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TIME-REVERSAL AND MUTUAL COHERENCE where the symbol stands for the scalar producly is an
FUNCTION OF A RANDOM WAVE-FIELD arbitrary constant vector andlis the normal to the surfacg.

This section provides a theoretical proof for the emergence A sketch of a TR experiment is displayed in 84. In a
of the Green’s function from the mutual coherence functibn o first step [FigS1(a)], a point source emits a pulse at position
an incoherent wave-field, in agreement with the less intiiti ra. The time reversal mirror (TRM) is passive and records the
theory for Green’s function retrieval proposed by Wapenaaputgoing field over a surfacg [see FigS1(b)], assumed to
and colleaguesl]. The argument is based on fundamentalbe in the far field of both the source and the inhomogeneities
symmetries of reciprocity, time-reversal (TR) invariareeel ~ of the medium. In the frequency domain, this field can be
diffraction theory. Indeed, as we will see, there existsangf  expressed as,
analogy between a TR experiment [see &ilfand the mutual
coherence function of a random wave-field [see $}[2,

3]. Both actually yield the difference between the causal and
anticausal Green’s functions.

Let us consider a linear, nonmagnetic and inhomogeneoukhe vectorU(w) denotes the orientation of the source at fre-
medium. As we will see, a TR experiment can be fully de-quencyw. In a second step, the TRM back-emits the time-
scribed in terms of the electric Green dyadgie, r’, t) [4]. It reversed replica of the outgoing field recorded in the direct
connects the electric fielf(r, ) measured at pointwhen a  Situation [see Fig1(c)]. The time-reversed wave exactly fol-
point source emits a Dirac puls¢t) at pointr’. The electric lows the same trajectory as in the first step but in a reversed
Green dyadic can be written in terms of its frequency comWay. The wave first converges towards the initial source po-
ponents ag(r,r’,t) = f:roooo dwG (r, 1, w)e—. In the fre- ;ltlon [see Flgﬁl(.d)], collapses and is followed by a diverg-
quency domain, the Green dyadic obeys the electromagnetiB9 Wave [see Figl(e)]. Thus the time-reversed field ob-

wave equation with a point source term on the right hand sid§€ved as a function of time, from any location, shows two
wavefronts of opposite sign [see F&](f)]. Theoretically, the

_ W2 _ time-reversed wave fielt., is shown to correspond to the
V, x V. x G(r,r,w) — C—2€(r,w)G(r,r’,w) difference between the causal Green dyadic (diverging Wave

= and the anticausal Green dyadic (converging wadk)duch
= —6(1“ - I'/)I (Sl) that

where the symbok stands for the cross produgtis the rel-

E(rs,w) = G(rs, Ta, w)U(w) (S4)

ative permittivity tensor andl is the unit dyadic. The Green’s _ _ t
formalism is powerful since the Green dyadic connects the Eee(r,t) = | g(r,rat) — glr,ra, —1) | @u(=1) (S5)
electric fle'dE(I‘, w) with any source distributioS(r’, OJ) in causal wave anticausal wa

a volumes?, such that

_ in the time domain, or equivalently
E(r7w):/G(r,r’,w)S(r’7w)dQ (S2)
Q

In agreement with the principle of Huygens Fresnel, the Gree Bor(r,w) = [G(r’ Fa,w) = G(r,ra, w)} U (w)

dyadic also relates the electric fidiir) in the volume with — 2 Im {E(r’ ra, w)} U (w) (S6)
the electric fieldE(rs) on the surrounding surface This is
the equivalent of the Helmholtz-Kirchoff theorem for eleect
magnetic waves 5], in the frequency domain.
We now establish the link between TR and correlation of
- = the Green dyadic. The time-reversed wave-fiBlg (r,w)
E -V = E(rs, Ve, X G(r,rs,w)V ; ; : AT
(r,w) /S [ (rsw) X Vi, X G(r, 75, ) results from the diffraction of the wave-field emitted by the

TRM, E(rs,w) = E(rs,w). Mathematically, it can be ex-

= Glr,rs, W)V x Vi, X E(rs’w)} 'ndS - (S3) pressed by injecting E§4into EqS3



(a)

Forward step \j lime, Time-reversal time,

9,.t)-g,,(-t)

N

_}vvv

9,,(t) - 9,,(-t)

Converging wave Diverging wave o /\/ “ﬂ»% 3

FIG. S1: Sketch of a TR experiment considering the example of a meditina strong heterogeneityf (in black). (a) In a first step, a point
source emits a pulse at positigh (b) The outgoing field is recorded by the TRM placed on the surrourglinfgcesS. It contains both the
direct wave-front (in red) and the wave-field scattereddbyin green). (c) In a second step, the TRM back-emits the time-reveepéida of

the outgoing field. The time-reversed direct and scattered waves efalltily the same trajectory as in the first step but in a reversed way. (d)
Both waves finally converge at the same time towards the initial source posiEp The converging wave collapses and is then followed by
a diverging wave. (f) The fields measured at poittand B during the TR operation correspond exactly to the difference betweeratisal

and anticausal Green’s functions 4 (t) — gaa(—t) andgar(t) — gan(—t), respectively. Both Green’s functiogs 4 andgas exhibit a
direct component (in red) and a scattered component (in greerpdie presence of the heterogendifyin the vicinity of pointsA and B.

