ular (VS1) or parallel (VS3) to x3-axis

c44 = ρV 2
S1, c66 = ρV 2

S3. (8)

The remaining stiffness constant c13 should be adjusted
manually. Hence, two Young’s modulus can be defined:
E// = E33 for a stress parallel to the cylinder axis and
E⊥ = E11 = E22 for a stress perpendicular to the cylin-
der axis. They are given by

E// =
c2

c11 − c66
, E⊥ =

4c66c
2

c2 + c33c66
, (9)

where c2 = c33(c11 − c66)− c213 is the determinant of the
sub-matrix of elastic constants cij . This effective stiffness
constant c is proportional to the bar velocity of the waves
propagating along the cylinder axis: Vb = (E///ρ)

1/2

(see Eq. 44 of Mirsky61). Three Poisson’s ratios89,90 can
be defined, ν12 and ν31 for longitudinal extension in the
basal plane and ν13 along the 6-fold axis

ν12 =
c12c33 − c213
c2 + c33c66

, ν31 =
2c66c13

c2 + c33c66
, ν13 =

c13
c11 + c12

.

C. Comparison between isotropic and TI model

Theoretical dispersion curves obtained with isotropic
(dashed lines) and transversely isotropic (solid lines)
models are plotted in Fig. 6. The longitudinal modes are
displayed in Fig. 6(a) and the first six flexural mode fami-
lies [Figures 6(b)-6(g)]. The frequency spectrum recorded
at the epicenter is shown in Fig. 6(h). This representation
allows to distinguish the different propagation modes and
to precisely identify each resonance peak. It obviously
appears that the isotropic model is not appropriate to
interpret experimental results and clearly confirms the
transverse isotropic nature of the cylinder. Five ZGV
resonances, F(2,1), F(3,1), L(0,2), F(4,1), F(1,4), and
eight circumferential resonances, F(1,3), L(0,3), F(4,2),
F(5,1), F(1,5), F(6,1), F(1,6), and F(2,5), can be iden-
tified from the dispersion curves calculated with the TI
model. Both ZGV and cutoff frequencies are estimated
with a relative error less than 0.6%, except for Fc(1,3)
for which the error is close to 1.1%.

D. Displacements at cutoff frequencies

In order to explain why several circumferential reso-
nances (at k = 0) are observed while others are not, we
analyzed the displacements generated inside the cylinder.
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To this end, we calculated ur, uθ, and uz, using Eq. (3).
The radial and axial displacements (ur) and (uz) were
calculated at θ = 0 and the azimuthal displacement (uθ)
at θmax = π/2n. They are displayed in Fig. 7 at the
cutoff frequencies of the modes L(0,3), L(0,4), F(1,2),
and F(1,3) which respectively correspond to the frequen-
cies 4.834, 8.673, 2.276, and 3.343 MHz. For Lc(0,3)
and Fc(1,3) circumferential resonances, the radial dis-
placement at the cylinder surface r = a is significant.
Conversely, for the modes Lc(0,4) and Fc(1,2) the radial
displacement vanishes for r = a, but have essentially a
large displacement along the z-axis. This explains why,
at these cutoff frequencies, no resonances are observed.
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Figure 7. Displacement components produced at (a) L(0,3),
(b) F(1,2), (c) L(0,4) and (d) F(1,3) cutoff frequencies. The
solid, dashed, and long-dashed lines indicate ur, uθ and uz,
respectively.

V. CONCLUSION

In summary, elastic guided waves propagating in
a stainless steel cylinder of millimetric diameter were
investigated by laser ultrasonic techniques. Using a
laser line source perpendicular to the cylinder axis,
ZGV resonances were observed both for longitudinal
and flexural modes. One of the major interests is to
identify each resonance to characterize elastic properties
of materials. We demonstrated that isotropic model
was not relevant to describe the behaviour of elastic
guided waves in a steel rod. A TI model allowed us
to describe the propagation and to calculate dispersion
curves ω(k). The five elastic constants were estimated
from experimental dispersion curves measured by the
LU technique. A good agreement between theoretical
and experimental dispersion curves was obtained both

for longitudinal and flexural modes.

In the future, it would be useful to build a numerical in-
version procedure to improve the accuracy of the material
parameter estimation. Furthermore, it will be interesting
to investigate the relationship between ZGV modes and
elastic constants. This could be done by calculating the
second order derivatives of the dispersion curves at cut-
off frequencies to determine the existence of backward
modes. Finally, it will be interesting to conduct other
studies in materials with different types of anisotropy.
This technique can be also applied in the sub-gigahertz
range with a laser line source of width comparable to the
cylinder diameter to study micrometric fibers.
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Appendix

The scalar functions ϕ, χ, and ψ satisfy the following
wave motion equations:

c11

(

∇
2 −

∂2

∂z2

)

ϕ+ c44
∂2ϕ

∂z2
+ (c13 + c44)

∂2ψ

∂z2
= ρ

∂2ϕ

∂t2
,

(c13 + c44)

(

∇
2 −

∂2

∂z2

)

ϕ+ c44

(

∇
2 −

∂2

∂z2

)

ψ

+c33
∂2ψ

∂z2
= ρ

∂2ψ

∂t2
,

c66

(

∇
2 −

∂2

∂z2

)

χ+ c44
∂2χ

∂z2
= ρ

∂2χ

∂t2
.

The longitudinal L (represented by ϕ) and the vertically
polarized quasi-transverse SV (represented by ψ) waves
are coupled, whereas the pure transverse wave SH (rep-
resented by χ) is decoupled from the others. The dis-
persion equation of torsional, longitudinal, and flexural
guided modes in a transversely isotropic cylinder with
free boundary conditions results in the vanishing of the
determinant of a 3× 3 matrix aij

det(aij) =



















a23 = 0 for T(0,m),
a11a32 − a12a31 = 0 for L(0,m),
a11(a22a33 − a23a32)−
a12(a21a33 − a23a31)+
a13(a21a32 − a22a31) = 0 for F(n > 1,m),
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where the matrix elements are

a11 = c11(β1a)
2J

′′

n (β1a) +

c12

{

(β1a)J
′

n(β1a)− n2Jn(β1a)
}

−

c13q1(ka)
2Jn(β1a),

a12 = c11q2(β2a)
2J

′′

n (β2a) +

c12q2

{

(β2a)J
′

n(β2a)− n2Jn(β2a)
}

−

c13(ka)
2Jn(β2a),

a13 = 2nc66

{

(β3a)J
′

n(β3a)− Jn(β3a)
}

,

a21 = −2n
{

(β1a)J
′

n(β1a)− Jn(β1a)
}

, (A.1)

a22 = −2nq2

{

(β2a)J
′

n(β2a)− Jn(β2a)
}

,

a23 = −(β3a)
2J

′′

n (β3a) + (β3a)J
′

n(β3a)− n2Jn(β3a),

a31 = (1 + q1)(β1a)J
′

n(β1a),

a32 = (1 + q2)(β2a)J
′

n(β2a),

a33 = nJn(β3a),

respectively. The first and second derivatives of the
Bessel function of the first kind of order n can be ex-

pressed in terms of Jn−1, Jn, Jn+1, etc., by using recur-
rence relations. The coefficients E and F used in the
Christoffel equation [Eq. (2)] are defined as

E = (c13 + c44)
2k2 + c44(ρω

2 − c44k
2) + c11(ρω

2 − c33k
2)

= E2
1 + c44F1 + c11F2, (A.2)

F = (ρω2 − c44k
2)(ρω2 − c33k

2) = F1F2.

Finally, the three roots (β) of the Christoffel equation
are

β1,2 =

√

E ∓∆

2c11c44
and β3 =

√

F1

c66
, (A.3)

where ∆ =
√
E2 − 4c11c44F . At last, the amplitude ratio

q1 and q2 are given by

q1 =
F1 − c11β

2
1

kE1

, q2 =
kE1

F1 − c11β2
2

. (A.4)

1 D. C. Gazis, “Three-dimensional investigation of the prop-
agation of waves in hollow circular cylinders. I. Analyti-
cal foundation. II. Numerical results”, J. Acoust. Soc. Am.

31, 568–578 (1959).
2 R. Mindlin and H. McNiven, “Axially symmetric waves in
elastic rods”, J. Appl. Mech. 27, 145–151 (1960).

3 T. Meeker and A. Meitzler, “Guided wave propagation in
elongated cylinders and plates”, Phys. Acoust. 1, 111–167
(1964).
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