(d) (e)

Eir(r,w).V = / [E*(rs,ra,t)U* X Vp, X E(r,rs,w)v fé(r,rs,w)v X Vp, X E*(rs,ra,w)U* -ndS (S7)
s

(

If the time reversal mirror is located in the far field of the with k = krs/rs = kn. This approximation leads to the fol-
source and observation points, and if the medium close to thiewing expression for the time-reversed wave-field FA.
TRM is homogeneous, the vector form of the Sommerfeld’s

radiation condition4, 5] can be used to write the curls of the

retarded and advanced Green’s functions as

Ve, xﬁ(r7rs7w) ~ ikxé(r,rs,w) (S8)
Vi, XE*(I‘S,I‘A7(M) ~ —ikxﬁ*(rs7rA7w). (S9)

J

Ei(r,w) -V = z/ [é*(rs,ra,w)U* X {k X E(r,rs,w)V} +6(r, rs,w)V X {k X E*(rs,ra,w)U*H -ndS (S10)

S

(

One can develop the terms under the integral using the equaleversed field can be finally expressed as,
ity x x (y x z) = (x.2)y — (x.y)z. As the wave vectok
is collinear ton under the far-field approximation, as well as

perpendicular tﬁ*(rs, ra,t)U* andﬁ(r, rs,w)V, the time- Eg(r,w).V =

2ik / ds {G(r,rs,w)V} : [E*(rs,ra,w)u*] (S11)
S
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Due to spatial reciprocit)(:,}(r,rs,w) = GT(rs,r,w), where dyadic connecting these two points. In the time domain,
the superscripi’ stands for transpose. Hence, §tjlcan be the latter quantity corresponds to the difference betwaen t

rewritten as causal and anticausal Green dyadic .
We now establish the link between TR and the correla-
Eir(r,w).V = tion of a random wave-field. The perfect time reversal mirror

_ — is now replaced by a set of noise sources continuously dis-
Qik/ ds [GT(I’SaPM)G*(rs?raaw)U*} 'V (812)  tributed over the surfacé [see FigSZ. The surface source
s distributionN(rs,w) is supposed to be perfectly incoherent,
The time reversed wave-field can be seen as a sum of crossdch that each of its component checks
correlation of Green dyadics at the initial point source and
the observation point. The comparison between the two ex- (N (rs, w) N/ (rh, w)) = [To| 6118 (rs — 1) (S14)
pressions found for the time-reversed wave-field f&pand
Eq.S17 leads to the following equality where the symbol---) denotes an ensemble average and
_ — =, T.? = <|Nk(rs,w)|2> is the power spectral density of
QZk/SdSG (rs,1,0)G™(rs, T2, ) noise. Such a source distribution generates an incoherent

— — wave-fieldE(r, t), which can be expressed as
= G(r,ra,w) — G*(r,ra,w) (x,2) P

=27Im {G(r,ra,W)} (S13) E(I‘,w) — / dSE(r,rs,w)N(rs,w) (S15)
s

The last equality implies that, in the frequency domain, the

spatial correlation of the field induced by the surf#&€eat  The associated correlation functi6ffr,, rp, w) at two points

two points directly provides the imaginary part of the Greenr, andry, is thus given by

J

O(ra; Iy, w)

(E(ra,w) - E*(rp,w)) = </S/SdeS' {E(ra,rs,w)N(rs,w)} . {G(rb,r’s,w)N(rs,w)r> (S16)
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The assumption of a perfectly incoherent noise sourcei-distrject EQS13into EqS18
bution [EqS14 allows to simplify the last expression, ‘ _ _
wC(ra, rp,w) = 3 |1“w\2Tr G(rp,ra,w) — G*(rb,rww)}
C(ra,rp,w) = (S19)
_ _ An inverse Fourier transform finally leads to the main result
\Fw|2/ dSZ@j(ra, rs,w)Gi;(rp,rs,w) (S17)  of this section, namely the proportionality between thestim
s i,j derivative of the mutual coherence functi6fr,, ry, t) and

the trace of the time-dependent Green dyglic r., t)
The double sum in the last equation actually corresponds

to the trace of the tensa@&” (r, ra, w)G* (rs, T, w), hence 9,C(ra,rp,t) o Tr [g(rp, ra, t) — (rp, ra, —t)] ® s(t)
the following expression for the correlation of the incarar (S20)

fi . ¢ : . .
wave-field with s(t) = v(t) @ y(—t) is the inverse Fourier transform of

the power spectral densiﬁ]w|2.
C(ra,rp,w) = For the sake of simplicity, we refer to the trace of the Green
5 = = dyadic as the Green’s function in the accompanying Letter.
IT,| Tr [/ dSG” (rs,ra,w)G"(rs;rp,w) | (S18)  Actually, in free space and in absence of source, the electro
5 magnetic wave equation reduces to

We here recognize the spatial correlation of the Green dyadi 1 62E(r, 1)
that appeared previously in the expression of the time- V2E(r,t) — —2T2’ =0 (S21)
reversed wave-field [E§1d. Hence, spatial correlation of ¢

a random wave-field and TR are mathematically equivalentThe free space Green dya@ig(rp, ra, t) is then simply given
Hence, we can now establish the direct link between the timepy

dependent Green dyadic and the mutual coherence function B

C(ra,rp,t) of a random wave-field. To that aim, we first in- 8o(rh,Ta,t) = go(rp, Ta, t)I (822)
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FIG. S2: Link between the mutual coherence of a random wave-fieldtenGreen’s function. A set of noise sources distributed over the
surfaceS generates a perfectly incoherent wave-field. Although the field medstipointA seems to be noise-like, the time-derivative of its
autocorrelation actually yields the difference between the causal andassicself Green’s functiongaa(t) — gaa(—t). gaa(t) exhibits
both a direct component at timte= 0 (in red) and a scattered component (in green) due to the presence sifdhg heterogeneitsf (in
black) in the vicinity of A. Although the fields measured at pointsand B seems to ba priori completely uncorrelated, the time-derivative
of their cross-correlation actually yields the difference between theatand anticausal Green'’s functions betweeandB. g4 (t) exhibits

both a direct component (in red) and a scattered component (in)grEe® comparison with the sketch of a TR experiment shown irSaig.
highlights the link between mutual coherence function of a random waeid&nd TR.

o oA . . ing Letter. This incident wave-field originates from a Hadag
E 1 " [wl light source which isotropically illuminates the samplefwi
¢ 0o =l —— three flexible light guides.
_i;» o6 g” " " , Fig.S3a) displays the spatio-temporal interference pattern
£ 04 o4 measured by the CCD camera. The time-dependence is con-
3 02 02 trolled by the optical path difference (OPD) between the two
o

o0 5 = % interferometric arms. The temporal coherengcef the inco-
Optical Path Difference (um) herent light source is given bg]

1 Po

08 “ I @ 1 A2

_ { light guide ~— = ¢

%: 06 I, D ‘n S gﬂg—}\ sample Te Af cAN (824)

S 04 e A — plane

g o, with A f the frequency bandwidth of the light source, =
02 ol BTSN D 750 nm its central wavelength amd\ = 200 nm its spectral
i '%istan‘ieAr(ﬁm) e width. This yields a temporal coherengg ~10 fs which

actually corresponds to the OPD range3qim displayed by
FIG. S3: (a) Space-time dependence of the interference pattern 6|f'e _Interferen_ce pattern in FS{_Xb). .
the incident wave-field recorded with the Michelson interferometer. F19.S3(C) displays the spatial dependence of the interfer-
(b) Interference pattern vs OPD or time delay for zero mirror tilt. (c) ence pattern which is controlled by the tilt of mirror M2 as
Spatial dependence of the interference pattern at zero OPD obtaingthown in Fig.1 of the accompanying Letter. Theoreticahg, t
by tilting mirror M2 [see Fig.1 of the accompanying Letter]. (d) coherence length of the incident wave-field is given by the

Physical parameters governing the coherence length of an incoherepyn_citter Zernike theoren®[ 7]. It states that the coherence
wave-field according to the van-Citter Zernike theorem §24. length should evolve as

AeD
With go(rp, Ta,t) = 8(t — |[tn — ral|/c)/ (47|t — Tal|) le~ =5 (825)
the Green’s function of the scalar wave equation. Hence, in . ] ] ]
free space, the mutual coherence function[Eq.S2q is di- whereD is the @stance betwee'n the output of t.he' Ilght guide
rectly proportional to the difference between the causal an and the scattering sample andis the characteristic size of
anticausal scalar Green’s functions, the guide section [see FEJd)]. Here D = 40 mm and
S =10 mm, hencé,. should be equal to 3m which is ac-
8,Co(Fa, T, £) ¢ [90 (T Tas ) — go(Tby Tay —1)] é s(t) tually the spatial extent of the interference pattern mesasu

(S23) experimentally [see Fi§3c)]. However, note that a residual
spatial coherence subsists for points separated by mone tha
l., as mentioned in the accompanying Letter.

TEMPORAL AND SPATIAL COHERENCE OF THE
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